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COMMON FIXED POINTS OF TWO MAPPINGS

CHI SoNG WONG

Let S, T be functions on a nonempty complete metric
space (X, d). The main result of this paper is the following.
S or T has a fixed point if there exist decreasing functions
ai, Qz, g @y as of (0, o) into [0, 1) such that (a) 33_ o < 1;
(b) ar=a, or az=ay, (c) lim;;, (a1+a»)<1 and lim; o (@s+ay)<1
and (d) for any distinct 2, ¥ in X,

ad(S(x), T(y)) < ard(x, S(x)) + a2d(y, T(¥)) + asd(xw, T(¥))

+ a4d(y, S(x)) + asd(x, y) ,
where a; = a;(d(x, ¥)). A number of related results are ob-
tained.

1. Introduction. Let (X,d) be a nonempty complete metric
space and let S, T be mappings of X into itself which are not neces-
sarily continuous nor commuting. Suppose that there are nonnegative
real numbers a,, a,, a,, a,, a; such that

(a) o, +a+a+a+a,<1,
(b) a, = a, or a, = a, ,
and for any «, ¥ in X,

(c) d(S(), T(y) = ad(@, S@)) + ad(y, T(y) + ad(x, T(y))
+ ad(y, S@)) + ad(@,y) .

It is proved in this paper that each of S, T has a unique fixed point
and these two fixed points coincide. Among others, a generalization
is obtained by replacing a,, a,, a;, a,, a; with nonnegative real-valued
functions on (0, ). This result generalizes the Banach contraction
mapping theorem and some results of G. Hardy and T. Rogers [5],
R. Kannan [7], E. Rakotch [8], S. Reich [9], P. Srivastava, and
V. K. Gupta [10]. It also gives a different proof for these special
cases. Note that even if X =1[0,1] and if T,, T, are commuting
continuous functions of X into itself, T}, T, need not have a common
fixed point [1], [2], and [6].

2. Basic results.

THEOREM 1. Let S, T be mappings of a complete metric space
(X, d) into itself. Suppose that there exist nonnegative real numbers
a,, @y gy A a5 Which satisfy (a), (b), and (¢c). Then each of S, T
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has a unique fized point and these two fized points coincide.

Proof. Let x,€ X. Define
Tonrr = S(Tay)s Banse = T (Bpnss) » n=20,12 ...
From (c¢),
d(w,, ) = d(S(@), T(.))

= (@, + a)d(®w,, ) + ad(®,, ) + ad(w,, ©,)
< (@, + an)d(w,, @) + a.d(@,, &) + a(d{x,, ) + d(@,, ) .

So

(1) A, w) < LT BT G o).
1—a,— a,

Similarly,

(2) Ay, w) < 2T BT Dogry g
1—a —a,

Let

,r:a1+a3+a5, g= Lt a+a
1—a, —a l—0a —a

Repeating the above argument, we obtain, for each » =0,1,2, ...
(3) A Banr1y Banss) S TA(Tansr, Tan)

(4) A(@ont3y Tansa) = SA(DBanizy Vo) «

By (8), (4), and induction, we have, for each » =0,1,2, ---,

(5) U@ons1y Lanr) = 7(18)"A(Do, @) 5

(6) A(@znr2y Tenrs) = (r8)" (w0, 1)

Since rs < 1 and
20 A, o) = (1 + 1) 2‘3 (rs)*d(z,, ) ,

{x,} is Cauchy. By completeness of (X,d), {#,} converges to some
point ¢ in X. We shall now prove that x is a fixed point of S and
T. Let n be given. Then

dz, S(x)) = d(®, Tanss) + A(S (), Tanss)

(7) A, Tarsd) + (S @), T(ans) -

By (¢)s
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(8) AS@), T (¥z04s) = a,d(@, S()) + 0A(@oni1y Tonys) + A, Tapis)

+ 0 d(@2n 41, S@)) + A, Bpyy) -
Combining (7) and (8) and letting = tend to infinity, we obtain
d(z, S(®)) =< (a, + a)d(z, S(®)) .

