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WHEN ARE PROPER CYCLICS INJECTIVE?

CARL FAITH

A right jR-module C is proper cyclic in case R —> C -> 0
is exact but 0 -* .ft -> C —• 0 is not. A ring R is a ring PCI
ring if every proper cyclic right i?-module is injective ("PC ==> /
ring"). The paper is devoted to the proof of the

THEOREM. A right PCI ring is either semisimple (artinian)
or a right semihereditary simple right Ore domain. When
R is assumed to be right noetherian, this is a theorem of A.
Boyle (Rutgers Ph. D. Thesis 1971). When R is assumed to
be right selfinjective, this is a theorem of B. Osofsky, (Rutgers
Ph. D. thesis, 1964) and the proof uses this. Aside from the
theorems of Boyle and Osofsky, interest in right PCI rings
stems from Cozzens's examples (Rutgers Ph. D. thesis, 1969)
of right and left principal ideal PCI domains. Boyle's theorems
show that noetherian right and left PCI rings are hereditary.
The above theorem shows that in any case PCI rings are
semihereditary. How close they come to being hereditary
(resp. principal ideal) rings is an open question. A counter-
example R would have to have an injective cyclic module R/I
with infinite socle! However, if we assume that R is a free
right ideal ring (fir) then R must be a principal right ideal
ring. In any case, we show for any right PCI ring that any
finitely generated right ideal is generated by two elements.
Other resemblances to Dedekind domains are noted.

Introduction* A "good" theory of ring theory is one which

generalizes the Wedderburn-Artin theorems for a ring R with radical
N, and a "good" theory of modules is one which generalizes the basis
theorem for abelian groups. In this paper we are concerned with the
latter, in the setting of Dedekind domains, particularly the aspect
which states that every finitely generated module M is a direct sum
of finitely many ideals and cyclic modules. A "conceptual" way to
effect such a decomposition of M is to notice that M modulo its
torsion submodule t(M) is a torsionfree module F embeddable in a
free module P. Then, the canonical projections of P—>R induce
projections of F into R which furnish the requisite ideal summands.
Moreover, M/t(M) being projective, the torsion module t(M) splits
in M, and the cyclic decomposition for t(M) is a consequence of the
fact that R modulo any ideal A Φ 0 is an Artinian principal ideal
ring, hence a uniserial ring over which every module is a direct sum
of cyclics (as G. Kδthe [22] showed).

Another way to obtain the cyclic decomposition is to observe that
every proper cyclic module R/A is an injective jR/A-module. Thus,
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every cyclic submodule "of highest order" splits off!
We adopt this point of view in this paper. However, instead of

requiring that every proper right cyclic module R/A be injective
modulo its annihilator ideal, we make the stronger hypothesis:

(right PCI) Every proper cyclic right R-module C is injective.
Proper cyclic means that C is cyclic but C ^ R.
Our main theorem states that any right PCI ring is either semi-

simple, or a semihereditary simple right Ore domain. The first main
simplification in the proof is Proposition 2 which states that R must
be either a von Neumann regular ring or a simple ring. The re-
ductions to the case R is a domain are long, and not entirely satis-
factory inasmuch as they are quite intricate. (In effect, we prove
that if R is not a domain, then R is semisimple.)

Next, in order to prove that a right PCI domain is right Ore,
we are forced to determine the structure of finitely generated modules
over a (nonexistent) right PCI non Ore domain R with maximal quotient
ring R. (See Proposition 5.) Naturally, the properties of R are quite
bizarre, to wit: R is a cyclic right ϋ!-module. Then, we show that
R f& R/I is such that I is finitely generated (and projective), that
is, R is finitely presented! Together with left flatness of R over R (a
consequence of R being semihereditary [the proof of which is the
easiest part of the paper!]), this is enough to prove that R(x)BR has
zero singular submodule, consequently that R Q R is a ring epic.
From this we get that every right .R-module M is injective iff in-
jective as a right i2-module. This is what we need, since then every
cyclic iϋ-module is injective, whence R is semisimple, in fact, a field
so R must be right Ore.

