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INNER FUNCTIONS UNDER UNIFORM TOPOLOGY

DOMINGO A. HERRERO

The structure of the space ^ of all inner functions in
the unit disc D = {z: \ z | < 1} under the metric topology induced
by the iJ°°-norm is considered. It is proven that if two inner
functions p and q belong to the same component of ^ then
the variation of p/q on each open arc of 3D (the boundary of
D in the complex plane Q where they can be continued an-
alytically is bounded by a constant C — C(p, q), independent
of the arc. This criterion is used to show that a component
of ^~can contain nothing but Blaschke products with infinitely
many zeroes, exactly one (up to a constant factor) singular
inner function or infinitely many pairwise coprime singular
inner functions.

The reader is assumed to be familiar with the basic theory of
the space H°°. We recall that the canonical form of an inner func-
tion is: q = Xbr — Xbds, where λ e 3D and

( 1 ) biz) = I L h(z) = I L δ(z, α*) = I L <WI αfc \-(ak - s)/(l - <hz),

(akj\ak\ = — 1, if ak = 0), ak e D and Σ A (1 — I % I) < °°; Hz) is the
Blaschke product of q and the δ/s are the Blaschke factors;

(2 ) r(z) = e(z9 μ) = exp j ^ (z + eiθ)/(z - eίθ)dμ(θ)^

where μ is a nonnegative singular Borel measure on 3D; riz) is the
singular part of q. If μ = v + vlf where v and vL are the continuous
and the purely atomic part, resp., of μ, then
(3 ) s(z) = e(z, v) is the continuous singular part of qf and
( 4 ) d(z) - e(z, vλ) = τiidfa) = Π i Φ ί K h)> where d(z; θ, I) =
exp {l(z + e )̂/(2; - eiθ)}, 0 ^ ^ < 2π and i > 0; d(z) is the atomic singu-
lar part of <?. Clearly, Σsh = ll^ill < °°ϊ J t will be assumed that
Q. φ βh, whenever j Φ h.

The subsets of ^ containing all those functions defined by the
conditions (1), (2), (3), and (4) (or the constant multiples of such
functions) will be denoted by ^ B i J^J, ^ c , and ^AJ resp.

It is well-known that the inner function q(z) can be continued
analytically across (a neighborhood of) the point XβdD if and only
if λ g Sp (q) = supp (μ) U closure {αj; furthermore, if Sp (q) f] 3D ^
Sp (p) Π 3D(2>, g e ^ H , then lί g — p |U = 2, and p and g belong to
different components of ^ 7

Let J?Γ{Γ a closed subset of dZ>) be the set of all inner functions
such that Sp (g) n 3D = Γ. Clearly, J ^ is the family of all Blaschke
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products of finite order, and it is not difficult to see that ά?$ =
\Jn=o^n (disjoint union!), where ^l is the family of Blaschke pro-
ducts of order n and (for each n) ^ n is an acrwise connected open
and closed component of ^ 7 topologically homeomorphic to 3D x Dn

(see [2; 4]).
During the "Sesquicentennial Seminar in Operator Theory" (Indiana

University, Bloomington, Indiana, 1969-1970), R. G. Douglas asked
for a characterization of the components of ^\β^φ containing a
singular inner function; in particular, he asked whether or not every
component of ^\^φ contains a singular inner function. Here we
partially answer the first question. A first counterexample to the
second question was given by D. Sarason; his unpublished result fol-
lows from his paper [5] (some components of &\jFt contain nothing
but Blaschke products whose zeroes converge nontangentially to
z = 1). We shall give another counterexample by using a different
approach.

We want to express our gratitude to Professors R. G. Douglas,
D. Sarason, and A. E. Tong for several helpful discussions; especially
to D. Sarason who made available his unpublished paper [5]. We
are also grateful to the referee who made several suggestions.

1* Components of J^~ containing exactly one, or c(c — the
power of the continuum) singular inner functions* We shall need
a remarkable classical result due to 0. Frostman.

THEOREM 1.1 ([3, §59, p. 111]). Let qe^~ and let

?.(«) = [q(z) - a]/[l - aq(z)] , aeD.

