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GENERALIZED ω-^-UNIPOTENT BISIMPLE
SEMIGROUPS

R. J. WARNE

Let S be a bisimple semigroup and let E(S) be the set
of idempotents of S. If E(S) is an ω-chain of rectangular
bands (En: neN, the nonnegative integers) and £?, Green's
equivalence relation, is a left congruence on E(S)9 we term
S a generalized ω-^-unipotent bisimple semigroup. We char-
acterize S in terms of (J, o), an ω-chain of left zero semigroups
(Ik: keN); (/, *) an ω-chain of right groups (Jk: k e N); a homo-
morphism (n, r) ->α(n,r ) of C, the bicyclic semigroup, into End (J,
o), the semigroup of endomorphisms of (/, o) (iteration); a
homomorphism (n, r) -> β(n,r) of C into End (J, *); and an (upper)
anti-homomorphism j —> Aj of (J, *) into TI9 the full transforma-
tion semigroup on I (Aά is "almost" an endomorphism). In fact,
S ^ ((i, (n, k), j): i 6 /„, j e Jk, n,keN) under the multiplication
(i, (n, k),j)(u, (r, s), /y)=(^°(^A7 α(fc,7l))), (π+r—min (fc, r), /c+s—min
(k, r)), jβ(r,S)*v) (Theorem 4.1). We then characterize (J, *) as a
semi-direct product of an ω-chain of right zero semigroups by
an ω-chain of groups. Finally, we specialize Theorem 4.1 to
obtain our previous characterization of ω-^-unipotent bisimple
semigroups S(E(S) is an ω-chain of right zero semigroups).

We will use the definitions of Clifford and Preston [1] unless other-
wise specified. In particular, ,^?, Jέf, Sίf, and & will denote Green's equi-
valence relations on a semigroup S, i.e., ((α, 6) e & if a U aS — b U bS;
(a, b)e <£f if a ϋ Sa = b Ό Sb; <%f> = ̂ ? Γ\ ^ ^ = &°£f{(a, b)e^r
if there exists x e S such that (a, x) e & and (x, b) e £?). Ra will
denote the <% -class containing aeS. A semigroup consisting of a
single i^-class is termed a bisimple semigroup. This bicyclic semigroup
is C = iV x N under the multiplication (n, m)(p, q) = (n + p — min (m,
p), m + q — min (m, ^)). A semigroup S which is a union of a collection
of pairwise disjoint subsemigroups (Sy: yeY) where Yis a semilattice
and SySt £ S ^ for all ?/, ί G Y is termed a semilattice Y of the semi-
groups (Sv:ye Y).

If Y — N with n l\ "m — max (w, m), S is termed an ω-chain of the
semigroups (Sn: ne N). A semigroup is termed regular if αe aSa for
every ae S. A rectangular band is the algebraic direct product of
a left zero semigroup U(x, yeU implies xy — x) and a right zero
semigroup. A right group is a semigroup X such that α, b e X implies
there exists a unique xe S such that ax = b. If F is a subset of a
semigroup S, E(V) will always denote the set of idempotents of V.

In [4], we defined a generalized J/^-unipotent semigroup to be a
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regular semigroup S such that E(S) satisfy the condition: e, f e E(S)
and ef = e imply that gegfe^ge for all geE(S). Combining [4,
Lemma 1] and a result of Clifford and McLean [2,1, p. 129, Exercise 1],
a regular semigroup S is generalized =Sf-unipotent if and only if E(S)
is a semilattice F of rectangular bands (Ey:ye Y) and ^ is a left
congruence on E(S). Since any bisimple semigroup containing an
idempotent is regular by a result of Clifford and Miller [1, Theorem
2.11], the reason for the terminology "generalized ω-,2^-unipotent
bisimple semigroup" is clear. We introduced the term ^-unipotent
in [3] to denote a semigroup in which each =S -̂class contains precisely
one idempotent. By [3, Proposition 5], a semigroup S is .Sf-unipotent
if and only if S is regular and E(S) is a semilattice Y of right zero
semigroups (Ey: y e Y). Hence, the terminology "α>-=S^-unipotent
bisimple semigroup" is also clear.

Let S be a generalized ω-iί^-unipotent bisimple semigroup. In
§1, we define a congruence t on S such that S/t = C, the bicyclic
semigroup, and give an explicit multiplication for {E(C))t~\ the kernel
of ί(ker ί). In §2, we describe S as an "extension" of ker t by S/t
(the converse of Theorem 4.1). In §3, we prove the direct part of
Theorem 4.1. In §4, we state Theorem 4.1 and characterize an ω-
chain of right groups as a semi-direct product of an ω-chain of right
zero semigroups by an ω-chain of groups (Theorem 4.3). Combining
Theorem 4.1, Theorem 4.3, and Clifford's characterization of semilattices
of groups [1; theorem 4.11], we have characterized generalized ω-£f-
unipotent bisimple semigroups in terms of groups, ω-chains of left zero
semigroups, ω-chains of right zero semigroups, and 'homomorphisms'.
In §5, we obtain our characterization of ω-^-unipotent bisimple
semigroups [5, Theorem 7.11] as a corollary of Theorem 4.1.

!• The congruence U In this section, S will denote a generalized
ω-jS^-unipotent bisimple semigroup, i.e., S is a bisimple semigroup such
that E(S) is an ω-chain of rectangular bands (En: ne N) and J*f is
a left congruence on E(S). Recall S is a regular semigroup. Thus,
for each a e S, there exists yeS such that ay a = a and yay = y (for
example, if a = axa, let y = xax [1, Lemma 1.14]). The element y is
termed an inverse of α. We will denote the set of all inverses of a
by ^ ( α ) .

Let t = ((a?, y) e S2: xx\ yy' e En and x'x, y'y e Em for some m, n e
N, x'e*J*(x), and yf£J^(y)). We first show that ί is a congruence
on S and that S/t = C, the bicyclic semigroup. We also note that C
may be taken as a set of representative elements for the ί-classes
of S and that T = ker t (the union of the collection of ί-classes of S
containing idempotents) is an ω-chain of rectangular groups.

