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THE EXCHANGE PROPERTY AND DIRECT SUMS
OF INDECOMPOSABLE INJECTIVE MODULES

KUNIO YAMAGATA

This paper contains two main results. The first gives a
necessary and sufficient condition for a direct sum of inde-
composable injective modules to have the exchange property.
It is seen that the class of these modules satisfying the con-
dition is a new one of modules having the exchange property.
The second gives a necessary and sufficient condition on a
ring for all direct sums of indecomposable injective modules
to have the exchange property.

Throughout this paper R will be an associative ring with identity
and all modules will be right i?-modules.

A module M has the exchange property [5] if for any module A
and any two direct sum decompositions

iel

with Mf ~ M, there exist submodules A\ £ At such that

The module M has the finite exchange property if this holds whenever
the index set I is finite. As examples of modules which have the
exchange property, we know quasi-injective modules and modules
whose endomorphism rings are local (see [16], [7], [15] and for the
other ones [5]).

It is well known that a finite direct sum M = φ j = 1 Mt has the
exchange property if and only if each of the modules Λft has the
same property ([5, Lemma 3.10]). In general, however, an infinite
direct sum M = ®i&IMi has not the exchange property even if each
of Λf/s has the same property. On the other hand, Fuller [8] has
recently proved that every module over a generalized uniserial ring
has the exchange property (c.f., see [9, Theorem 9 and corollary to
Lemma 12]).

Therefore, two interesting questions arise:
(1) When does the infinite direct sumΛf = ®iQIMt of modules

Mt(ίel) with the exchange property have the same property?
(2) What ring R has the property that every module M has

the exchange property?
In this paper we consider these two problems for the class of

modules M which are direct sums of indecomposable injectives and
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completely make answers to them for such a class of modules. In
§1 we show a sufficient condition for a direct sum of modules with
local endomorphism rings to have the finite exchange property. In
§2 we prove the following results (Γ) and (2').

( Γ ) A module M which is a direct sum of indecomposable in-
jective modules has the exchange property if and only if it has the
finite exchange property, and moreover any of these assertions is
equivalent to that the Jacobson radical of the endomorphism ring
EndR(M) of M is {/ e End*. (M) | Ker / is essential in M).

(2') A ring R satisfies the ascending chain condition for (meet-)
irreducible right ideals if and only if every direct sum of indecom-
posable injective modules has the exchange property.

It is not known whether the exchange and finite exchange properties
coincide, so the first equivalence in (Γ) is meaningful. Since any direct
summand of a module with the exchange property has also the same
property as mentioned above, the second equivalence in (1') trivially
includes [2, Corollaire 5] concerning a problem on an indecomposable
decomposition of a direct summand of the module which is a direct
sum of indecomposable injectives (this is a problem of Matlis). (2')
is a strengthening of [19, Theorem 1] and, as seen in it, such a ring
in (2') has interesting properties concerning the Krull-Remak-Schmidt-
Azumaya's theorem and a problem of Matlis. If a module M is
quasi-injective, all properties in (1') are also valid for M, but con-
versely neither of them implies the quasi-injectivity of M. In § 3 we
show this fact with an example which means that the class of all
modules with the exchange property which are direct sums of in-
decomposable injectives is a new one of modules with the same
property. In §4 we generalize the results of Chamard [3, Theoreme
3] and Yamagata [17, Theorem 4] which are obtained from the point
of view of a problem of Matlis.

The author wishes to express hearty thanks to Prof. Tachikawa
for his advices.

1* A semi-T-nilpotent system* We will recall some definitions
and elementary results from [9] and [10]. A family {ΛfJ<ez, with an
infinite index set I, which consists of modules Mt whose endomorphism
rings are local is called (resp. semi-) T-nilpotent system if for any
family of nonisomorphisms {fin: Min —• Mtn+ι \n}>l} (resp. in Φ iw for
n Φ n') and any element xh e Mh, there is an integer m depending
on xh such that fimfίm_1 ftl(xtj = 0. If S^f is the full subcategory
of the category of all right modules whose objects are isomorphic to
direct sums of Λf/s, then it is said to be the induced category from
{ΛfJίei and we denote by J? the class of all morphisms / in J ^ such
that for two objects X = φjeJ X5 and Y = ®keκ Yk of J^ with f:X—*
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Y and indecomposable modules Xd and Yk, each πkfκd is a noniso-
morphism where κd is the canonical injection of Xd to X and πk the
projection of Y to Y*. In [9] we then know the quotient category
S^ = S^l^ is Cg-completely reducible abelian.