Then, for all aeD, except for a subset of logarithmic capacity

z e r o , q a B

For a precise definition of logarithmic capacity of a subset A of
the complex plane, see [3; 6]. For our purposes, it is enough to
recall that, if log cap A — 0, then A is a "very small" subset of C;
in fact, A has planar Lebesgue measure zero and, moreover, the pro-
jection of A on any line of C has linear measure zero. Thus, Theorem
1.1 implies, in particular, that Jr

B is dense in ^ί
We are going to analyze the behavior of an inner function q on

a closed arc Γ = [eia, eiβ] (0 ^ a < 2ττ, a < β < a + 2π), contained in
3D\Sp (q). For an arbitrary continuously differentiable unimodular
function u(eίθ) defined in a neighborhood (in dD) of Γ, we define the
variation of u on Γ as

S β

d arg u(eίθ) ,
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where &rgu(eiθ) denotes any continuously differentiate determination
of the argument of u{eiθ).

LEMMA 1.2. Let p and q be two inner functions and let Γ be
as above. Then

( i ) M(q; a, β) ^ 0
(ii) If Γa 3Z>\Sp (p), M(pq; a, β) = M(p; a, β) + M(q; a, β) ^

M(q; a, β);
(iii) If p belongs to the component of q, then Sp (p) Π dD =

Sp (q) Π dD and there exists a constant C — C(p, q) such that
I M(q; a, β) - M(p; a, β) | = | M(q/p; a, β) | ^ C, and C is independent
of Γ.

Proof. ( i ) This is trivial for finite Blaschke products. If q(z) —
J\k^ιKz, ak) is an infinite Blaschke product such that Γc3D\Sp(g),
then observe that {ΠLi b(z, ak)}ζ=ι converges to q(z) uniformly on Γ,
from which the result follows. Finally, if q is any inner function, then
we can find (by Frostman's theorem) a sequence {an} c D converging
to zero, such that qn = qa% (defined by (1)) is a Blaschke product, for
all n. Clearly, qn belongs to the component of q and therefore (see
the introduction) Sp (qn) Π dD = Sp (q) Π dD. Since the result is true
for all qn, n = 1, 2, and | qn(z) — q(z) \ —* 0, as w —> oo, uniformly on
J\ the result is also true for q.

(i i) This follows immediately from (i).
(iii) Let <gftq) = {<?' e ,^": || qf — q IU < 1} and, by induction, define

<&M = ί«f' e ^ n || ?" - g' |U < 1, for some q' e ^fa)}, n = 1, 2, •,
and ^(<?) = U"=o ̂ n(q)- Clearly, ^(q) is open and closed in J^ and
contains the component of q. Moreover, Sp {qf) Π dD = Sp (g) Π 3D, for
all q' e <ϊf(q).

Let q* e <gftq); then for every e™ e Γ, \q{eiθ)-q\eiθ) \ ̂  ]| q-q' |U < 1,
and therefore, for a suitable continuously differentiate definition of
the argument, we have | arg q(eiθ)/q'(eiθ) J < ττ/3. Hence, | M(q/q'; a, β) \ =
|arg g ( ^ ) M ^ ) - a r g g(βία)/g'(βία)| ^ |arg ff(e*0M^)l + |arg g(βία)/g'(eία)| <
2π/3.

By an elementary inductive argument, it follows that \M(q/q"; a9β)\ <
2π(n + l)/3, for all q" e ^(q), n = 0, 1,2, •••, whence the result
follows.

THEOREM 1.3. Let d(z) = d(z; 0, 1). Γ/^e ,̂ for each positive r,
the component of d is isometric to the component of dr; however, if
r Φ 1, d and dr belong to different components of JF~. Thus, if 0 <
r < 1, then the subset {qdr e (component of d)} is isometric to the whole
component of d dr is the only (up to a constant factor) singular inner
function in its own component, for each r > 0.
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Proof. If b(z) is a Blaschke factor, then the mapping q(z) —> q(b(z))
is an isometry from ^ onto itself. If the zero of b(z) is the point
a = (1 - r)/(l + r) e D(r > 0), then d(b(z)) = dr(z), which proves the
first part.

Observe that Sp(eZ) = {1} and Mid1] 1/n, π)—» +oo, as w—• oo, for
each positive ί; hence, ώr and dr+t cannot belong to the same com-
ponent, as follows from Lemma 1.2. Since &~8 Π ^{ι) = {Xd1: Xe
dD, t > 0}, we conclude that every singular inner function in the
component of dr is a constant multiple of dr.

