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EQUALLY PARTITIONED GROUPS

I. M. ISAACS

It is proved that the only finite groups which can be
partitioned by subgroups of equal orders are the ^-groups of
exponent p. The connection between equally partitioned
groups and Sperner spaces is discussed. It is also proved that
finite groups partitioned by pairwise permutable subgroups are
abelian.

I* Let G be a group and let Π be a collection of proper sub-
groups of G. Then Π is said to partition G if every nonidentity
element of G is contained in exactly one He Π. If G is a p-group
of exponent p and | G \ > p, we may let Π be the set of cyclic sub-
groups of G. Then Π is a partition consisting of subgroups of equal
finite orders. Our main result is that the p-groups of exponent p are
the only finite groups which can be equally partitioned.

The methods of proof in this paper depend strongly on the finiteness
of the group and give no information about which infinite groups
can be partitioned by subgroups of equal finite orders.

I began to consider equally partitioned groups after attending a
lecture by Prof. A. Barlotti on Sperner spaces. Examples of these
geometric objects (which generalize aflBne spaces) are provided by such
groups. In fact the Sperner spaces which arise from finite equally
partitioned groups are exactly those which Barlotti and Cofman [2]
call translation spaces. This will be discussed further in § 3.

2* Only finite groups will be considered. A great deal is known
about partitioned groups. (We mention in particular the papers [1]
and [5].) Our theorem, however, is much more elementary and does
not depend on the deeper results.

The following easy lemma (which appears in [1]) is crucial to
the study of partitioned groups.

L E M M A 1. Let G be partitioned by Π and let x, yeG — {1} with

xy = yχm Suppose x and y lie in different elements of Π. Then x and

y have equal prime orders.

Proof. Suppose o{x) < o(y). Then {xy)0{x) = y0{x) Φ\. Let y e H

e Π then (xy)0{x) e H and hence xy e H. Thus x e H, a contradiction.
Therefore o(x) = o(y). Similarly, o(xn) = o(y) = o(x) for positive inte-
gers n < o(x). It follows that o(x) is prime.

LEMMA 2. Let G be equally partitioned by Π and let X S G be
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a subset, Xg£ {1}. Then there exists HeΠ such that H contains no
conjugate of X.

Proof. Suppose that the lemma is false and for each HeΠ,
choose XH conjugate to X with XH S H. Let NH = NH{XH) so that
H contains at least \H: NH\ conjugates of X. Let N = NG(X). Then
if I G I = g and \H\ = h for HeΠ, we have

I G : N \ = I G : N G ( X H ) \ ̂  \G : N H \ = \G : H \ \ H : N H \

and hence

\H:Nπ\^h\G:N\/g .

Now |G : N\ is the number of conjugates of X in G and thus

^\Π\\G:N\h/g.

However, | 77 | = (g — 1) / (h — 1) > g/h and this yields a contradiction.

NOTE. It follows from Lemma 2 that if G is equally partitioned
by 77, then no element of 77 can contain a full Sylow p-subgroup of
G for any p\\G\. Otherwise, every HeΠ would contain an Sp sub-
group, violating the lemma.

LEMMA 3. Let G be equally partitioned. Then every element of
G has prime order.

Proof. Suppose that x e G has composite order and let 3ίΓ be the
conjugacy class of x. Let 77 be the given partition. By Lemma 2,
there exists HeΠ with H Π 3ίΓ — φ. By Lemma 1, no element of
H centralizes any element of 3SΓ. Thus H acts semi-regularly on 3ίΓ
and hence \H\\\3ίr\.

Now pick KeΠ with xeK. Then K acts semi-regularly by con-
- K so that I if I
K\ I \SΓ Γ)K

K\.

jugation on
conclude that
o< ixn

- K)\. Since I i ϊ | = \K\, we
This is a contradiction because

The next two results are routine applications of standard facts.
We include them for completeness.

LEMMA 4. Suppose G has a nontrivial normal p-subgroup where
p is the largest prime divisor of \G\. Assume that every element of
G has prime order and let P e Syl^G). Then either P = G or \G : P\
is prime and P <| G.
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Proof. Let 1 Φ U <\ G where U is a p-group. Now G can contain
no subgroup, W, of order qr where q and r are (possibly equal) primes
different from p. This is so since otherwise Cσ(w) = 1 for all 1 Φ w e W
and this forces W to be cyclic (Satz V. 8. 15b of [3]).