Assuming R is left Ore, we show that any finitely generated
right i?-module M is isomorphic to a direct sum of right ideals, and
cyclic modules, completely analogous to Dedekind domains. Assuming
that R is right Noetherian, then R is left Ore iff R is left Noetherian.
(In this case, Boyle has shown that R is also left PCIV)

Background* A ring A is right neat provided that the right
singular ideal of A is zero. In this case, a theorem, essentially dis-
covered by Johnson in [7], and explicitly given in Johnson and Wong
[8], states that the injective hull A of A in mod-A is a right self injec-
tive regular ring containing A as a subring. Moreover, for any right
ideal I of A, a unique injective hull I of I in mod-i? is contained in
A. Furthermore, I is a right ideal of A, generated by an idempotent.

If / is right ideal of a ring R, then a right ideal K which is
maximal in the set of all right ideals Q such that K Π Q — 0 is called
a complement right ideal, and K is said to be a relative complement
of I. In this case, I + K is an essential right ideal of R. Moreover,
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then, / is a relative complement of K if and only if / is a complement
right ideal. In this case, / and K are said to be relative complement
right ideals.

For any ring A, and nonempty subset X, X1 denotes the annihi-
lator right ideal, and λX denotes the left annihilator. An annihilator
right (left) ideal is called a right (left) annulet.

A n e l e m e n t x e R is right regular iΐxa = Q=>a = 0VaeR. I n
this case R F& XR under r h-> xr.

1* LEMMA. If I is a right ideal of R such that R/I is injective,
then no ideal of R contained in I contains a right regular element.

Proof. An injective module E is divisible by any right regular
element x. If E = R/I, then E is annihilated by any ideal of R con-
tained in /.

A ring R is a right V-ring if every simple right i?~module is
injective, or equivalently, provided that every right ideal is an inter-
section of maximal right ideals. Trivially, any right PCI ring is right
V (see Boyle [2] for a partial converse for hereditary rings).

Let M denote the injective hull of any right A-module M, for
any ring A.

PROPOSITION 2. Let A be a right PCI ring. Then, either A is
a regular ring, or else A is a simple ring. Moreover, A is a right
V-ring, and every indecomposable injective is either simple or isomor-
phic to A.

Proof. By Brown and McCoy [3], A has a maximal regular ideal
M, and A/M has no regular ideals Φ 0 when A Φ M. If I is any
ideal Φ 0, then every cyclic module C of A/I is a proper cyclic module
over A, hence C is an injective module over A, and therefore injective
over A/I. Then, a theorem of Osofsky [10] implies that A/I is semi-
simple artinian. Hence, if A is not regular, then M = 0. Since every
simple right module is injective, A is a right F-ring, and so by 1,
a nonzero ideal B contains no right ideal isomorphic to A. Then, for
any y Φ 0 in JS, yB is injective, hence a summand of B generated by
an idempotent. This implies that B is a regular ideal, contrary to
the assumption that M = 0. Thus, A must be simple when A is not
regular. If E is an indecomposable injective right A-module, then
E = C for any nonzero cyclic submodule C. Thus, if C P* A, then
E p& A, and if C & A, then C is injective, whence C = E is simple.

THEOREM 3. A right PCI ring A is right neat. Moreover, A
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has a nonsimple indecomposable injective right module E if and only
if A is a right Ore domain, not a field. In this case, A is a simple
ring, and right semihereditary.

Proof. Simple rings and regular rings are right neat, so the first
sentence follows from 2. Since, by the remarks preceding 1, A is a
regular ring, then A is indecomposable as a right A-module if and
only if A is a field. In this case, A is an integral domain, and A is
the right quotient field of A. If AA is not simple, then Aφ A.
This proves one part of the second sentence, and the converse part
is trivial. Then A is either regular or simple by 2, and the former
can hold only if A is a field. Thus, A is simple in either case. More-
over, A is right semihereditary by the next proposition (5).

We require a lemma.

LEMMA 4. If R is a right neat ring, and if I is a right ideal
of R, then I is a complement right ideal of R if and only if R/I
embeds in R.

Proof. The complement right ideals of R are those of the form
eR, for some idempotent e e R, and those of R are of the form eR n R-
Thus, if U — eR n R, then the isomorphism

R/eRf] R = R/U^eR

embeds R/U into eR^R. Conversely, if / : R/U—+R, is an embedding,
and if /(I + U) = y, then U = yL Π R. Write Ry = R(l - e), for
some idempotent e. Then yL = eR, and then U = eR Π R = eR Π R.