Since a, + a, <1, S(x) = 2. Similarly T(z) = x. Let y be a fixed
point of 7. Then from d(z, y) = d(S(x), T(y)) and (¢), we obtain

d(x,y) = (@ + a, + a)d(x,y) .

Since a, + a, + a; <1, d(»,y) = 0. So T has a unique fixed point.
Similarly, S has a unque fixed point.

When o, =a,=a;=0, S=T and 7T is continuous (or even
z—d(z, T(x)) is lower semicontinuous) on X, Theorem 1 can be ob-
tained by an earlier result of the author [11, Theorem 1].

From the proof of Theorem 1, we know that S, T still have a
common fixed point if conditions (a), (b) are replaced by the following
conditions:

(9) @ +a+a)a+a,+a)<l—a,—a)l—a —a),
(10) a +a <1.

If in addition,

11) a+a+a;<1,

then the common fixed point of S, T is the unique fixed point of S
(and T). Note that conditions (a) and (b) imply (9), but (a) alone
does not. Indeed, for any a, a, a; in [0, ) with a, # @, and
a,+ a,+ a; <1, we can always find a,, @, in [0, ) such that (a)
holds but (9) does not. This can be seen by considering the affine
function f:
fe,y)=01—a—2)1—a -y — (& + 2+ a)(a + ¥ + a)
defined on the compact convex set
K={x,yel0,]] x[0,1]:a,+a.+2+y+a=1}.

f takes its minimum value at one of the extreme points of K.
With some computation, we conclude that

min f(K) = —|a, —a,| (1 —a, — a, — a3) .

Since a, + a, + a5 > 1, min f(K) < 0 if and only if a, # a,. Thus if
a, # a,, then by continuity of f, there exists a point (as, a,) in
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K\{(x,y)eK: a, + a,+ %+ y+ a; =1}
such that f(a,, a,) < 0. ‘
COROLLARY 1. R. Kannan [7, Theorem 1]. Let S be a mapping

of a complete metric space (X,d) into itself. Suppose that there
exists a number r in [0,1/2) such that

(S (@), S) = rd@ + S@) + dy, S®))
for all z, y in X. Then S has a unique fixzed point.
COROLLARY 2. P. Srivastava and V. K. Gupta [10, Theorem 1].

Let S, T be mappings of a complete metric space (X, d) into itself.
Suppose that there exists nonnegative real mumbers a,, a, such that

(a) a+a <1
and
(b) d(S @), T(y)) < ad(x, S@®) + a.d(y, T(y)

for all z, y in X.

Then S, T have a unique common fixed point.

Srivastava and Gupta stated the above result in a more general
form with S, T replaced by S?, T? for some positive integers p, q.
Since the unique fixed point of S? (similarly 79 is the unique fixed
point of S, this result is equivalent to Corollary 2.

For Corollaries 1 and 2, we have the following related result.

PROPOSITION. Let S, T be self-maps of a monempty complete
metric space (X, d). Suppose that there exist mommegative real
numbers a,, a, such that a, + a, < 1 and

(*) d(S@), T(v) = ad(, S@) + ad(y, T(v)) , =, yeX.

Then either (*) is true when all of its S are replaced by T or (*) is
true when all of its T are replaced by S.

The following example proves that our result is actually more
general than that of Srivastava and Gupta.

ExAMPLE. Let X = {1,2,3}. Let d be the metric for X deter-
mined by
5

4
d1,2) =1,d2,3) ==, d(@,3) =
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Let S, T be the function on X such that
S@) = S@) =8SB) =1;
T =T8) =1, T2 =3.