There is nothing to prove if P = G so suppose P < G and let q
be the smallest prime divisor of | G |. Let Q e 8>y\p(G). Then \Q\ = q
and thus G has a normal g-complement, M.

If M = P, the proof is complete. Suppose that P < M. Then
Q normalizes some iϋ e Sylr(ikf) for r Φ p. Thus | i£ | = r and
I QR I = gr, a contradiction.

COROLLARY 5. Assume that every element of G has prime order.
Let P eSγ\p(G), where p is the largest prime divisor of\G\. Then P
is a T. I. set {i.e., P Π P* = 1 for all x<£N(P)).

Proof. Assume that the corollary is false and let 1 < D = P Π Px

where P Φ Px and | X> | is maximal. Then NG{D) = N does not have
a unique Sylow p-subgroup. This violates Lemma 4 as applied to N.

THEOREM 6. Let G be equally partitioned. Then G is a p-group
of exponent p.

Proof. Let p be the largest prime divisor of | G | and let P e Sylp(G).
By Lemmas 3 and 4, N(P) — PC where either C = 1 or \C\ = q, a,
prime. By Corollary 5, P is a T. I. set.

We establish some notation. Let |G| = g, \P\ = ph and \C\ = c.
Let Π be the given partition and let \H\ = h for all HeΠ. Let pα

be the p-part of Λ,.
Since P is a T. I. set, it follows that PίΊ UeSγlp(U) for all

subgroups [/gG with Pf] U Φ 1. Thus | P n # I = Pα for all He Π
such that P n i ϊ ^ l . Since P = \JHeπ(P f\ H), it follows that
(pα — 1) I (pδ — 1). We can also conclude from the fact that P is a T. I.
set that G contains exactly g(pb — ϊ)/phc elements of order p.

Now by Lemma 2, we may choose He Π with H Π C9 = 1 for all
g G G. Let Po e Syl^(Jϊ). We may assume that Po £ P. Since P is a
T. I. set, NH(P0) S JVβ(P) = PC. It follows that NH(P0) = P0C0 where
CO £ C* for some g. Thus Co = 1 and Po = NH(P0). By Sylow's
Theorem it follows that h/pα = 1 mod p.

Let KeΠ and let Pi e &ylp(K). Reasoning as above, we conclude
that NxiP,) = P.C, where C . g C ^ for some x. Thus /̂ /(pα [ Cx |) = 1
mod ί? and hence | d | = 1 mod p. However, | C1 \ = 1 or g where g
is a prime < p. It follows that C1 = 1 and thus every KeΠ has self-
normalizing Sylow p-subgroups.

Since the Sylow p-pubgroups of KeΠ are T. I. sets, it follows
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that each such K contains exactly h(pa — T)/pa elements of order p.
Since \Π\ = (g - ΐ)/(h - 1), this yields

( 1 ) g(pb - l)/pbc = (g- l)h(p* -

Since g/h < (g — l)/(fe — 1), we conclude from (1) tha t

1/e > (pb - l)/pbc > (pa - l)/pa = 1- l/pa ^ 1/2

and thus c = 1. Now (1) yields

( 2 ) (</ - l)h(p« - l ) p b = { h - l ) g ( p b - l)p« .

Since ((g — 1), gpa) = 1 and (pδ — l)/(pα — 1) is an integer, we obtain

gpa I hph .

The p-parts of gpa and hpb are equal and Λ | g. It follows that hpb \ gpa

and thus

(3 ) hpb = gpa .

Combining this with (2) yields

( 4 ) (Λ - l)(p* - 1) = fa - l)(pβ - 1)

and subtracting (4) from (3), one obtains

h + pb = g + pa .

Since Λ | g and h < g, we have

0/2 ^ 0 - λ = Pb - Pa < Pb .

Since pδ | g, we conclude that pb — g and the result follows.

NOTE. Once it was established that c = 1, above, the proof could
have been finished using Frobenius' Theorem, ([3], Hauptsatz V. 7. 6).
Since P is a self-normalizing T. I. set, Frobenius' Theorem yields a
normal ^-complement, U, for G. Also Cπ(x) = 1 for all I ^ S G P . If
UΦl, it follows from the fact that P has exponent 2> that \P\ = p.
A contradiction now results by applying the note following Lemma 2.