We say M is σ-cyclic if it is a direct sum of finitely many cyclic
submodules. A module M is torsion provided that every element of
M is annihilated by an essential right ideal. M is torsion-free if 0
is the largest torsion submodule.

5* PROPOSITION. A right PCI domain R is a right semiheredi-
tary, simple domain. Moreover, if R is not right Ore, then:

5.1. R is a finitely presented cyclic module.
5.2. // / is any right ideal, then R/I & R iff I is a complement

right ideal ^0, R. Furthermore, any complement right ideal I is
finitely generated (by 3 elements).

5.3. Any finitely generated torsion right module M is injective,
and σ-cyclic.

5.4. If I is a right ideal, then there is a unique least complement
I containing I and I is the unique complement containing I as an
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essential submodule. Moreover any finitely generated submodule of
I/I is cyclic and injective.

5.5. If xeR, and x £ R, then xR = R iff xa = 1 for some ae R.
Moreover, in this case, Ja = x1 + aR is a finitely generated essential
right ideal, and R/Ja ^ R/R, where x1 = annRx.

Proof. Let P be any nonzero protective right ideal, and let aeR.
If C — aR + P is such that C/P & R, then there exists x e R such
that a;1 = {reR\areP}. Since R is a domain, this would imply that
aR n P = 0, and then C = aRζ&P is protective. If C/P 9* R, then
C/P is injective, hence a summand of R/P. Let D be a right ideal
of R containing P such that D/P is a summand of R/P complementary
to C/P. Then there is an exact sequence

0 >p >C@D >R >0,

since R = C + D, and P = C n D. Thus, C 0 Z> ^ # 0 P is projec-
tive, and hence C (also D) is protective. This implies that any finitely
generated right ideal of R is protective. An obvious induction on
the number of elements required to generate a right ideal shows
that any finitely generated right ideal of R is protective, so R is
right semihereditary. Moreover, by Proposition 2, R is simple.

Proof of 5.1. If / is any complement right ideal ^0, and if K
is the relative complement of I then K embeds canonically as an
essential submodule of R/I. Since R/I is injective, then R/I & K,
so we must show that Kf&R. Now K contains a right ideal aR ^ R,
and hence we have

so by a theorem of Bumby and Osofsky (see Bumby [65]) we have
ί ^ β as desired.1 This will prove 5.1, once we complete the proof
of 5.2 showing that / is finitely generated.

Proof of 5.2. Let aR be a non-zero cyclic right ideal which is
not essential. Then R/aR is an injective module containing a sub-
module X &R. Write R/aR = Y/aR 0 X, for some module Y a aR.
Then, R/Y ^X e* R, so that Y is a complement right ideal by 4.
Furthermore, Y/aR is cyclic, so that Y = aR + bR, for some be R,
is finitely generated, hence projective. Therefore, R is finitely pres-
ented. If / is any complement right ideal ^0, ΦR, then R/I & R,

1 This short argument suggested by B. L. Osofsky replaces an earlier laborious one.
The same argument shows, for any domain R, that any nonzero finitely generated right
ideal ôf R is a free right jβ-module <=*R. In particular, either R is right Ore, or else
R<& Rn, for every integer n > 0.
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by 5.1. Then SchanueΓs lemma (see Bass [68]) implies that JSφ Yf*&
22©/, so / is generated by 3 elements. Conversely, if / is a right
ideal such that R/I ^ R, then I is a complement by Lemma 4. This
proves 5.2.

Proof of 5.3. If M = aλR + + anR is finitely generated and
torsion, then aLR is injective, so M = 0̂ 22 φ A^ for some submodule
Afi Now M1 is generated by αί, •••,<, where δ' is the image of
any beM under the canonical projection Λf—*jkflβ By induction, M19

hence M, is a direct sum of finitely many injective cyclic modules.
Therefore, M is injective.