Finally, we describe T in terms of (/, o), an ω-chain of left zero
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semigroups (In:neN);(J, *), an ω-chain of right groups (Jn:neN);
and an anti-homomorphism j —> A3 of J into TIf the full transformation
semigroups on /. In fact, T ~ U(In x Jn: ne N) under the multipli-
cation (ί, j)(p, q) = (iopAj, j*q).

LEMMA 1.1. If eoe Eo, ReQ is a semigroup.

Proof. Lemma 1.1 is a special case of [5, Lemma 3.1].

REMARK. Immediately below, we write Theorem 1.2 [5, Theorem
3.3]). This means Theorem 1.2 is obtained by taking " F " to be a
one element set in [5, Theorem 3.3]. (Dδ:de Y) is the collection of
^-classes in the semigroup of [5, Theorem 3.3]. We do the same
thing in Note 1.3, Propositions 1.4 and 1.5, and Lemmas 1.9-1.12.

THEOREM 1.2 [5, Theorem 3.3]. t is a congruence on S and S/t = C.

Note 1.3 [5, Note 3.4]. If we let t(n,k) = (n, k)Γ\ the ί-classes of
S are (tln,k):n, keN) with t{n>k)t{rtS) § ί{«+r-min(*,r)f*+.-min(*,r>). We may
write E(S) = (J (Eιkιk): ke N) where E{k>k) is a rectangular band and
E(ta,k)) = E\k>k). Actually, E{kΛ) = Ek.

PROPOSITION 1.4 [5, Proposition 3.5]. t{7l)k) = (aeS: aa'eEin>n} and
a'ae E[k>lc) for some α ' e J?(a)) = U (-Be Π Lf: ee E{nt%) and fe E{k>k)).

A rectangular group is the algebraic direct product of a group
and a rectangular band.

PROPOSITION 1.5 [5, Proposition 3.6]. For each keN,taΛ) is a
rectangular group. In fact, t{k>k) = ( ? x E{ktk) where G is a fixed

maximal subgroup of S. Furthermore, t{kίk)t[StS) Q t{mΛX{kf8)tmΛMkt8)).

REMARK 1.6. If be Ref] Lf(e, fe E(S)), there exists xeS such
that bx — e. It is shown in the proof of [1, Theorem 2.18] that δ"1 =
fxe is the unique inverse of 6 contained in Rf Π Le and that δδ"1 = e
and b~ιb = / .

Note 1.7. Let eQ be a fixed element of EQ and fix an element
eL e Ea,D such that e1 < eQ. For example, select any / 6 Ea>1) and let
ev — eofeo. Hence, ete EilΛ) by Note 1.3 and eγ < e0.

Note 1.8. Select and fix ae RH f] Lei. By Remark 1.6, there exists
a unique a"1 e J^{a) Π Reι Γi Leo with aa~ι — e0 and α~xα = ex. Define
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a~n = (a~ψ for all positive integers n and define α° — eQ. Utilizing
Proposition 1.4 and Note 1.3, a~naket[n>k) for all n,keN.

LEMMA 1.9 [5, Lemma 3.9]. aka~k = e0 for all keN.

LEMMA 1.10 [5, Lemma 3.10].

aκa~r =

ak r if k > r

α-<r-*) if T > k

if r = k .

LEMMA 1.11 [5, Lemmas 3.11, 3.12].

(1) a~kapa~ras = a-
{k+r-min{r'p))ap+8-min{r'p) (2) a~rareE[r>r) for all reN.

For brevity, let Tk = t{k,k) and let Γ = \J(Tk:keN). Hence, T
is an ft)-chain of the rectangular groups (Tk.keN) by Proposition
1.5. Since E(S) = E{T) by Note 1.3, T is generalized ^-unipotent.
Utilizing Proposition 1.5, Tk = G x Mkx Nk where G is a group, ilffc

is a left zero semigroup, and Nk is a right zero semigroup. By
Lemma 1.11, a~kakeE{Tk). Let Ik denote the set of idempotents of
the =5^-class of Tk containing a~kak and let Jk denote the & -class
of Tk containing a~kak. We may suppose that lkeMkf] Nkf a~kak =
(e, h, h) where e is the identity of Gy Ik = (e) x Mk x (lk), and Jk =
G x (ifc) x JVjfe. For brevity, let ek = (e, lk, lk). Hence, using Lemma
1 1 I

Let I - U (In- neN) and let J - U (Λ: ̂  e iV).

LEMMA 1.12. / is an ω-chain of left zero semigroups (In: ne N).

Proof. By a direct calculation, In is a left zero semigroup for
each neN. Let xe Ik and let ye In. Hence, x£?ek and y£^e%. Since
Γ is generalized ^-unipotent, xySfxen. Thus, since

Hence, xye ImΆX[k,n).

LEMMA 1.13. For each ne N, Jn is a right group. If xeJn, ye Jm,
and n ^ m, xye Jn.

Proof. By [1, Theorem 1.27], Jn is a right group for each neN.
Let xe Jn, ye Jm, and n^ m. Hence, y&em implies xy&xem. Since
β«(a^m) = (enx)em = a;βm and α;βme Tn, xemeJn by a simple calculation.
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Thus, xy e Jn.

LEMMA 1.14. Every element of T may be uniquely expressed in
the form x — ij with ie In and j e Jn for some ne N.

Proof. If x = (g, i, j) e Tn, x = (e, i, ln)(g, ln, j).

If X is a set, Tx will denote the semigroup (iteration) of mappings
of X into X.

LEMMA 1.15. There exists a mapping j —> A3 of J into TΣ and
a mapping p~+Bp of I into Tj such that InA3 £ Imaχ(»,») for jeJm

and JnBp £ JmΛXln,m) for p e Im. IfjeJ and pel, jp = pA3-jBp. Fur-
thermore, jp^pAj(e T) and jp^fjBp(e T).