The remaining statements are clear now.

COROLLARY 1.4. Let qe^s and assume that {θ: eiθ e Sp (q)} is
well-ordered (with the usual order of the interval [0, 2π)). Then the
only singular inner functions in the component of q are the constant
multiples of q.

Proof. Clearly, Sp (q) is countable and therefore q has the form
q(z) = Xΐ[jd(z; θjf ls) = xfljdjiz) (i.e., qeJ?A). Moreover, if pej^s
belongs to the component of q, then p(z) — λ'Π& d(z; θf

hy V3), where
X'edD and clos{ew*} = closfe*̂ *} = Sp(g).

Let q(z) = Xqι(z)q[(z), where qjjή is the product of all d/s corre-
sponding to the isolated points of Sp (q). It is not difficult to see, by
using Lemma 1.2 and the arguments of the proof of Theorem 1.3,
that p(z) = X'q&WXz), where Sp (p[) = Sp (q[) c Sp (q)' (here Γ denotes
the derived set of the set Γ).

Now, let q(z) — Xqι(z)q2(z)qf

2(z), where q2(z) is the product of the
dj's corresponding to the isolated points of Sp (q[). Using the above
arguments and the fact that, if eiβ e Sp (q[), then the arc (eiθ, ei{θ+ε}]
(for some ε = ε(#) > 0) does not intersect Sp (q) (here we are using
the "well-order property"!), we see that p(z) = Xfqi(z)q2(z)p2(z).

The result follows by a transfinite inductive argument.

It is clear that, if qe^~" is nonconstant, then q(D) is an open
subset of JD; in general, q(D) Φ D (namely, if q is singular, then
Ogq(D)). In [6, Theorem 10], W. Seidel proved that if q is a non-
constant inner function and D\q(D) contains more than one point,
then Sp (q) Π dD is a nonempty perfect subset of dD. The set D\q(D)
has been completely determined by O. Frostman ([3, § 61, p. 113]; see
also [6, Theorem 13]): If qe^~ is nonconstant, then D\q(D) is a
closed subset of D of logarithmic capacity zero; conversely, if A is
a closed subset of D and log cap A — 0, then the uniformizer of the
Riemann surface D\A is an inner function q such that D\q(D) — A.
Moreover, if A is compact, then Sp (q) Π dD has linear measure zero
(see [6, p. 218]). The uniformizer of D\{a}(a e D) can be taken equal
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to d(_α)(z; θ, I) = Q(Z) (defined by (1); θ and I > 0 can be arbitrarily-
chosen); in this case Sp (q) — {eiθ} consist of a single point and we
know (by Theorem 1.3) that the component of q contains exactly one
(up to a constant factor) singular inner function. On the other hand,
if A is a compact subset of logarithmic capacity zero of D, and A
contains more than one point, the uniformizer of D\Λ, p(z) is an inner
function such that Sp (p) is a nonempty perfect subset of 3D of linear
measure zero; since, for every ae A, pae j ^ s , we conclude that the
component of p contains (at least!) two coprime singular inner func-
tions. In fact, if q — rs and qa = rt, where q, r, s, te ^ and a Φ 0,
then q — a = rs — α = (1 — aq)rt; hence t(l — aq) = s — a/re H°°. It
follows that r and a/r belong to H°°, but this is impossible unless r
is a constant. In other words, q and qa ard coprime (this example
and Theorem 1.5 below are due to D. Sarason).

Corollary 1.4 may be considered an improvement of the above
mentioned result of W. Seidel for a very particular class of singular
inner functions (in fact, Seidel?s result can be reformulated as: If
Sp (q) Π 3D is not perfect, then D\q(D) contains, at most, one point)
and we guess that the "well-order" condition could be replaced by
the weaker condition "Sp (q) Π 3D is countable"; however, Lemma 1.2
is not sufficient to prove this stronger conjecture. On the other
hand, an analysis of the function pa of the above example shows that
no "reasonable" condition weaker than "countable" can work to get
the same result.