For a morphism /: M—* N and a submodule Mo of ikf, / | ikf0: Λf0 —>
N denotes the restriction of / to Mo. We denote by Endβ (M) an
endomorphism ring of a right module MR over a ring iϋ.

Now we write the proposition, without proof, which will play an
important role in our proofs.

PROPOSITION 1.1 ([12], [13]). Let {Mτ)ιeI be an infinite family of
modules with local endomorphism rings and M — @%eI Mz. Then the
following conditions are equivalent.

(i) {Mi}ieI is a semi-T-nilpotent system.
(ii) ^ Π End^ (M) is the Jacohson radical of End^ (M).
In this case, each direct summand of M is also a direct sum

of indecomposable modules which are isomorphic to some Mt.

LEMMA 1.2. For two modules M1 and M2, let

Λf = ΛfL 0 ilf2

and p a projection of M to Mx. Then for a nonzero submodule N
of M with NΠ M2 = 0 the restriction p\N is a monomorphism. If,
further, p(N) is a direct summand of M, then there exists a sub-
module N, of Mλ such that M= N®N,®M2.

Proof. The first assertion is clear. For the rest let p(N) be a
direct summand of M, M = ρ(N) 0 Mf and p a monomorphism on N.
By the modular law, we then have

with a projection π of Mx to ρ(N) where N1 = MXΓ\ Mf. We con-
sider the decomposition

M = p(N) 0 JVi 0 M2 .

It is then easy to see that the projection of M to p(N) be πp and
the restriction πp | N of πp to N is an isomorphism by the first part
of this lemma. As a consequence, we obtain the desired decomposi-
tion

The following corollaries are essentially proved in [9] but we
include proofs for completeness. In them, without proofs, we will
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use some properties for completely reducible objects in J ^ but they
are easily proved in the same way as for completely reducible modules
(see [9, p. 331-332]).

COROLLARY 1.3. Let M be a direct sum of indecomposable mod-
ules Mi (i e /), where each Mi has a local endomorphism ring, and
{Nj}jeJ an independent set of indecomposable submodules of M with
local endomorphism rings such that it is a semi-T-nilpotent system.
Then, if Σiej φ-Nί is a direct summand of M for every finite sub-
set FaJ, there exists a subset Ka I such that

M = Σ Θ Nj 0 Σ θ Mk .
j e j keK

REMARK. If J is finite, the finite direct sum Σ/e/φJVJ has the
exchange property by [15, Proposition 1] and [5, Lemma 3.10] and
is a direct summand of M by hypothesis. Hence there exists a sub-
set Kc: I such that M = Σiβ^ θ N3 0 Σ*ex φ Mk.

Proof. We assume J i s infinite. Let Szf and ^ be as above and
κ: N= Σ i e j φ Nό-+M an inclusion map. For a morphism / in Stf
we denote by / the induced morphism of / in the quotient category
Szf — Szfj^. Since N^ φ φ Njn is a direct summand for any
finite subset {jl9 •••, jn} of J by assumption, the restriction of Λ: to
Njt φ 0 NJn is then an injection in Jzf. This will imply that R
is an injection in Ĵ C

To show this we suppose that the kernel K = Ker ic is not zero.
Then there is a finite subset {jl9 , jn} c J such that K Π
(•WJΊ Φ φ Njn) Φ 0, because Szf is a C3-abelian category and N =
ΦiejNj in S^ ([9, Theorem 7]). Hence ^ ( f Π Σ L i θ ^ ) ^ 0 ^
the fact that ti \ Σ2= 1 0 Njk is injective in J^< a contradiction.

Then, since the category j>f is C3-completely reducible abelian,
the morphism R\ N—+ M splits and by the note just before this corol-
lary there is a subset Kc: I such that

(1) M= Σ Θ ^ Θ Σ @Mh

and

(2) M = N®Σ®Mk
keK

(3) = Σ Θ ^ Θ Σ ®Mk.
ieI-K keK

Let the projection of M to Σiez-*φΛf< be p. Then in (3) the pro-
jection of M to Σiei-K Mt is clearly p and so p o R is a bijection of N
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onto Σιe/-x Θ Mi in view of (2) and (3). This means that there is a
morphism φ of Σie i-* Θ M% to AT such that φ o p o £ = \- and p o iξ o φ ~
l Σ ί e / / ί @ i r Hence we obtain that 0 © (p © /c) — 1 and (p © /c) © φ — 1 be-
long to Jf(EnaR (N)) = ^ Π End,, (iSΓ) and ^ ( E n d β ( Σ ι e / - ^ θ ^ ) ) =
^ Π EndΛ (Σΐez-x θ Aί*) respectively. We will show that jθ © K is an
isomorphism of N to Σ1-f-Jfi:eA: © Aft.