Proof Let j e Jm and peln. Thus, jpe TmΆXimfn). Hence, by
Lemma 1.14, there exists a unique ^ G / m a x ( w , w ) and veJm&x{nιn) such
that jp — uv. Let u = pA3 and v = jBp. The last statement is valid
by a simple calculation.

LEMMA 1.16. If j e /, jBev = ejeυ. If j e Jr and r ^ v, jBβv = jev.

Proof. Let i e J r and suppose that v > r. Thus, ie v e Γv and
(jev)eυ = jev. Hence, jev = (g,i,lv) for some g e G and i e M r By
Lemma 1.15, jev = evA3-jBev with jBev^jev(e T). Hence, i2?^ = (#, iv,
Q. Thus, jBeυ = (e, iv, ̂ )(βr, i, ίv) = eje,,. Next, suppose that r^v.
Hence, jeveJr by Lemma 1.13. Thus, utilizing Lemma 1.15, er(jev) =
jev = evAtfBev where evA3- e Ir and jBev e Jr. Hence, jBev = ie, by
Lemma 1.14. This establishes the second sentance of the lemma.
Since, for r :> v, ej = everj = e r i = j, jBβυ = evjeυ for r 7> v.

LEMMA 1.17. (ey f)e J^f Γ\{E(T)Y and peT imply {pe, pf)e

^ { e T).

Proof. Suppose (β, / ) e ^ n {E{T))\ Hence, for

(p~~ι is the group inverse of p in the group containing p). Thus,
p~^pep~ιpf = p~ιpe and p~ιpfp~ιpe = p~ιpf. Hence, (pep~ι)pf - pe
and (pfp~ι)pe = pf. Thus, (^, pf)e^f(e T).

LEMMA 1.18. 1/ p e J r, Bp = B&r.

Proof. If n, m e N, let nm = max (w, m) in this proof. Let j e Js
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a n d pe Ir. H e n c e ersj = (g, lrs, jf) f o r s o m e geG a n d f e Nrs b y L e m m a

1.13. By Lemma 1.12, pers = (e, n, lrs) for some neMrs. Thus,

ersJPβrs = (g, lrs, Ks) = βrjβrer9

Hence, if jp = (w, m, ^) and jer — (u, c, ώ), then w - u. Since (p,
er) e Sf, {jp, jer) e βSf (e T) by Lemma 1.17. Hence, n = d. Thus, jp =
(w, m, n) = (e, m, ίrβ)(w, Zrs, π) while iβ r = (w, c, n) = (e, c, lr8)(w, lr8, n).
Hence, utilizing Lemmas 1.14 and 1.15, jBp = jBβr.

LEMMA 1.19. Let re Ju,se Jv,v ^ u, and ze N. Then, (a) (rs)Bez =
rBem&xlz,v)sBβz (b) if xelzj xArs = xAsAr.

Proof. Let reJu,seJv,u^> v, and x e Iz. Hence, utilizing Lemmas
1.13 and 1.15, (rs)x = xArs(rs)Bx while

r(saj) = r(xAssBx) = {r{xAs)){sBx) = xAsAr(rBxAssBx) .

Thus, utilizing Lemma 1.14, xArs = xAsAr and (rs)JSx = r ^ ^ s sJS .̂
Utilizing Lemmas 1.15 and 1.18, (rs)Bez = rBemSiX{Ztv)sBez.

If xeJu and yeJυ, define $*;?/ = xBeυy.

LEMMA 1.20. If xeJu and y e Jvy x*y = βva;7/. Ifu^v, x*y — xy.

Proof. Let # £ / „ and yeJv. Hence, utilizing Lemma 1.16,

x*y — xBevy = (eυxev)y = evx(evy) = evxy .

If u ^ v, again utilizing Lemma 1.16, x*y = xBβvy = (xev)y = x(evy) — xy.

LEMMA 1.21. (J, *) is an ω-chain of right groups (Jn:neN).

Proof. Utilizing Lemmas 1.13 and 1.20, (JΛ, *) is a right group
for each ne N and Jn*Jm S / m u t ^ i . We must just establish associa-
tivity. Let ieJs,peJy, and weJz. Hence, utilizing Lemmas 1.15
and 1.13, i*(p*w) = i*(pBew) = iBem^{y>z)pBezw while

{i*p)*w - (iB.yp)*w = (iBeyp)Bew .

Utilizing Lemma 1.19 (a) (iBeyp)Bez = iBeyBem^{y>z]pBez. However,
utilizing Lemma 1.16,

Hence, (ΐ*p)*w = i5, m i ( f i l l pB,, i» = i*(p*w).

DEFINITION 1.22. Let the semigroup X be an cy-chain of semi-
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groups (Xn: ne N) and let φ be a mapping of X into a semi-group Y.
If re Xn, s e Xm, and n^m imply (rs)φ = sφrφ, φ is termed an upper
anti-homomorphism of X into Y.

LEMMA 1.23. r —> Ar is an upper anti-homomorphism of (J, *)
into Tx.

Proof. Combine Lemmas 1.20 and 1.19 (b).

LEMMA 1.24. If jeJv and ie Iz, ji = iAάjez — iAjj*ez.

Proof. Let je Jv and ie Iz. Hence, ji = iAjjBt by Lemma 1.15.
However, utilizing Lemmas 1.18 and 1.16, jB, = jBez = ezjez. Since
l A j G imax(ί),z)) ΊJLj — ΊΆjΘm3iX(VίZ). x l e n c e , J% = 1^ jeτaa_^v>Z)6zJβz = : %A.jJβz.

However, ezjez = j*ez by Lemma 1.20. Hence, ji = %Aάj*ez.

LEMMA 1.25. If r, se I with r e Iu, (rs)Ax = rAxsAx*eu for all xeJ.

Proof. Let r, se I with re Iu and let xeJ. Hence, utilizing
Lemmas 1.15 and 1.12, x(rs) = (rs)AxxBrs while

(xr)s = (rA^l^s = rAx(xBrs) = r

Hence, utilizing Lemmas 1.15, 1.12, and 1.14, (rs)Ax = rAxsAxBr. Utiliz-
ing Lemmas 1.18, 1.16, and 1.20, xBr = xBe% = euxeu = x*eu.