Let p{z) be the uniformizer of D\Λ, where A is any nonempty
perfect subset of D of logarithmic capacity zero (e.g., take a s i a
suitable "Cantor type" subset of the real interval [0, 1/2]; see [3; 6]).
Then, for each aeΛ, pa is a singular inner function. Since c(Λ) = g,
the power of the continuum, it follows from the previous observations
that

THEOREM 1.5 (D. Sarason). There exists a compact of ^ con-
taining c pairwise coprime singular inner functions.

The perfect set A can be replaced by a finite subset or by a
sequence of points in D converging to 3D. This suggests that, for
each n = 0, 1, 2, , #0, there exists a component of J?~ containing
exactly n coprime singular inner functions or, at least, exactly n
"essentially different" (i.e., p/q is not a constant) singular inner func-
tions, but we have been unable to prove it.

From Theorem 1.1, we obtain
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COROLLARY 1.6.

( i ) &~8 is a dosed nowhere dense subset of
(ii) J^B is a dense, but not open subset of

Proof. By the observations following Theorem 1.1, we only have
to prove that ^ s is closed and J^B is not open. The first fact is
immediate, because J?s is clearly closed with respect to the compact-
open topology restricted to ^" and the norm-topology in H°° is
stronger than the compact-open topology.

To see that ^ B is not open, write d(z; 0, 1) = ΐlT^d^z), where
ds(z) is the 2J'-root of d(z; 0, 1), and set b(z) = ΠΓ=i Ps(z)> Pi(z) = \ά£z) ~
l/2j]/[l - {lβj)dό{z)\. It follows from Theorem 1.3 that pάe^B, for
all j , and b — Πi Pi e J^B- Given any ε > 0, choose n so that 2/n < ε.
Then [ILv. Pi]dn Ϊ^*B and || b - [ Π ^ Pj]dn |U = || (d.)(1/2ίl) - <Z» |L <
2/w < ε.

Therefore, δ(z) does not belong to the interior of &B.
We close this section with two conjectures:
( 1 ) The component, in J?"s, of a singular inner function p is

the set of the constant multiples of p (i.e., \^*s is "essentially" a
totally disconnected space).

( 2 ) ^ c and ^~A are closed in &.

2. Components contained in ^'B+

THEOREM 2.1. Given any sequence 0 ̂  rx ^ r2 ^ ^ rA ^ < 1
of rαcίn st6c/̂  ίΛ,αί Σ?=i (1 ~ rk) < °° > it is possible to choose c sequences
{θk(t): 0 ^ t < oo} ,o/ arguments such that, for each te [0, °°), ί&e com-
ponent of

bt{z) = Π b(z, rk exp {iίA(t)})
fc=l

in J?~ is contained in J?B. Moreover, if t Φ t', then bt and bt, belong
to different components.

Proof. First of all observe that Π?=i &(«, ^ ) converges uniformly
on each of the subsets An — {z: \ z | ^ 1, 11 — z \ ̂  2~n}. Therefore, we
can choose k0 — 0 < kι < k2 < in such a way that

( 2 )

M( Π δίβ*', n ) ; 2-% 2π - 2-ΛI < 2~\ w = 1, 2, - , and

2π(m2 - mx + 1) - Π ); - 2 - , 2"

< 27r(m2 - mx + 1), π = 1, 2,

whenever kn ^ mλ ^ m2 < °o.
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Define b{z) = bQ(z) = ΠΓ=i K(z), where

n e x p [i2~h]): k ^ <k^ k h } , h = 1, 2 .

Then the first inequality of (2) implies that ikf(&0(O; π, 2π — ε) is
uniformly bounded with respect to e, 0 < ε < π. Since Sp (b0) Π dD ~ {1},
it is easy to see from Lemma 1.2 and the properties of the functions
d(z; 0, ϊ), ϊ > 0, that the component of b0 in ^ ~ only contains Blaschke
products. It is also clear that this property of bQ only depends on
the fact that the sequence {kh}~=0 tends to infinity rapidly enough.
Thus, if kh(t) denotes the integer part of khh\ 0 ^ t < oo, and bt is
defined by bt(z) = Uΐ^b'M, where Vtfh(z) = UW^ rkexp[i2-h]): kh^(t) <
k ^ kh(t)}9 then the component of bt is also contained in J^B and
Sp (δt) Π dD = {1}.