Proof of 5.4. A theorem of R. E. Johnson (see [17]) shows that
in any right neat ring R any right ideal has just one injective hull
/ (= maximal essential extension) contained in R. Then I = I Π R
is the unique complement containing I as an essential submodule.
Moreover, since any least complement containing I is essential over
J, then I is the unique least complement containing /. Any finitely
generated submodule of I/I is injective by 5.3, hence a summand of
R/I, and therefore cyclic.

Proof of 5.5. If xR — R, then 3α e R with xa — 1. Conversely,
if xa = 1 with x e R, aeR, x £ R, then x1 Φ 0 since α?(l — α.τ) = 0.
Thus, xR w i?/^1 is a proper cyclic, therefore injective. But xR^R
and therefore ίsj? = R.

Let J = {r e R \ xr e R}. Clearly, xj = R, and there is a (canonical)
isomorphism xR/xJΛ* J?/J (sending [xr + #J] i-^r + JVre R). Since
xR = R, we have the desired isomorphism JB/J? ^ R/Ja provided we
show that J coincides with Ja = x1 + αi?. Clearly J 3 α;1 + αJ?.
Moreover, projectivity oί xj = R yields a splitting of the canonical
exact sequence

0 >xλ >J >xJ >0

so xL is a summand of /. Moreover, if y ej, then

y = (y - axy) + axy

and 2/ — a%y £ ̂ 1> ### £ < ^ which shows that J = xL + αi? = Ja.

Concerning 5.6, we have a theorem reminiscent of the situation
for hereditary noetherian prime rings and Dedekind rings, (cf.
Kaplansky [21], Levy [23]).

COROLLARY 5.6. If R is a right PCI, right Ore domain, then
every finitely generated right ideal is projective and generated by two
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elements. Furthermore, assuming that R is left Ore, then any finitely
generated module M is a direct sum of a finite number of right ideals
of R, and cyclic injective modules.

Proof. For any right Ore domain, and right module M, the set
t(M) of torsion elements is the submodule consisting of all elements
annihilated by a nonzero scalar. Moreover, over a right Ore domain,
any finitely generated torsion free module F is embeddable in a free
module of finite rank if and only if R is left Ore (Gentile [60]).
Thus, since R is semihereditary by 5, F = M/t(M) is protective, so
the canonical map M—>F splits. Thus, M**F®t(M). Moreover,
F is isomorphic to a direct sum of right ideals ([26], Chapter 1.)
Finally, the proof of 5.3 suffices to establish that t(M) is σ-cyclic,
and injective. In particular, if / is any finitely generated right ideal,
and if a is any nonzero element of I, then I/aR, being finitely gener-
ated torsion, is injective, and, being a summand of R/aR, therefore
is cyclic. Thus, I = bR + aR for some b e R.

The proof of 5.2 has the corollary:

COROLLARY 6. If R is a right neat ring, and if I is a right ideal
such that R embeds in R/I, then there exists an element beR such
that Y = bR + I is a complement right ideal of R.

The next several results are preparation for the main results
stated in Propositions 12, 13, and 14.

LEMMA 7. A right ideal A of R is either semisimple, or else
A contains an essential right ideal A! Φ A. Moreover, A' is not a
complement right ideal of R.

Proof. A module is semisimple iff it has no essential proper sub-
modules. Thus, if A is not semisimple, there is an essential submodule
A' Φ A. Let B be a relative complement of A! in R. If A! were a
relative complement right ideal, then Af would be a relative comple-
ment of B, in which case Af) BφO, and (A Π B) Π A! — 0 contradicting
the essentiality of A! in A.

PROPOSITION 8. Let R be a ring PCI ring. Then, either R is
a right Ore domain, or else there is an exact sequence R2—+R--+0,
or else R has nonzero right socle.

Proof. By 3, R is a right neat ring, with injective hull R which
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is a regular ring containing R as a subring. If every nonzero right
ideal of R is essential, then R is a field, in which case R is a right
Ore domain. Otherwise, there are right ideals / and K, neither of
which are 0 or R, such that / + K is essential, and I n K — 0. If
Γ and K' are essential submodules of I and K, respectively, then
Γ + Kf is an essential right ideal of R, and by the lemma below, the
injective hull of R/Γ 0 R/K' contains R as a summand. Now R/Γ Λ* R
would imply that /' is a right complement right ideal of R by 4.
However, by 7, /' is a complement right ideal essential in I only if
Γ = I. Thus, by 7, either / or K is semisimple, or else R/Γ 0 R/K'
is an injective module containing R as a summand. In the latter
case, there is an exact sequence R2—>R-+0, as asserted.