First, r ( p o i c ) - l e ^ (Endβ (ΛΓ)) implies that φ o (p o /c) is in-
vertible, because ^ (End^ (N)) is the Jacobson radical by Proposition
1.1. The morphism p © /r is hence a monomorphism.

Secondly, to show that p © /r is an epimorphism it suffices to show
that the family {M%)ieI_κ is a semi-T-nilpotent system by the same
reason in the first part. Now since N= ΣJCJ © Nj is isomorphic to
Σίei-κ® Mιf there is a bijection σ:J—+I—K such that Nj ~ Mσ{j)

for every j e J because S-/ is a completely reducible C3-abelian cate-
gory (see the note before this corollary). It is therefore easy to see
that Nj is isomorphic to Ma{3) for every j e J on account of the facts
that ^ Π End^ (Nj) and J? Π EndΛ (Mσ(J)) are the Jacobson radicals
of EndΛ (iSΓ,-) and End^ (Mσ{j)) respectively. Hence the assumption that
{Nj}j€j is a semi-T-nilpotent system implies that the family {ikf,}?c/_^
is also semi-T-nilpotent, as desired.

Now then, since (p © κ)(N) = p(N) = Σ ιe/-iv © Mi is a direct sum-
mand of M, we can apply Lemma 1.2 to our case and have that

M = N © Σ © M,k ,
ke K

which completes the proof of the corollary.

COROLLARY 1.4. Let M be an infinite direct sum of indecom-
posable modules Mt (i e I) with local endomorphism rings. Assume
the family {Mt}ιeI is a semi-T-nilpotent system and let {NJt,^ be a
family of direct summands of M such that Nn g Nn+1 for all in-
tegers n^l. Then the union \Jn^Nn of the family {Nn}nZί is also
a direct summand of M.

Proof. Since, according to Proposition 1.1, the union U ^ i Nn is
also a direct sum of indecomposable modules with local endomorphism
rings, it is an immediate consequence of Corollary 1.3.

For two modules M = (&ίeI Mt and N = φ i e j N5 we can represent
every homomorphism / of M to N as a column summable matrix
(fjt), that is, for the injections Λ:, of Mύ to M and projections πά of
N to Nj (i el, j e J ) , f5ι = πjftz%\ Mi —> N, and, for any xe M and i e I
fji(Pι(%)) = 0 for almost all j eJ where pt is the projection of M onto
Mv. Hence, in this case we may denote that f(x) = Σ i πjf(χ) =

) for any xeM and f% = Σtjejfu (^e [9], p. 332).
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A submodule N of M is essential in Λf (JNΓS'Λf) if Nf] L Φ 0
for all nonzero submodules L oί M and ikf is uniform if every non-
zero submodule is essential in M. In the following we will denote
the kernel of a morphism / by Kerf.

LEMMA 1.5. Let M be a direct sum of uniform modules Mz (i e I)
and f = (fSi) e End^ (M). Then Kerf is essential in M if and only
if each Ker/^ is essential in Mt for all i, j e I.

Proof. Suppose that Ker fH is essential in Mx for all i9 j e I.
Then to show that Ker/S'Λf it suffices to show that Ker ff] Mτ £ '
Mi for all i e I. Now contrary to it, suppose that for some i e I,
Ker/n Mi is not essential in M, or equivalently Ker/Π M{ — 0 by
reason of the uniformity of M%. Then for 0 Φ x% e Mt there exists a
finite subset {jl9 , jn} S I such that 0 Φ /«(&<) = ΣΣ=i /^fe) a n d
/iι(^ί) = 0 for all j Φ j k , where ft = Σjejfji- Because the restriction
fi = f\Mτ: Mi—> M is a monomorphism. On the other hand, by hy-
pothesis, (ΠUi Ker /i4<) Π xtB Φ 0 and Λ((Πϊ=i Ker /ijfc<) Π ̂ ,i2) -
(Σ^i/i^)((Γl^iKer/ 4 z) Π xtB) = 0, a contradiction. Thus Ker/Π AT,
is essential in ikί, for every ie I.

Conversely, we assume that Ker/g'ilf. Clearly this implies
that Ker/n M, S ' Λf, by the uniformity of Mt(iel). On the other
hand, since ft(xt) = Σijejfh^i) a n d f^x^eM, for every ^eikί,, that
/.(xj = o implies that /J t(ίcι) = 0 for all j el. Therefore, Ker/, , Φ 0
for all i9 j e I, because Ker/^ = Ker/Π Mi Φ 0. As a consequence,
Ker/j: g'Af, for i, jel.