REMARK 1.26. Results of [6] could have been applied to charac-
terize T.

2* Structure theorem for generalized &>-JSP-unipotent bisimple
semigroups* (Proof of converse.) In this section, we complete the
proof of the converse of our structure theorem for generalized ω-
-2^-unipotent bisimple semigroups (Theorem 2.21).

We will use a sequence of twenty entries to establish Theorem
2.21. S will denote a generalized ω-JS^-unipotent bisimple semigroup.

LEMMA 2.1. Every element of S may be uniquely expressed in
the form x — ia~nakj where ie In and je Jk.

Proof. Let xetin>k). Hence, (x, e)e& for some eeEn by Pro-
position 1.4. Thus, (xf i) e & for some i e In. Thus, since α~wαw e In,
a left zero semigroup, x = ix = (ia~nan)x = ia~nanx. Since aneReo

by Note 1.8 and Lemma 1.1 and aka~k = e0 by Lemma 1.9, aka~kan =
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an. Hence x = ia~n(aka~kan)x — (ia~nak)(a~kanx). However, a~kanxe
t{kik) by Notes 1.8 and 1.3. Thus, since a~kak(a~kanx) = a~kanx and
a~kak e Jkj a~kanx e Jk by Proposition 1.5. Hence, x = ia~nakj where
ieln and jsJk. We next establish uniqueness. Suppose that x =
ia~nakj ~ ua~rasv(ie In, jeJk, ue Ir, and veJs). Thus, using Note
1.3, xe tinιk) Π ί(r>β) and, hence, n — r and k — s. Thus, ia~nakj =
ua~nakv. Hence, a~nanίa~nakj = a~nanua~nakv. Thus, since a~%an, i, ue
In, a left zero semigroup, a~nana~nakj = a~~nana~nakv. Hence, a~nakj =
a~nakv. Thus, a~kana~nakj = a~kana~nakv. Hence, a~kakj — a~kakv.
Since α~fcαfc 6 ̂ (Λ) and i, veJk, a. right group, j = v. Thus, ία~nαkj =
uα~nαkj. Since J^ is a right group, there exists zeJk such that iz =
α~kαk. Hence ία~nαkjz = uα~nαkjz implies iα~nαkα~kαk ~ uα~nαkα~kαk.
Thus, ία~nαk — uα~nαk. Hence iα~nαkα~kαn = uα~nαkα~kαn. Thus,

Since i, u, α nαn e /„, a left zero semigroup, ΐ = u.

DEFINITION 2.2. H u e Γand n, ke N, define %j;(fc>Λ) = α~nαhuα~kαn.

LEMMA 2.3. 2> ( f c f Λ ) £ Γn+r_min(fc,r).

Proof. Let flr e Tr. Hence, utilizing Note 1.3, gv{k,n) = α~nαkgα~kαn e

i{n,k){r,r)(k,n) ~ -̂  %+r-min(fc,r)

LEMMA 2.4. Lβί gr e Γ r α^ώ fes e Γ s , If k ^> r, s or r = s ^t k,

(gΛs)V(h,n) = grV(k,n)hsvik>n). In particular, v{k,n) is α homomorphism of
l r %Ύltθ 1 n+r— min(jfc,r)

Proof. Let # r 6 Γ r and As e Γs with A; ̂  r, s. Hence,

(grhs)vik,n) = α~nαkgrhsα~kαn = α~nαk(α~kαkgr)ukα~kαkfk(hsα'kαk)α~kαn

where (%, α~kαkgr) e £f with wfc e #(/*) and (/fc, hsα~kαk) e & with / fc e Ifc.
Hence, (grhs)vik>n) — α~nαkgrα~~kαkhsα~kαn = (α~nαkgrα~kαn)(α~Άαkhsα~kαn) =
grV(k,n)hsv{k,n). Next suppose that r — s ^ k. Then,

(grhr)V(k,n) = α" % α^ r ^ r α~ kαkfrhrα~kαn

where (vr, #r) G ^ ^ with ^ r e £?(/,.) and (/r, λr) e ̂  with / r e J r. Hence,

(9rK)Vuc,n) = (α-nαkgrα~kαn)(α-nαkhrα-kαn) = grVu,n)hrv(k,n).

D E F I N I T I O N 2 . 5 . L e t v ( J f c , n ) | I = α ( f c > n ) a n d y ( A > w ) | J = ; 8 ( A ; , n , .

LEMMA 2.6. (a) Irα{k,n) g /w+r-min(*,r> (b) Jr@Uc,n) S^Tr-min()i ( r).

Proof, (a) By Lemma 2.3, 7ry{Λ,Λ) g T« if A ̂  r and /rv(fc,n) g ?"%+r__&



GENERALIZED ω-J^-UNIPOTENT BISIMPLE SEMIGROUPS 639

if r ^ k. If k ̂ > r, v{ktn) is a homomorphism of Γ r into Tn by Lemma
2.4. Hence, Irv(k,n) Sz E(Tn). Let # r e l r . Hence,
Thus, grvik>n)£fa-naka-rara,-kan(e Tn). However,

by Lemma 1.11. Hence, grv{k>%) e In if k^>r. The case r ^ kis treated
similarly. To prove (b), just replace "I" by "J" and "£f" by " ^ "
in the proof of (a).

DEFINITION 2.7. If X is a semigroup End X will denote the
semigroup of endomorphisms of X (iteration).

LEMMA 2.8. a{k,n) e End I for each n,keN.