LEMMA 9. Let I and K be two right ideals of a ring R such
that IΠ K = 0, and I + K is essential. Then, the injective hull of
R/10 R/K contains R as a summand.

Proof. Clearly, R/10 R/K contains the direct sum 10 K, which
is essential in R, hence the injective hull contains the summand R.

A right jβ-module E is completely injective provided that every
factor module E/K is injective.

10. LEMMA. If R is a right PCI regular ring, and if e is an
idempotent such that eR is completely injective, (e.g., if e is contained
in a nonzero ideal S Φ R), then eRe is a semisimple ring, and eR
contains a minimal right ideal of R.

Proof. First, the canonical map eR®BRe-+eRe is an isomorphism.
To see this, let {αj?=i and {6J?=1 be finitely many elements of R such
that Σ?=i eosihe = 0. Then:

/ n \
eai ® M = ( Σ eaibiβ) 0 e — 0

Henceforth, let Q = eRe, and let M = Q/iΓ be a cyclic right Q-module.
Since Q is a regular ring along with R, then every Q-module is flat,
and therefore the canonical exact sequence 0—> K—> Q—>M—>0 implies
exactitude of

0 >K(g>eR >Q®eR >M®eR »0 .
Q Q Q

Since Q®QeR^eR as a (Q, R) bimodule, this implies that C — M(g)QeR
is an epimorphic image of eR in mod-R, and hence is injective. (If
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e is contained in a nonzero ideal S Φ R, then eR/L ̂  Ry for some
right ideal L, would imply via projectivity of R that eR contains a
submodule ^ R, contrary to 1 which states that S contains no right
ideals ^ R. Thus, eR is completely injective in this case.)

In order to show that M is injective in mod-Q, it suffices to show
that M is isomorphic to a summand of any over-module. Since C =
M 0 ρ eR is injective in mod-iϋ, if Y is any right Q-module containing
M, then the induced inclusion C—• Y®QeR splits. Write Y®QeR —
C (x) X, for some right iί-module S. Then, flatness of eR in moά-R,
yields an isomorphism

® eR) ®Re^(c® Re) 0 (x® Re) .
Q / R \ R J \ R J

Since eR (x)R Re ™ Q canonically, it follows that

C (x) Re^ (M®eR) (x) Re ™ M® eR® Re & M® Q™ M .
R \ Q / R Q R Q

Thus, M is isomorphic in mod-Q to a summand of Y& (Y(g)Q eR) ® Λ Re
and so M, hence every cyclic right Q-module, is injective. Then, Q
is semisimple. Let /be a minimal right ideal of Q. Since S is semi-
simple, I=fQ for an idempotent / G Q , and then fQf=fRf is a
field ^ End /Qρ. Since iϋ is semiprime, this implies that fR is a
minimal right ideal of R contained in eR (Jacobson [16, p. 65]).!

LEMMA 11. If R is right PCI, and if S is any ideal Φ 0, R,
then S contains any right ideal I for which there is an isomorphism
f: RJI—+R. Moreover, I — x1 for x = /(I + /), and xy — 1, for some
yeR.

Proof. Let / : RJI—+R be an isomorphism. Then, I = x1, where
x = /([I + J]), and xR = R. Thus, #2/= 1 for some yeR. Since
every cyclic right J?/S-module is injective, then R is semisimple artinian
by Osofsky's theorem. Therefore, every one-sided inverse in R/S is
two-sided, and consequently, yx — 1 — s, for some se S. Thus, if
xa — 0, then a — sa e S. This proves that I — x1 is contained in S.

PROPOSITION 12. If R is a right PCI ring, and if R is regular,
then R is semisimple.

Proof. Let S denote the intersection of all nonzero ideals of R.
The proof falls into three cases:

(1) S — 0 but R is not simple.
By Lemma 11, if R/I is a cyclic right iϋ-module isomorphic to

R, then / is contained in every nonzero ideal of R. Thus, (1) implies
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that R/I is injective for every right ideal / Φ 0. If R has idempotents
e Φ 0, e Φ 1, then R/eR ^ (1 — e)iϋ is in jective, and, similarly, eR is
in jective, in which case, R = eR 0 (1 — e)R is in jective. Thus, every
cyclic right ϋί-module is injective, so R is semisimple.