Let ,=0, @, =0, 0, =0, a, = 5/7, ay=0. Then the conditions of
Theorem 1 are satisfied. However, no nonnegative real numbers
a,, G, @3, a5 can be chosen such that a, + a, 4+ a; + a; < 1 and for
z,ye X,

d(S(x), T(y)) < ad(x, S()) + a.d(y, T(¥)) + ad(@, T(y)) + ad(x, y) .
For if there exist such a,, a,, a;, a; then

d(S@), T(2) = a,d(3, S@®)) + a.d(2, T(2)) + a,d(3, T(2)) + a,d(3,2) .
So

5

4a, 5
7 ’

5a, 4a,
= 7

_‘77—+ +4a5§_§)—(a1+az+a5)<

5 4a,
7 7

a contradiction.
COROLLARY 3. G. Hardy and T. Rogers [5, Theorem 1]. Let S be
a mapping of o monempty complete metric space (X, d) into ilself.

Suppose that there exist monnegative real numbers a,, a, a; a,, 05
such that

(a) ' a1+a2+a3+a4+a5<1‘
and
(b) d(S(x), S(y)) = ad(x, S) + a.d(y, SW¥)) + a.d(x, S¥))

+ ad(y, S(x) + ad(z, y)
for all , y in X.

Then S has a unique fixed point.

Note that in the above case, we may without loss of generality
assume that a, = a,, a, = a, (replace a,, a,, a;, a,, a; respectively by

a+a a,+a ata a4+ a,

’ ’ ’ ,a5
2 2 2 2

if necessary). So the above result follows from Theorem 1. The
above example shows that there is no such symmetry (o, = a,, a;, = a,)
for the general case. Indeed, we cannot even assume a, = a,. For
if a; = a,, then for the above example, we have
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2 - ase), Te) S Lot gt ata.

I PR PR PR P

<—$—(a1+a2+as+a4+a5)<—,?—,
a contradiction.

2. Extensions and some ralated results. The following result
generalizes Theorem 1. Its proof is different from the one we gave
for Theorem 1.

THEOREM 2. Let S, T be functions on a nonempty complete
metric space (X, d). Suppose that there ewist decreasing functions
ay, Oy @, i, as of (0, o) nto [0, 1) such that

(a) a:; <1

(b)) oy =a, or ay = a3

(e) lim, o(a; + ap) <1 and lim,, (@, + ) < 1;

(d) for any distinct z, y in X,

d(S(x), T(y)) = ad(z, S() + a.d(y, T(y)) + ad(z, T(y))
+ a,d(y, S(@) + ad(z, y) ,

where a; = o (d(x, y)).

Then at least one of S, T has a fixed point. If both S and T
have fized points, then each of S, T has a unique fixed point and
these two fixed points coincide.

Proof. Let x,e€ X. Define for each n =0,1,2, -+,
Bonir = S@n) 5 Tonie = T(@anss) »  On = A@0y Tpy) -

We may assume that b, > 0 for each =, for otherwise some 2, is a
fixed point of S or 7. Let

_au(t) + as(t) + ait)
O Ca —w 0
s(t) = ax(t) + a,(t) + as(t) ’ £>0.

1—a(t) — a?)
Then 7, s are decreasing. From (a) and (c), the limits
r,=limr®), s, = lims(t)
tlo tlo

are nonnegative real numbers. Let
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f(@®) =r®s) , t>0.

Then f is decreasing and f(t) <1 for each ¢ > 0. As in the proof
of Theorem 1, we have for each  =0,1,2 ...,

(12) b2n+1 é 'r(bZn)bZn ’
13) bonie = 8(bansi)banss
Let n be given. Then

(14) bznss = 7(bzara) $(Bon+1)bznss
(15) bniz S 8(Donsd) 7(020) Do
Since 7, s are decreasing,

(16) bznss = S(ID {Brns2y b2041})D2nnts 5
a7 bynse = f(Min {Byn41, Don})bzn «

Since f(t) <1 for each t > 0, {b,,..}, {b..} are decreasing sequences.
So {bn4:}, {b:.} converge respectively to some points ¢, ¢,. We shall
prove that ¢, = 0, ¢, = 0. From (12) and (13),

€ = Tl s Co = 8iC; «

So either both ¢,, ¢, are zero or both ¢, ¢, are not zero. Suppose to
the contrary that ¢, = 0, ¢, # 0. Then from (16) and (17),

(18) bpre £ f(min {c,, e.})b, , n=0,1,2 ¢+,
By induction,
19) by, £ (f(min {¢,, ¢,}))"b, n=20,1,2 +--.