Proof. Let ire Ir and ίsels. If r ^ k, ira~kaH8 = ίris. Hence,

(iri )tf(fc,nϊ — a~nakiri8a~kan = a~nakira~kaki8a~kan

= a~nakira~kana~nakisa~kan = irα(fc,»)i α(fc.nj

Next, suppose that k > r. Since S is generalized .5^-unipotent,
ί r ^ α - r α r implies α~Vΐ r jS^α"Vα~ rα r. Thus, a- f caH r =^a- f ca f c by Lemma
1.11. Hence, a~kakire Ik. Thus,

( M )tf(Jfe,n) = a~nakirisa~kan = a~nak(a~kakir)a~kaki8a~kan

— (a~nakira~kan)(a~naki8a~kan) = ir

LEMMA 2.9. (w, Λ)—*Λ(Λ>jί.) is α homomorphism of C into End 7.

Proof. Let # e / . We will employ Lemma 1.11. Thus,

ga{r>s)a{n>p) — a~pana~sarga~~ra*a~nap

__ £»-(p+s—min(»,s))-γW+r-min(

We next establish that £(WtJb) e End (/, *). This will be accomplished
by Lemmas 2.10-2.15.

LEMMA 2.10. /3(1,0) e End (J, *).

Proof. Let weJp and u8 e J 8 . If p = s, β̂d.o) e End (J, *) by Lemmas
2.4, 1.20, and 2.6(b), and Definition 2.5. Let us first suppose s = 0.
Utilizing Lemmas 1.13, 1.11, Note 1.8, and Definition 2.5,
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We note that (wuQ)β{1>0) e Jp^ by Lemma 2.6(b). Utilizing Note 1.8,
Lemmas 1.15, 1.16, and Definition 2.5, u^a'1 — uφxa~x = e^A^u^a"1 =
β1A%oα"1αt6oα~1 = e^A^a'Xu^a^). Hence, utilizing Lemmas 1.15, 1.23,
1.18, 1.16, and 1.11, and Definition 2.5,

wuoa~ι = wfaAuJa-^Uoβw) = e1Awltoe1we1a~1(WoyS(i,o))

Utilizing Lemmas 1.15, 2.6(b), and 1.13, exAwn^Iv and wβ{1

Jp-i. Hence, (wuo)β{UQ) = wβatQ)uQβaΛ) by Lemma 2.1. Thus, utilizing
Lemma 1.20 and 2.6(b), (w*uQ)β{lr0) = wβ{ι>^uφ{lfQ). Next, we assume
that p ^ s ^ 1. Hence, utilizing Lemmas 1.11, 2.6(b), and 1.20,

(w*us)βUi0) — (wu8)βίlf0) — awusa~ι = awa~sasusa~ι

aa~saswsa~1 = (awa~ι)(ausa~ι)

Finally, we assume s > p. Utilizing Lemmas 1.20, 1.13, 1.10 and the
case (p ^ s) just established,

O*O/3 ( 1 ) 0 ) = ((e8w)u8)βafQ) = (esw)β{ls0)usβM) = e8β{1,0)wβ{1,0>u8βαι(i)

= αα~sαsα~1wβiU0)usβα>0) = e8^

Since usβil>0)eJs^ by Lemma 2.6(b), e8^wβ{lt^u8βM) = wβ*,0)U8β{10) by
Lemma 1.20. Hence, (w*O/3(1,0) = wβ*,0)u8βu,0).

LEMMA 2.11. /3(0)0) e End (J, *).

Proof. Let ureJr and vseJs. Utilizing Lemmas 1.20 and 2.6(b),

(w?vβ)β (o,o> = (β s^r^ s)/5(O,o) = β o β s u r v s e o = e s e o ^ r β o β s v s β o = eseoureoeQvseQ

— βs{Urβ'(o,O))^^s/S'(0,0) ~ ^rβ(0,0) Vsβ(0,0) •

LEMMA 2.12. (w, &) -^ /3(w.fc) is α homomorphism of C into Tj.

Proof. Replace "I" by " J " and " α " by "β" in the proof of Lemma
2.9.

LEMMA 2.13. βlkι0) e End (J, *) for all keN.

Proof. We have shown that βiOίQ) in End (J, *)(Lemma 2.11) and
that /9(1,0) e End (J, *) (Lemma 2.10). Suppose that βin>0) e End (J, *).
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We show that β{n+1,0) e End (J, *). Let g,heJ. Hence, utilizing Lemma

2.12,

{9*h)β{n+1>0) = (g*h)β{nt0)β{lf0) = (gβι«,o*hβln,o))βM)

= 9β{n,0)βa,0) hβ(n,O)βu.O) == 9β(n+l,0) ^β^n+1,0)

LEMMA 2.14. βi0>k) e End (J, *) for all JceN.

Proof. Let ur e Jr and v8eJs. First, assume s Ξ> r. Utilizing
Lemma 1.20, (ur*v8)β{0)k) = (e8urvs)β{0>k). Since ur&er, e8ur&e8er = es.
Hence, utilizing Lemma 2.4, ((esur)v8)β{Q>k) = (esur)β(0>k)vsβ{0>k). Utilizing
Definition 2.5, Note 1.8, Lemma 1.1, and Lemma 1.9, (e8ur)β{0,k) =
a~ke0(esur)eoa

k = a"ke8ura
k = a~ke8a

ka~kura
k — (a~ka~sa8ak)(a~ka°ura~°ak) —

e8+k(urβ(0,k)). Since ^ ( 0 . * ) 6 Js+k by Lemma 2.6(b), es+kurβ(O)k)vsβiOyk) =
urβM*v8β^,k) by Lemma 1.20. Thus, (^r*v8)/3(0,fc) = v,rβ«,k)*v9β{0,k).
We utilize Lemmas 1.20 and 1.9, and Definition 2.5 for the c a s e r > s .

LEMMA 2.15. β(n,k) e End (J, *) for all n,keN.

Proof Let g, he J. Hence, utilizing Lemmas 2.12, 2.13, and 2.14,

(g*h)β[n,k) = (g*h)βlnt0n0ιk) = (g*h)βln,o)β{o,k) = (gβinto*hβ{n>o))β[o,k)

— 9β(n,0)β(0,k) hβ(n,0)β(0,k) ~ 9β{n,k) ^β(n,k)

LEMMA 2.16. (^, ̂ ) —> /S^,^ is α homomorphism of C into End (J, *).