(2) S Φ 0 but i? is not simple.
First, R/S is semisimple, since every cyclic R/S module is injec-

tive. Second, by Lemma 10, R has nonzero socle. The fact that
S = S2 is the least ideal of R implies that R is prime, and hence that
S is the right socle of R. If V is any minimal right ideal of R, then
V is injective, and hence VR — V is a right ideal of J?, and in fact,
V is a simple right ideal of R. Thus, right socle J? Ξ2 S. Further-
more, if W is a minimal right ideal of R, then TF Π iϋ = U is a
minimal complement right ideal of R such that W — UR. But every
nonzero right ideal of R contains a minimal right ideal, and the latter
is a minimal complement. Thus, U is a minimal right ideal of R,
and, as indicated above, U — UR. Hence W — U is a minimal right
ideal of R. This proves that S = socle JS. Therefore, £ is an ideal
of R. If the socle S is finite, then S — R is semisimple, and the
proof is complete. Otherwise, S ^ V(a} for some infinite cardinal α,
and hence, there is a right ideal K contained in S such that K^
V{a)^S^K\ Then, R/K^R would imply that K = eR for an
idempotent ee R, in which case K, whence S, is a finite sum of injec-
tive simple modules. But this case has just been discarded. Thus,
R/K is an injective module containing a submodule Kt e& S, and hence
containing the injective hull R of S. Since R is then a summand of
cyclic module, then R is cyclic, and hence there exists xeR such
that R = xR. Let a e R be such that xa = 1. Since £ is an ideal of
R, if c G JS, and if ac e S, then c = xac e S. This proves that [a + S]
is not a left zero divisor in R/S. Since R/S is semisimple, this means
that [a + S] is a unit of iZ/S, with inverse, say [α' + £]. Then, aa' =
1 — s, for some s e S, and

#αα' = α?(l — s) = α' .

Thus, a; = α̂s + α'. Since S is an ideal of R, then α? e R, and therefore,
R = xR — R. Since every cyclic module is therefore injective, R is
semisimple in this case too.

(3 ) R is simple.
This case follows from the next proposition.

PROPOSITION 13. A simple right PCI ring R is either semisimple,
or else a semihereditary domain.

Proof. Case (1). R contains a nonzero injective right ideal A.
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Since R is simple, then A is a generator of mod-it!, which then
implies that R = R. Then R is semisimple by Osofsky's theorem.

Case (2). If (1) does not hold, then, since every simple module
is injective, then R has zero right socle. Then, by 8, either R is a
right Ore domain, or else Rz —> R —• 0 is exact. In the former case,
R is right semihereditary by 5. Hence, assume:

Case (3) R2-+R-+0 is exact. Since R has no injective right
ideals Φ 0, every principal right ideal aR Φ 0 is isomorphic to R. Let
/ : aR —> R be an isomorphism. Then, f(a) = x is an element of R such
that xR = R, and x1 — a1. Let yeR be such that $$/ = 1. Then,
e = yx is idempotent. If e Φ 1, then eRf^R and (1 — β)J? Λ* i2, hence
R^R2. This implies that i2->jB~>0 is exact, and R-+R®R-+0
is exact. Since C ~ Rξ&R is thereby cyclic, then C is either injec-
tive, whence R is injective, or else C ̂  R, whence R contains an injec-
tive right ideal A ^ R. But, in either case, R is semisimple. This
proves that e = yx = 1, whence that xL — aL — 0, for every nonzero
ae R. Then R is an integral domain, which must be simple and
right semihereditary by 5.

THEOREM 14. A right PCI ring R is either semisimple, or a
right semihereditary simple domain.

Proof. By 2, R is either regular, whence semisimple by 12, or
else R is simple, in which case the last proposition applies.

Propositions 15 and 16 which follow explore the possibility that a
right PCI ring is right Noetherian, and are not needed in the proof
of the main Theorem (17).