3. In this section we discuss the connection between Sperner
spaces and equally partitioned groups.

DEFINITION. ([4].) A Sperner space is a set, S, of "points" and
a collection, iPf, of proper finite subsets of S, called "lines" such that

(a) every two points determine a unique line,
(b) all lines have equal numbers of points,
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(c) an equivalence relation (called "parallelism") is defined on £f
and

(d) for each xe S, there is exactly one line which contains x in
each parallel class.

If G is a group which is equally partitioned by 77, we may define
a Sperner space by taking S = G, ^f = {Hx \HeΠ,xeG} and setting
(Hx) || (Ky) if and only if H = K. It is routine to check that this does
define a Sperner space. We denote this space by S(G, 77).

Given a Sperner space, (S, <£f), we consider the groups, G(S, £f),
consisting of all those collineations of S which map each line to a line
parallel to itself. Since no two distinct parallel lines of (S, £f) can
intersect (by condition (d)), it follows that if g e G(S, £f) fixes a point,
xe S, then g fixes every line through x. It now follows easily that
only the identity of G(S, Sf) fixes two points of fi»

Let G0(S, £f) = {1} U {g e G(S, £?) \ g fixes no points of S}. In
[2], Barlotti and Cofman call a Sperner space (S, Sf) a translation
space if G0(S, Sf) is a group which is transitive on S. If S is finite,
it follows from Frobenius' Theorem ([3], Satz. V. 8. 2 (a)) that (S, £f) is
a translation space if and only if G(S, £f) is transitive on S. If (G, 77)
is a finite equally partitioned group and (S, Sf) = S(G, 77), then G(Sf £?)
contains right multiplications by elements of G and hence is transitive.
It follows that S(G, 77) is a translation space and G0(S, Jtf) is the group
of right multiplications.

We claim that if (S, Sf) is any finite translation space then
(S, ^f) = S(G, 77) for some equally partitioned group (G, 77). Let
G = G0(iS, ̂ ) and choose a point eeS. For ί e ^ , let fl", be the
(setwise) stabilizer of I in G and let 77 = {7JZ | i e £f and e e I}. If
β, a? e I and ^ G ( J with e# = x, then a? e I Π ί̂  and thus I — Ig and # e 7ϊz.
It follows that Hi is transitive on I and | Hi \ = | ! | . Therefore, all
H e 77 have equal order. If H,KeΠ with H Φ K, then Tin if fixes
e and hence JEΓn -K" = 1. Also

and thus 77 is a partition for G.
To see that S(G, 77) ~ (S, £f), define ^ : G ~+ S by θ{g) = eg. It

is routine to show that θ is an isomorphism of Sperner spaces.
One further remark on the correspondence between finite transla-

tion spaces and finite equally partitioned groups is in order. If (G, 77)
and ((?!, 77J are two equally partitioned groups such that S(G, 77) ^
S(Glf 77J, then G ~ G1 and this group isomorphism can be chosen so
as to carry 77 to Πx. This follows since G = G0(S(G, 77)) and under
this (natural) isomorphism, 77 corresponds exactly to the set of
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stabilizers of the lines through 1.
Let (S, «Sf) be a finite translation space. By Theorem 6, | S | = pb

for some prime, p, and 11 \ = pa for I e J*f. Also, (pa — 1) | (pb — 1)
and as is well known, this forces a\b. We may define the dimension
of (S, £f) to be b/a.

Let q = pa and let K = GF(g). Let V be a vectorspace of di-
mension n over K and let Π be the set of one-dimensional subspaces
of V. Then Π equally partitions V and of course S( V, Π) is an affine
space of dimension n. This suggests the question of which translation
spaces, (S, Jzf), correspond to abelian equally partitioned groups.
These are not necessarily affine although they do satisfy the following
condition:

(*) L e t I, me Sf w i t h I f] m Φ 0 . L e t x e I a n d y em. L e t V\\l
with yeV and m'\\ m with x e m!. Then V Π mf Φ 0 .

It is easy to see that S(G, Π) satisfies (*) if and only if for every
H, KeΠ and every heH and keK we have Hk ΓΊ Kh Φ 0 . This con-
dition is clearly satisfied if G is abelian since then hk e Hk D Kh. In
the next section we prove that only in abelian groups does this con-
dition hold.

4* We begin with the following lemma.

LEMMA 7. Let H, K^G. Then HK = KH if and only if for every
heH and keK we have Hk n Kh Φ 1.

Proof. Suppose HK = KH. Let heH and keK. Then kh~ι e
KH = HK and kh"1 = hr% for some hγeH and k, e K. Thus hje =
kji eHkn Kh.