Proof Combine Lemmas 2.12 and 2.15.

If α, 66 /, define a°b = ab.

LEMMA 2.17. S = ((i, (w, k), j): ί e Iny j e Jk, n, ke N) under the
multiplication (i, (n, k),j)(u, (r, s), v) = (ί<> (uAyα(fc)%)), (n + r — min(fe, r),
ft + s - min (ft, r)), jβlr,s)*v).

Proof Let i e /%, j eJk,ue Ir, and v e Js. Hence, utilizing Lemmas
1.24,1.15, 1.11, 1.9, 2.6(b), 1.20, and Definition 2.5,

(ia~nakj)(ua~rasv) = ia~nak(ju)a~ra8v = ia~nakuAjja~ra~rasv

= ia~nakuAja~kaka~rarja~rasv

Utilizing Lemma 2.6, i°((uAj)a{k>n))e In+r-miMk>r) and

3β{r,s) V 6 «/fc+s-miii(fc,r)
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Hence, ((ί, (n, k), j): ie In, j e Jk, n, k e N) under the multiplication given
in the statement of the lemma is a groupoid. The required isomorphism
is given by the mapping (ia~nakj)φ = (i, (n, k), j) by virtue of the above
and Lemma 2.1.

L E M M A 2 . 1 8 . a [ r > s ) A 3 a { s > r ) = A j β { s > r ) f o r a l l j e J a n d r, s e N .

Proof. Let jeJp and welq. Utilizing Definitions 2.2 and 2.5,
and Lemmas 1.9, 1.12, 1.15, and 2.6,

(j(wa{r,8)))V{8,r) — a~rasj(a~8arwa~ras)a~sar

= a~rasja~sar(a~rarw)a~rar — a~rasja~sara~rarw

= a~rasja~sarw — jβ{s>r)W = wAjβ(Sfr)jβis>r)Bw .

Utilizing Lemmas 1.15 and 2.6, wA i /3(S j r ) 6 ImΛX{q,r+p-min{8,p))

Utilizing Definitions 2.2 and 2.5, and Lemmas 1.15 and 2.6,

r,s)))Vis,r) = a~ra9j(wair,S))a~sar

= a-ras{wa{r>s)A3)(jBwa{rs)a~sar

Utilizing Lemmas 1.15 and 2.6, wa ( r, g )A,a ( 8, r ) e /maX(p,s+g-min(r,g))+r-s and

(JBu>α(rta))βl8,r)G Jmzx{p,s + q~min(r,q)) + r-8- HβnCβ, Wα[r>s)Aάα{s>r) = ^ A ^ ( s , r ) b y

Lemma 1.14.

L E M M A 2.19. (a) gα(s,s) = esog for all gel. (b) gβ{s,s) = g*es

for all ge J.

Proof, (a) Let gel. Utilizing Lemma 1.12 ga{8>s) - (esg)e8 = esg —

esog. (b) Let geJ. Utilizing Lemma 1.20, gβis,s) = esges = fir*βs.

In the following definition, we will describe the objects we will
use to represent generallized ω-^-unipotent bisimple semigroups.

DEFINITION 2.20. Let (/, o) be an ω-chain of left zero semigroups
(Ik:ke N); let (n, r)—>a[n>r) be a homomorphism of C into End(J, o);
let (J, *) be an ω-chain of right groups (Jk:keN); let (n, r)-+ β{n>r)

be a homomorphism of C into End(/, *); let j-+ A3 be an upper anti-
homomorphism of (J, *) into Tj, and let IkC\Jk — (ek), a single idem-
potent, for each ke N such that
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( 1 ) gβ{SjS) = g*es for all geJ.

\Δ) J-r&{n,k) ~ l k+r— min(n,r) 3»ΠQ Jrβ{n,k) = Λ+r-mίn(jι,r)

(3) /rAy g Jm a x ( r f J b ) if jeJk.
( 4 ) (r©s)A, = ril x©sA x*β u for r, se I with r e !„ and a G/.
( 5 ) α(rίβ,Ayα(β,r) = Ajβ{s>r) for all j e J and r, seN.
We denote ((i, (w, &), i) : ΐ e 7%, i e Jfc) under the multiplication

(6) (i, (n, k), j)(u, (r, s), v)

= (io(uAsa{k,n)), (n + r - min (fe, r), fc + s - min (&, r», jβ{r,»*v)

by (I, J, α, ft A).

THEOREM 2.21. Let S be a generalized ω-J^-unipotent bisίmple
semigroup. Then, S is isomorphic to some (/, J, a, β, A).

Proof. The theorem is a consequence of the definition of " o " ,
Lemmas 1.12, 2.9, 1.21, 2.16, 1.23, the choice of "ek", Lemmas 2.19, 2.6,
1.15, 1.25, 2.18, and 2.17.

We thank the referee for the following remark.

REMARK 2.22. In Definition 2.20, the middle component (m, n)
of (i, (m, n), j) serves only as a marker. Hence, S is actually repre-
sented by the cartesian product I x J under the multiplication

(i, j)(u, v) = (ί

where i e Iw, j eJkyue Ir, and v e Js.

3* Structure theorem for generalized α)-jS^-unipotent bisimple
semigroups (proof of direct half)* In this section, we show that
(/, J, a, β, A) is a generalized ω-^-unipotent bisimple semigroup.

LEMMA 3.1. (I, J, a, β, A) is a semigroup.

Proof. We use (2) and (3) of Definition 2.20 to establish closure.
We next establish associativity. Let (i, {n, k), j \ — i and {%, (n, k),
Λ23 = ((n, k), j). Let a = (i, (n, k), j), b = (u, (r, s), v), and c = (z, (p,
q)9 w) 6 (/, /, a, β, A). Utilizing the fact that (n, r) —* βin>r) is a homo-
morphism,

((αδ)c)28 = ((io(uA3-a(ktn))9 (n, k)(r, s), jβ{rίS{"^){^ (2>, 9),

= (fa, k)(r, s)(p, q), (jβir..*v)β{p,q)*w)

= ((n, fc)(r, s)(p, q\ jβ^Mp.q*vβ{Pιq)*w)
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while

(α(δc))28 = ((i, (n, k\ j)(uo(zAυa{s,r)), (r, s)(p, g), vβ{p,q)*w))M

= (fa, &)fa, s)(ί>, g), iβtr.*np,q*vβ{p,q)*w) .