PROPOSITION 15A. Let R be any ring, and let V be a simple injec-
tive right R-module which is not Σ-injective. Then, some cyclic right
R-module R/J has essential socle P& V{ω), a direct sum of countably
infinitely many Vs.

Proof. An injective module M is I'-injective if and only if M{ω)

is injective (Faith [5]). Assuming that V is not ϋ'-injective, then
F ( ω ) has injective hull E Φ V(ω). Since V{ω) is essential in E, this
implies that E is not semisimple, and hence there is a cyclic sub-
module xR which is not semisimple. Since E has essential socle, then
xR has essential socle H. Since every finite direct sum of injective
modules is injective, essentiality of H in xR implies that H does not
have finite length. Since H is contained in V{ω), this implies that
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The proof has the corollary.

COROLLARY 15B. // R is right PCI, and if R is not right noe-
therian, then there is a cyclic injective right R-module E with infinite
essential socle.

Proof. By 12, R must be a domain, not a field. By Kurshan's
lemma [9], not every semisimple module is injective. Hence, there
is a semisimple module M with M not semisimple, hence containing
a cyclic submodule xR which is not semisimple. Then, xR has infinite
socle, since any finite direct sum of simple modules is injective.
Moreover, since R is a domain, socle R = 0, so xR Φ R, that is xR
is injective.

PROPOSITION 16A. Let R be a right PCI ring, let I be a finitely
generated essential right ideal, and let E = R/I. Then, B = End ER

is a right selfinjective regular ring.

Proof. It is clear that E is completely injective. If be By then
C — bE is injective, hence a summand of E. Write C = X/I, for a
right ideal X, and let Y/I be the complementary summand of E.
Then Y/I is cyclic, so Y is finitely generated. This implies that
C ρ& R/Y is finitely presented. If ker b = K/I, then there is an exact
sequence 0-+ K-*R—>C —> 0, hence by Schanuel's lemma, Kis finitely
generated. But, by induction, every finitely generated submodule of
E is injective. Thus, ker b is essential only if 6 = 0. By Utumi's
theorem, this proves the lemma.

COROLLARY 16B. Let R be a right PCI domain, with a unique
simple right R-module V. Assume that R is not right noetherian,
and let I be the right ideal given by 15B such that E = R/I is injective
with infinite essential socle. Then I is not finitely generated. More-
over, E w E2.

Proof. For, E — R/I is not semisimple, hence there exists a
maximal right ideal M^Ξ2l such that M/I contains the socle of R/I.
The socle S of E Λ* direct sum of copies of V, so there exists a non-
zero map R/M—+E. Thus, M/I is an essential submodule of R/I,
and is the kernel of an endomorphism / of E. Then, / is contained
in the radical of End ER, so the proposition shows that I cannot be
finitely generated. Since E ̂  S, and S ̂  S2, then E ** E2.

Then B = End ER has nonzero radical J, and B/J w End SR is a
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full right linear ring.

17* THEOREM. A right PCI domain is right Ore.

Proof. If R is not right Ore, then we may assume that R & R/I
is a finitely presented cyclic module, by 5.1, that is, that I is finitely
generated. Write

(1) 0 >I >R >R >0

exact. Now, any finitely generated left iϋ-submodule M of R can be
embedded in R (via a right multiplication by a nonzero element of
JS), and so R is a direct limit of projective modules whence R is a
flat jR-module (all of which is well-known; e.g. Sandomierski [24], or
Cateforis [13]). Then, we have exactness of

(2) 0 >I®R >R(g)R >R®R >0 .

Since R is left flat, and I is finitely generated, then I (g)RR& IR is
a finitely generated right ideal of R, which by the remark in Foot-
note 1, is isomorphic to R, whence a summand of R. This proves
that R (x)̂  R is isomorphic to a summand of R, whence has zero
singular submodule on the right. Now the kernel of the canonical
map R (x)R R —> R is contained in the singular submodule, hence must
= 0. This proves that R Q R is a ring epic as asserted (see Silver
[25]). This, together with left flatness of R, suffices to show that
a right ^-module M is injective as a right ^-module if it is injective
as a right iϋ-module. In particular, if M is a cyclic right jβ-module,
we conclude that M is injective, since M is a cyclic right i2-module.
Then, by Osofsky's theorem, R is semisimple, which can happen iff
R is a field. This proves that R is right Ore.2

A ring R is a right fir provided that every right ideal of R is
a free module, and every free right module has invariant basis number
(IBN). Thus, an isomorphism Rm ^ R(J\ for sets / and J, implies

18* PROPOSITION. A right PCI domain R is a principal right
ideal ring iff R is a right fir.