Finally observe that, if 0 ^ t < £' < oo, then the second inequality
of (2) implies that M(bt/bt,; 2~", π) s 27r{fcΛ.1(ί) - fc^ί') + (lβ)[K(t) -
kUt)] ~ (l/2)[fc.(tθ - K-m\} = π{kn^(t) - k^it') + kn(t) ~ Ut')} =
-π{kn(ntf - n*) + K-i((n - I)4 ' -{n- I)1) +F(n; t, t')}, whereF(n; t, tf) =
0(few); hence, M(bt/bt,; 2~n, π) tends to — co, as n tends to oo. It follows
from Lemma 1.2 that bt cannot belong to the component of bt,.

THEOREM 2.2. // b(z) = Π?=i b(z> Uk) has the properties:

( 1 ) The component of b in &~ is contained in &~B,

(2 ) ak Φ 0 for all k and π > arg at > arg α2 > > arg ak >
arg ak+ι > > 0, and limarg ak = 0, and

(3) M(b; π, 2π — ε) is uniformly bounded with respect to ε, 0 <
ε < τr; then there exists c subproducts bω(0 ^ co ^ τr/4) of b enjoying
the properties (1), (2), and (3); moreover, if ω Φ ω'', ίfeeπ 6ω αmZ 6ω,
belong to different component of ^ .

It is completely apparent that, if δ(z) is a Blaschke product
satisfying any of the properties (1), (2), or (3), then the same result
is true for every subproduct of b with infinitely many zeroes.
Therefore, we only have to show that the subproducts of 6 can be
chosen in such a way that they belong to different components. The
proof of the next lemma is a minor modification of the proof given
in [1].

LEMMA 2.3. Let N be the set of natural numbers. There exist
c subsets {Aω: 0 ^ ft) ^ τr/4} of N such that, if ω Φ ω', then

( i ) Aω n Aω, is finite and

(ii) given any NeN,Aω contains a finite sequence of N con-
secutive numbers nN, nN + 1, , nN + N — 1 which are not in Aω,.
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Proof. Enumerate the points with integral coordinates in
{(x, y): 0 ^ x ^ y} as follows:

( , )
2 - ( 0 , 1 ) , 3 - ( 1 , 1 )
4 - ( 0 , 2 ) , 5 - ( 1 , 2 ) , 6 - ( 2 , 2)
7 — (0,3), 8 — (1,3), 9 —(2,3), 10 — (3, 3). etc.
Let Po = {(x, y): y > x2} and let Pω, 0 ^ ω ^ π/4, be the result of

rotating Po in —ω about the origin. Now it is enough to take Aω

equal to the subset of numbers in the above lattice lying inside P ω .

Proof of Theorem 2.2. Properties (2) and (3) show that b(z) can
be factored as b(z) — b'(z)-b"(z), where b\z) is a finite or infinite sub-
product and b"(z) = Π~=i Hz, <*>") satisfies (1), (2) (with ak replaced by
α"), and (3), and moreover,

(3 ) I M(b"; arg a'i, π) - 2(fc - l/2)τr | < 2π .

Set bjz) = δ'(s) Π {b{z, a'ζ): k e Aω), 0 ^ ω ^ ττ/4, where Aω is the
subset of iV defined in Lemma 2.3. Now observe that the definition
of Aω and (3) imply that, if 0 <: ω < ω' S π/4, then

lim sup {M(bjbω,; arg αjf, π): fc —> oo} = + oo

or lim inf {M(bωjbω,; arg α'/, π): & — oo} = — oo. Thus, the result follows
from Lemma 1.2.

REMARK. It is completely apparent that the same argument can
be used to prove, e.g., that ^ has c components containing nothing
but Blaschke products whose sequences of zeroes converges non-
tangentially to z — 1. To see this, set b(z) = Π?=i b(z, rk), where
{̂ }Γ=i is a sequence of radii converging "very rapidly" to 1 so that,
for a suitable sequence of arguments {θn}~=1, decreasing to zero,
M(d{eiθ; 0, l/n)lb(eiθ); θn, π} > n, n = 1, 2, . Clearly, the same result
is true for any of the subproducts bω of b (defined as in the proof
of Theorem 2.2), and the result follows from Lemma 1.2.
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