Hence, ((αδ)c)23 = (α(δc))23. Utilizing the fact (ft, n) —* #<*,»> is a homo-
morphism of C into End (/, o), the fact j —> Ay is an upper anti-homo-
morphism of (J, *) into Tl9 (5), (1), and (4),

((αδ)cX = i°uA3aιk,n)ozA3 β{rt8)*υa(8,r){kίn)

, o s A i / ί { r f β ) * v α ( β > r ) ) α : ( J f c , n ) )

j o zAvAjβίrtS)a{s,r))a{k,n))

i o ( ( ^ A y o zAvaiSir)Ajβ(rίr))a[k>n))

i o ((uAj o zAva(s,r)A^er)a{k>n))

Hence, (αδ)c = a(bc).

LEMMA 3.2. Lei (i, (w, &), j), (w, b , g), «) e (J, J, α, /9, A).

(a) (i, (%, fe), j)&(w, (p, q), z) if and only if i = w and n = p.
(b) (i, (n, Jc), j)^{wy (p, q), z) if and only if k = q and (j, z) e

Proof, (a) Let us show that (i, (n, k), j)&(i, (n, q), z). Let ue
Ik. Hence, uA3 alk,n) e In by (2) and (3). Thus, since (JΛ, 6) is a left
zero semigroup, i o ui^f^,, = ΐ. By (2), jβik,g) e Jq. Hence, since (Jg, *)
is a right group, there exists v e J ? such that jβa,g)*v — z Hence,
utilizing (6), (i, (w, k), j)(u, (k, q), v) = (i, (w, g), «). Similarly, there
exists a e Iq and be Jk such that (i, (w, g), ^)(α, (g, Λ), δ) = (i, (w, k), j).
Utilizing (6), the converse follows from the fact that <% is the
dentity on (7, 0) and {n, k)&(py q) in C implies n = p. Let us
show that (i, (n, k), j)£f(w, (p, k), z) if (j, z)e β^(eJk). Since (j,
z) e £(?{ e Jfc), there exists ueJk such that u*j = z. By (2), uβ{k,n) e
Jn. Utilizing (1) and the fact (n, k) —• β(n>k) is a homomorphism of C
into End(J, *), uβ{k,n)βM) = uβ{k>k) = u*ek. Hence, (uβ{ktn))β^,k)*j =
u*e?cj = ^*i = «. Thus, utilizing (2), (3), and (6), (w, (p, n), uβιk>n))(i,
(n, k), j) = (w, (p, k), z). Similarly, there exists veJk such that (i, (^,
ί>)> vβa,p))(w, (p, k), z) = (ΐ, (w, ft), i). Utilizing (6), the converse follows
from the fact that £ίf = ^ ^ in (J, *) and O, k)£?(pf q) in C implies
k — q.
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LEMMA 3.3. (/, J9 α, β, A) is a bisίmple semigroup.

Proof. Let (i, (n, k), j), (u, (r, s), v) e (I, J, a, /S, A). Hence, utilizing
Lemma 3.2, (i, (n, k), j) &(i, (n, s), v)jίf(u, (r, s), v). (/, /, a, β, A) is
a semigroup by Lemma 3.1.

LEMMA 3.4. E(I, J, a, β, A) = ((i, (n, n\ j): j e E{Jn\ n e N).

Proof. Let (i, (n, k), j) e E(I, J, a, β, A). Hence, (i, (n, k), j)(i, (n,
Jc)f j) = (ΐ, (?ι, fe), j). Using (6), w = Jc since (w, A:)2 = (n, k) in C Hence,
using (6) and (1), j - jβ{n,n)*j = i*β*i = i 8. Utilizing (6), (2), (3), and
(1), j G #(/„) implies (i, (π, u), i) e £7(7, J, α, /3, A) for w e JV and i e Jn.

LEMMA 3.5. (I, J, α, /S, A) is a regular bisimple semigroup.

Proof. It follows from a result of Clifford and Miller [1, Theorem
2.11] that any bisimple semigroup containing an idempotent is regular.
Hence, we just apply Lemmas 3.3 and 3.4.

LEMMA 3.6. E(I, J, a, β, A) is a semigroup.

Proof. We will utilize Lemma 3.4. Let a — (i, (n, n), j), b = (u,
(s, s), v) e E(I, J, a, β, A). Hence, j e E(Jn) and v e E(J8). Thus, using
(1), jβis,8)*v = j*e?v = j*v. However, E(T) is a semigroup for any
chain of right groups T. Thus, it follows that j*v e E(JmΛXίn,8)). Hence,
ab e E{Iy J, a, βy A) by Lemma 3.4.

LEMMA 3.7. Jzf is a congruence on the semigroup E(I9 J, a, βf A).

Proof. Let X be any semigroup such that E(X) is a semigroup.
Then, it is easily seen that if e,fe E(X), (e, f) e £f( e X) if and only
if (e,f)e^(eE(X)). Let jeE(Jn) and veE(J8). Hence, utilizing
Lemmas 3.4 and 3.2(b), (i, (n, n), j)^(u, (s, s), v)(eE(I, J, a, β, A)) if
and only if n = s and j = v. Thus, using (6), ^f is a left congruence
on E(I, J, a, βy A) by a routine calculation.

LEMMA 3.8. E(I, J, a, β> A) is an co-chain of rectangular bands
(En: neN) where En = ((i, (n, n), j): i e JΓΛ, j e E(Jn)).