Proof. The sufficiency is trivial. Conversely, assume that R is

2 My original proof of this theorem was pointed out to be defective by Osofsky, and
the present proof was made only 18 months later after numerous attempts by many
people. I have to thank J. H. Cozzens for several stimulating conversations, and for
pointing out the sufficiency of a fact I already knew, namely that R Q R is sepic. The
proof of 17, and certain other material (e.g. 5.4 and the new proof of 5.1), have been
added in proof.
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a right fir. In order to prove that R is a principal right ideal ring,
it is necessary and sufficient to prove that R is right Ore, but this
is Theorem 17.

19* PROPOSITION. If R is a right noetkerίan right PCI domain
with right quotient field Q, then R is right hereditary and:

19.1. Q/R is semisimple
19.2. R embeds canonically in End Q/R under a map: r s—> r',

where rf sends [x + R] i-> [rx + R] when Q = R.
19.3. For any right ideal I, the factor module R/I is a semi-

simple module of finite length.
19.4. Any finitely generated torsion module is semisimple of

finite length.

Proof. A right PCI domain R is right semihereditary by 5, and
hence noetherian implies right hereditary.

Proof of 19.1. The module Q/R is a torsion module, and by 5.6,
every finitely generated torsion module is injective (Cf. 5.3). Since
R is right noetherian, this implies that for any finitely generated
submodule M of Q/R, every submodule is a summand, and hence
that M is semisimple. It readily follows that Q/R is semisimple.

Proof of 19.2. Obvious. (Note: since R is simple, and the map
nonzero, then the map is an embedding.)

Proof of 19.3-4 are similar to that of 19.1 (cf. 5.3-4)

The propositition was first observed under conditions for the left
and right by Cozzens [4] for rings of differential polynomials over
universal fields (and certain twisted polynomial rings) and by Boyle
[2] for right and left noetherian hereditary right PCI (or right V)
rings. Assuming that R is also left Ore in 19 (as we do in the
following Theorem 22), the increased generality is only apparent,
since R is then left noetherian.

20 • COROLLARY. // R is a right PCI right noetherian left Ore
domain, then every finitely generated right module M is isomorphic
to a finite direct sum of right ideals and a semisimple module.

Proof. Apply 19.4 to 5.6
Any right noetherian hereditary ring R is left semihereditary,

and, moreover, R satisfies the restricted minimum condition on the
left, namely for any finitely generated essential left ideal A, the
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module R/A is artinian. (Cf Chatters [14].) A converse to this is
the following, (For convenience, we switch sides )

21* PROPOSITION (Cf [18]) If R is a left semihereditary left
Ore domain, and if R satisfies the right restricted minimum condition,
then R is left noetherian.

We apply this in the following.

22 THEOREM. A left Ore right noetherian right PCI ring is
left noetherian.

Proof. By 19.3, R satisfies the restricted right minimum con-
dition, so R is left noetherian by 21.

We cite a theorem of Boyle [2].
Boyle's Theorem. A right and left noetherian ring R is right

PCI iff R is right hereditary right V-ring. Furthermore, in this
case, R is left PCI.

Thus, the ring in Theorem 22 is left PCI. The question remains,
however, whether a right noetherian right PCI ring is left Ore.
(Conjecture: affirmative.)

Cozzens has conjectured that an ultraproduct P of infinitely many
copies of a noetherian V-domain (not a field) (Cozzens [4]) is a right
PCI ring which is not noetherian. (Oral communication.) He has
proved, however, that in any case P is a semihereditary simple
domain. (The property of being a simple ring in a F-ring can be
shown to be a first-order property; semihereditary is known to be
first-order.)

Added in Proof. I also have the pleasure of thanking Carleton
University for the opportunity to read this paper on "Algebra Day"
October 14, 1972.
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