So ¢, = 0, a contradiction. Therefore, ¢, = ¢, = 0. This proves that
{b.} converges to 0.

Now we shall prove that {x,} is Cauchy. Suppose not. Then
there exist ee (0, <) and sequences {p(n)}, {g(n)} such that for each
n=0,

(20) p(n) > q(n) > n,
(@) A@pim)y Tam) Z € 5
and (by the well-ordering principle),

(22) A& pnr—1y Tym) < €

Let n = 0 be given, ¢, = d(®y, %4m). Then
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ez e,

@
= @iy Toim—1) + ABpim—ry Tgin) < pimy—s + €«

From ¢, = ¢, = 0, we conclude that {c,} converges to ¢ from the right.
Let

I, = {n: p(n), ¢(n) are odd},

I, = {n: p(n) is odd, q(n) is even}.

I, = {n: p(n) is even, q(n) is odd},

I, = {n: p(n), g(n) are even} .

Then at least one of I, I, I, I, is infinite. Suppose first that I, is
infinite. Let

d, = d(xp(m-—u xq(’n)) ’ n = 07 19 2: c0C .

Since {c,} converges to ¢ and {b,} converges to 0, we conclude from
(22) that {d,} converges to ¢ from the left. Thus

Jl = {n € II: xr(n)-—l * xq(n)}
is infinite. Let ned,, %, = A(Xpm—1, Tymy+1)e Lhen

Cn = ATpnyy Tom) = ABpinyy Tonr+) + A@ginr 41y Tamy)

24

(24) < AS@yims)y T@otm)) + Dot -
From (d),

gy USEnd Tun) S @@y + @b + sl

+ ad,)e, + ayd,)d, .
From (24) and (25),

Cn _S_. al(dn)bp(n)—l + a2(d'n)bq('n) + aa(dn)un + a4(dn)cn

26
(26) + a(@d)dy + Byw -

Without loss of generality, we may assume that each «; is continuous
from the left, for we can replace the a;’s by
Bi(t) = lsing;(s) , t>0, 1=1,2,8,4,5
and conditions (a), (b), (c), and (d) still hold. Thus
’1'155 a,(d,) = ae) , 1=1,2,3,4,5.
So from (26),
€ = (a5(e) + aule) + as(e)e < e,
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a contradiction. Now suppose that I, is infinite. By a similar argu-
ment, J, = {ne€ L,: Ty, # Ty} 1S infinite. Let ned,,

V, = d(xp(n)—ly xq('u)-l) ’ Wy = d(xp(n)y xq(n)-—l) .
Then

Cn = d(S(xp(n)—l), T(xq(n)—-l))

27
@) < () bpiny—s + (V)= + (VA + (V)W + AV, -

Since {v,} converges to ¢ (not necessarily from the left or right), we
obtain the same contradiction from (27). The other two cases are
similar to the above two except the roles of S, T interchange. Hence
{x,} is Cauchy. By completeness, {x,} converges to a point x in X.
Since b, >0 for each %, J = {n: & # %,,,} or K= {n: x # x,,} is
infinite. Suppose that K is infinite. Let ne K,

b, =A@, )y by = A, Topyy) «
Then
d(@, T(x)) < d(®, Tenss) + A(@enss, T(@))
=< ho + a(l)ben + ax(l)d(z, T(x)) + a(l,)d(2, T(x))
+ a&(ln)hn + a5(ln)ln
< ha + @(l)ben + au(l)d(z, T(2)) + as(l)l. + d(z, T(2))]
+ a’4(ln)hn + ab(ln)ln .
So

1+ auly) (L) + au(ly)
d(x, T(x)) = T ol — o) by + T— o) —al) "
(28) a.(l,)
Rl g g b -

From (a) and (c), the sequences

1+ ayl) (1) + as(ls) a(l,)
1- az(ln) - aa(l'n) ’ 1- az(ln) - aa(ln) ’ 1- a2(ln) - a3(l%)

are bounded. So from (28), T(x) = x. Similarly, S(x) =« if J is
infinite. Hence S or T has a fixed point.