Proof Let (i, (n, ri), j), (u, (n, n), v)e En. Utilizing (6), (2), (3),
and a routine calculation, {i, (n, n), j)(u, (nf n), v) = (i, (w, w), v). Hence,
JÊ Λ is a rectangular band. Again, utilizing (6), (2), (3), and a routine
calculation, EnEk £ Em&x{n,k).
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THEOREM 3.9. (/, J, a, β, A) is a generalized ω-Sf-unipotent
bisimple semigroup.

Proof. Combine Lemmas 3.5-3.8.

4* Structure of generalized ω-jP^-unipotent bisimple semi-
groups* Combining Theorems 4.1 and 4.3 (below) will give a description
of generalized ω-^-unipotent bisimple semigroups in terms of groups,
ω-chains of left zero semigroups, and ω-chains of right zero semigroups.

THEOREM 4.1. (I, J, α, β, A) is a generalized ω-£f-unipotent
bisimple semigroup, and conversely every such semigroup is iso-
morphic to some (/, J, a, β, A).

Proof. Combine Theorems 3.9 and 2.21.

REMARK. In contrast to the structure theorem for generalized
^-unipotent semigroups given in [4], no factor systems are required
in Theorem 4.1.

We will next characterize an ω-chain J of right groups (Jn: n e
N) as a semi-direct product of an ω-chain X of right zero semigroups
(Xn:neN) by an ω-chain G of groups (Gn:ne N).

We first need a definition.

DEFINITION 4.2. Let the semigroup U be an ω-chain of semigroups
(Une N) and let θ be a mapping of U into a semigroup V such that
re Un, se Um, and m ^ n imply (rs)θ = rθsθ. We term θ a lower
homomorphism of U into V.

Let (G, o) be an ω-chain of groups (Gn: ne N) and let (X, *) be
an ω-chain of right zero semigroups (Xn: n e N) such that Gn f] Xn =
(eΛ), a single idempotent element, for each ne N. Let g~+Bg be a
lower homomorphism of G into Tx subject to the conditions (1) XnBg ϋ
•Xmaxtn.m) if 9 € ̂ m (2) if T G Xm, s 6 Xn and m ^ n, {r*s)Bg = rBenO*Bg.
Let (G, X, B) denote U (Gn x Xn: ne N) under the multiplication (i,
Λ(ί>, Q) = (ioPiJBtq).

THEOREM 4.3. J is an ω-chain of right groups if and only if
J ~ (G, X, B) for some collection G, X, B.

Proof. We just specialize [6, Theorem 7.2].

Note 4.4. The structure of G is known mod groups and homo-
morphisms by a well known result of Clifford [1, Theorem 4.11].
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5* ω-J^-unipotent bisimple semigroups* In this section, we
specialize Theorem 4.1 to obtain [5, Theorem 7.11] (our previous
structure theorem for ω-^-unipotent bisimple semigroups).

A bisimple semigroup S is termed ω-iP^-unipotent if E(S) is an
ω-chain of right zero semigroups.

THEOREM 5.1. Let S be an ω~Jέf-unipotent bisimple semigroup.
Then, there exists an ω-chain (J, *) of right groups (Jn: ne N) and
a homomorphism (n, r) —> β{n>r) of C into End (J, *) such that for each
ke N there exists eke E(Jk) and

(1) gβ{hth) = g*ek for all geJ.
(2) Jrβ{n,k) S e7fc+r_mln(Λ,r). Furthermore, S = {{{n, k), j): j e Jk, nt

k e N) under the multiplication.
( 3) ((n, k), j)((r, s), v) — ((n, k)(r, s), jβ(r,s)*v) where juxtaposition

denotes multiplication in C.
Conversely, let (J, *) be an ω-chain of right groups and let (n,

r) —* β(n,r) be a homomorphism of C into End (J, *) such that (1) and
(2) are valid. Then, S — (((n, k), j):je Jkj n, ke N) under (3) is an
ω-^f-unipotent bisimple semigroup.

Proof. We first establish the converse. We employ Theorem
4.1 and its notation. Let Iv = (ev) for each ve N and define euoeυ~
6max(ί(j ϊ). Let I = U (/„: ve N). Then, (I, o) is an ω-chain of left zero
semigroups (In: ne N). Define ena{r>8) = e8+n-min{n>r) and enAv = emfLXin>m)

if veJm. By a routine calculation, (n, r) —* a{n>r) is a homomorphism
of C into End (/, o) and p —• Ap is an upper anti-homomorphism of (J, *)
into Tτ such that (2)-(5) of Theorem 4.1 is valid. The multiplication
(6) of Theorem 4.1 becomes (6') (βΛ, (n, k), j)(er, (r, s), v) = (en+r-min{k,r),
(n, k)(r, s), 3β{r,s*v) where juxtaposition is multiplication in C. Hence,
U = (I, J, a, β, A) (notation of § 3) is a generalized ω-^-unipotent
bisimple semigroup by Theorem 4.1. Utilizing Lemma 3.4, E{U) =
((βn, in, n), j): j e E(J~), n e N). Utilizing Lemma 3.2, (eu, (n, n\ j)£f(ekf

(k, k), u)(je E(Jn) and u e E(Jk)) implies n — k and j = u. Hence, E(U)
is an ω-chain of right zero semigroups and, thus, U is an ω-Jzf-xmi-
potent bisimple semigroup. Since (en, (n, k), j)φ = ((n, k), j) define an
isomorphism of (U, (6')) onto (S, (3)). S is an ω-^-unipotent bisimple
semigroup.

Next, let T be an ω-^-unipotent bisimple semigroup. Hence,
T is a generalized ω-^-unipotent bisimple semigroup and the struc-
ture of T is given by Theorem 4.1. Thus, utilizing Lemmas 3.8 and
3.2, In - (en) for each ne N. Hence, utilizing (2) and (3) of Theorem
4.1, erα(»jb) = %fr-min(»,r> and erAά = emSLnr>k) if jeJk. Thus, (6) of
Theorem 4.1 becomes (6') and (U, (6')) = (S, (3)). The conditions of
Theorem 5.1 are given by Theorem 4.1 ((1) and (2)).
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