Conversely, let x e KH. Write x = kh"1 for some keK and heH.
Now choose kji = hxk e Kh Π Hk so that kxeK and hγ e H. Then
x = kh"1 = h1~

1k1 e HK and KH ϋ HK. The reverse inclusion follows
symmetrically and the proof is complete.

The main result of this section is the following.

THEOREM 8. Let G be a finite group partitioned by Π. Assume
that HK = KH for all H, KeΠ. Then G is an elementary abelian
p-group.

Note that we do not assume that all elements of Π have equal
order. Theorem 8 and Lemma 7 prove the claim made at the end of § 3.
To prove Theorem 8, we strengthen it somewhat and use induction.

THEOREM 9. Let G be finite and partitioned by Π. Suppose
AeΠ and AH = HA for all HeΠ. Then A < G.
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Proof. We use induction on | G |. If A < L < G, then L is par-
titioned by 770 = {H n L \ H e 77}. If H e 77, then AH is a group and
AHn If = A(HΠL). Thus A(Hn £) = (H Γ) L)A and by induction
A <] L. Let ΛΓ - JV(A). UHeΠ and AH< G, it follows that A < AH
and HSN.

Assume N< G and let Π, = {HeΠ \ H£ N). Then HA = (2 for
all H e 77i and hence | H | = |G : A | for these H. Also for H e 77,, we
have ΛΓ= A(iVnH) and thus \NΠH\ = \N:A\.

Now

G - N = U {# - (HΠ N) I H e 77J

and since this union is disjoint, we obtain

\G\~ \ N \ = \ Π X \ { \ G : A \ - \ N : A \ ) .

Solving this yields | Π11 = | A j .

Now

It follows that Π = Π^ {A} and every element of G — A lies in some
He77x.

Let geG. To show that A9 = A, it suffices to show that A9 Π H = 1
for all H e 77lβ Choose H e 77X. Since G = AH, we may write g ~ ah
for some αeA and heH. Then

A* n H = Afe n H = (A n #)* - 1

and the proof is complete.

Proof of Theorem 8. By Theorem 9 we have H <\ G for all
H e 77. Therefore, if H, Ke 77, Ή.Φ K we have 7Γ £ C(H) and hence
G - H U C ( H ) . Since H < G, we have G = C(H) and H£ Z(G).
It follows that G is abelian. The result now follows by Lemma 1.

5* In this section we discuss a class of examples of equally
partitioned groups. Since every p-group of exponent p is equally
partitioned by its cyclic subgroups, it is interesting to look for ex-
amples of groups partitioned by subgroups of order q = pa > p. The
elementary abelian groups of order qn have this property. Nonabelian
examples are provided by the next result if p > 2.

THEOREM 10. Let n ^ p and q = pe. Then the Sylow p-subgroups
of GL(%, q) are partitioned by abelian subgroups of order q.
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NOTE. If n > p, then the Sylow p-subgroups of GL(n, q) do not
have exponent p and hence cannot be equally partitioned.

Proof of Theorem 10. Let K — GF(q) and let A be the space of
strictly upper triangular n x n matrices over K. Then P — {1+ a\aeA}
is a Sylow p-subgroup of GL(n, q). For aeA, let Ma{t) = exp(αί)
for t e K. This is well defined since (at)n = 0 and n ^ p. Since
Λfβ(s)ilfβ(ί) = Ma(s + ί), we conclude that Pα = {Λfα(Q (t e K] in an abelian
subgroup of P.

We will show that if α, be A and exp(α) — exp (6), then a = b.
It will follow that \Pa\ = q iί aΦO and that Pα n Pb = 1 unless δ = αί
for some teK; in which case Pα = Pb. Taking Π = {Pα | 0 ^ α e A]
we have | 771 = (| -A | - l)/(? - 1) and

as desired.
Suppose then that exp (a) = exp (6). For meZ, exp (mα) = exp (α)w

and thus exp (at) = exp (δί) for all £ e GF(p). Let x be an indeterminate
and let E(x) = exp (αa;) — exp (δa?). Then (̂a?) is a matrix with poly-
nomial entries of degree < p. Since E(t) — 0 for all teGF(p), it
follows that E(x) is identically 0. Comparing coefficients of x yields
a—b and the proof is complete.

We close with the following question: Does there exist a group
partitioned by subgroups of equal order not all of which are abelian?
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