The following result follows easily from Theorem 2.

THEOREM 3. With the conditions of Theorem 2, if further,
AS (@), T(x)) < ald(, S@)) + d, T()], xeX
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for some ac[0,1), then each of S, T has a unique fixed point and
these two fixed points coincide.

We remark that the conditions of Theorem 1 imply the conditions
of Theorem 3. Also, G. Hardy and T. Rogers [5, Theorem 2] gave
a different proof for the case S = T. Their proof cannot be modified
for the general case. To see that the conclusion of Theorem 2 is
best possible, we note that if X = {0, 1} with the usual distance and
if S, T are two distinet functions of X onto X, then S, T satisfy
the conditions of Theorem 2 (and Theorem 3 with a = 1), but one
has two fixed points and the other has none.

THEOREM 4. Let (X,d) be a monemplty compact metric space.
Let S, T be functions of X into itself. Suppose that S or T is
continuous. Suppose further that there exist nonnegative real-valued
decreasing functions a,, @, &, a,, & on (0, ) such that

(a) eyt +as+a+a;=1,

(b) a, =a, and a; = a,,

(c) for any distinct x, y in X,

d(S(x), T(y)) < a.d(x, S()) + ad(y, T(y)) + axd(x, T(y)) +
aqd(yy S<x)) + abd(xy y) ’
where a; = a;(d(x, y)).

Then S or T has a fized point. If both S and T have fixed points,
then each of S and T has a unique fixed point and these two fixed
points coincide.

Proof. By symmetry, we may assume that S is continuous.
Let f be the function on X such that

f@) =d@,S®), wzeX.

Then f is continuous (we merely need the fact that f is lower semi-
continuous) on X. So f takes its minimum value at some x, in X.
We claim that «, is a fixed point of S or S(x,) is a fixed point of T.
Suppose not. Let

2, =8@), @=T®), x==38),

by = d(%,, ), b = A(@s, ), by = Az, Ty) «
Then b, > 0, b, > 0. From (c), we can prove that
(29) (1 — axby) — ay(be))b, < (ar,(by) + (b)) + ax(by))b, -
Let
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@) =1 — ay(t) — as(t) , q@) = a(t) + as(t) + ast), t>0.

From (a) and (b), p(b) > 0. So

b,)
30 b, < 10y
(30) p(bo)
Similarly,

v(b)
(31) b, < (5 b, ,
where

u®) =1 — ay(t) — at), v(t) = o) + a.(t) + as(t) , t>0.
From (30) and (31),

52 b < 25 )

It suffices to prove that (v(b,)q(b,)/u(b)p(b)) < 1, for then, b, < b,, a
contradiction to the minimality of b,. Let b = min {b,, b,}. Then

2(0)q(by) — u(b)p(by) = v(b)q(b) — u(b)p(b) < 0

if ¢, =a, and a; =a,. So S or T has a fixed point. Now suppose
that « is a fixed point of S and y is a fixed point of 7. Then
x = y, otherwise, from (c¢),

d(z,y) = d(S), T(y)) < d(x,y) ,

a contradiction.
The following result is stated without proof.

THEOREM 5. Let (X, d) be complete metric space. Let {S,}, {T.}
be sequence of functions of X into X which converge pointwise to
S, T respectively. Suppose that the pairs (S,, T,) satisfy the con-
ditions of Theorem 3 with the same o, a,, &, &, &s. Then S, T have a
unique common fixzed point x and x is the limit of the sequence {x,}
of the fixed points x, of S,.

THEOREM 6. Let (X,d) be a monempty compact metric space.
Let {S,}, {T,} be sequences of functions of X into itself which converge
pointwise to the functions S, T on X respectively. Suppose that for
each m, there exist decreasing functions at, ay, af, af, ar of (0, o)
into [0, ) such that
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(a) etz +a3 +ar+a7 <1,
(b) ar=apr and ar = af,
(e) for any distinct z, y in X,

d(S.(@), Tw(v)) < atd(z, S.(®)) + azd(y, Tu(y)) + aid(x, T.(v))
+ azd(y, S.(x)) + ajd(z, y) ,
where
at = a;(@x, y)) -

Then S or T has a fixed point. Indeed, every cluster point of a
sequence {x,} of fized points x, of S, or T, is a fixzed point of S or
T.

Proof. By Theorem 4, for each =, either S, or T, has a fixed
point. By symmetry, we may assume that S, has a fixed point for
infinitely many of n’s. So there is a subsequence {S,.,} of {S,} such
that each S, has a fixed point, say x,. By compactness, we may
(by taking a subsequence) assume that {x,} converges to some x in
X. We shall prove that x is a fixed point of S or 7. If x, s x for
only finitely many of k’s, then

S(x) = lim S (%)
= 1132 Suinr (@)
k—oo

=2 .

So we may assume that x, = & for infinitely many of k’s. By taking
a subsequence, we may assume that xz, =% a for each k. Let k=1
and b, = d(x, ;). Then

d(z, T(x)) = d(=, x) + d@, Thiy(®)) + AT (@), T())

(33) = d(x, ;) + A(Suin(@w), Toiny(@)) + AToin (@), T()) -
From (c),
(34) ASuw@), Tan®) < af(d)d(@, Ty @) + ai(d)d@;, Twmwn(x))

+ ak(d)d(x, x) + ai(by)b, .
Combining (33) and (34) and letting k& tend to the infinity, we have
d(x, T(x)) = lim sup (@z(by) + a5 (bu))d(x, T())

< lim sup lilngl (k) + ak(t)d(z, T(z)) .

k—oo t

(35)

From (b), ak(t) + a¥t) <1/2 for each t >0, £k =1,2,.-+. So



COMMON FIXED POINTS OF TWO MAPPINGS 311

(36) lim sup lim (@(t) + a(®) = ~ .
koo | 10 2

From (35) and (36), we conclude that T(z) = .
From the proof, we know that the same conclusion holds if in
Theorem 6, we replace (b) by the following weaker conditions:

ar =o; or oy = oy,

lim sup lilm (akt) + akt) < 1,
0

k—roo t
and
lirkn sup ltilm (ar@®) + ay(t) < 1.

We note that, unlike Theorem 5, S, T in Theorem 6 need not
satisfy the condition required for the pairs (S,, T,).

THEOREM 7. Let (X,d) be a monemply compact metric space.
Let {S,} be a sequence of functions of X into itself which converges
pointwise to some function S on X. Suppose that for each n, there
exist decreasing functions ar, o, ai, a7, ar of (0, =) into [0, =)
such that

(a) at+ar+az+ar+ar =1,

(b) for any distinct x, y in X,

d(S.(x), S.(¥v) < a,d(z, S.(x)) + a.d(y, S.(¥)) + a,d(x, S.())
+ a,d(y, S.(x)) + ad(x,y) ,

where
a; = a;(d(z, y)) .

Then S has a fixed point. Indeed, every cluster point of the sequence
of fized points of S, is a fized point of S.

The above result follows from Theorem 6 by averaging two ap-
plications of condition (b).

We shall now give a simple example to show that the conclusion
of Theorem 7 is best possible. Let X be a star-shaped [4] compact
subset of a normed linear space B. Then there exists a point z in
X such that for any y in X, the line segment

{tz + 1 — Hy: tel0,1]}
is contained in X. For each n, let

S,,(x):%z—l—(l——:;)x, ceX.
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Then {S,} is a sequence of mappings of X into X which satisfy the
conditions of Theorem 7. {S,} converges pointwise to the identity
function S on X. Every point of X is a fixed point of S. So unlike
Theorem 5, it is too much to ask that S in Theorem 7 has a unique
fixed point.
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