LEMMA 1.6 ([9], [10]). Let {Mi)iel be a family of a semi-T-
nilpotent system of modules with local endomorphism rings and
M — @ιei M%. Then S/J is a regular ring in the sense of von
Neumann and an idempotent of S/J can be lifted to S, where S is
an endomorphism ring of M and J its Jacobson radical.

This follows from Proposition 1.1, [9, Theorem 7] and [10, Theo-
rem 3].

PROPOSITION 1.7. Let {M%}ιeI be a family of a semi-T-nilpotent
system of modules with local endomorphism rings. Then M —
φιeiMi has the finite exchange property.

Proof. Let S = End^ (M) and J the Jacobson radical of S. Then

SfJ is a regular r ing and every idempotent is lifted to S by Lemma

1.6. Hence, for every element seS there exists an idempotent eeS

such t h a t sS + J = eS + J. This shows t h a t S has the exchange
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property as a S-module and so MR has the finite exchange property
by [17, Theorems 3 and 4].

2* The exchange property• In this section we prove our main
theorems being concerned with modules which are direct sums of
indecomposable injectives.

First we will continue to consider a general case of modules with
local endomorphism rings instead of indecomposable injectives.

LEMMA 2.1. Let M, N, and A, (iel) be submodules of a module
A such that

and, furthermore, let M be a direct sum of indecomposable submodules
Mj (j e J) with local endomorphism rings. If MΓ\^ieF^ At Φ 0 for
some finite subset F of I, then there exist elements % e F and jQ e J
such that

for a suitable submodule A'io of AiQ.

Proof. First we remark that, since each M3 (j e J) has a local
endomorphism ring, it has the exchange property by [15, Proposition
1], so that any finite direct sum of ikf/s has also the exchange prop-
erty ([5, Lemma 3.10]).

Now by hypothesis there exists a finite subset JQ of J such that
Σiej0 0 M3 Π ΣuieF θ At Φ 0. Hence applying the exchange property
of Σiejo©Λfi to the given decomposition A = Σ ι e z 0 A i , we have
decompositions such that

( 1 ) -A
iel

and

(2) = Σ
je JQ iel

Here there exists at least one element iQ of F such that BiQ Φ 0.
For, if the contrary were true, ^ £ ^ 0 ^ = 0 and hence Σ t e ^ θ
Ax = Σ*e^ θ Cf Sθ Σie^0 © Mj Π Σ.e^ © C% = Σie70 θ MS Π ΣieF φ
Ai Φ 0 by the definition of JQ, which contradicts the decomposition (2).
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Now it is clear that Mf = Σ i e j o θ ^ is isomorphic to Σ i
via the restriction π \ Mf of π to M', where π is the projection of A
onto Σίe/Θ-B* in the formula (1). It follows that

(3) π(M')= Σ 7r(Mj) = Bi0e Σ Θ * , .

Since each π(Mj) for j e Jo is isomorphic to M5, it has a local endomor-
phism ring. We can thus apply the Krull-Remak-Schmidt-Azumaya's
theorem [1, Theorem 1] to this module π(M') and the projection ξ of
π{Mf) onto BiQ in the formula (3). As a consequence, there exists an
element jQ e Jo such that the restriction ξ | π(MJQ) is a monomorphism
and ξπ(Mj0) is a direct summand of π(M') and hence of BiQ. On the
other hand, a simple computation shows that the projection of A to
Bio in the decomposition (1) is ξπ. Thus from these facts and Lemma
1.2 there is a submodule DiQ of JBio such that

Σ
{i

because the restriction ξπ \ MJQ is clearly a monomorphism. Setting
Ai0 = CH φ Dio, we finally have a desired decomposition

Σ
iel~{io\

Σ @At.

From now on we will consider indecomposable injectives.

LEMMA 2.2. Every indecomposable injective module is uniform
and has a local endomorphism ring.

This is well known (c.f., see [6, §5 Proposition 8]).

Assume Mx and M2 are indecomposable injectives and / a mor-
phism of Mι to M2. If / is a nonmonomorphism, then its kernel
Ker/is essential in Mt by Lemma 2.2 and the converse is, of course,
true. This shows that / is a nonisomorphism if and only if Ker/
is essential in Mt. Under this observation we have

PROPOSITION 2.3. Let {Mi}ieI be an infinite family of indecom-
posable injective modules and M = 0 { e j ^ Let S be an endomor-
phism ring of MR and J the Jacobson radical of S. Then J =
{/ G S\ K e r / £ ' M) if and only if the family {ΛfJίeJr is a semi-T-
nilpotent system.

Proof. We will represent every endomorphism / of M as a
column summable matrix: / — (/y<), where fίt = njKt for the projec-
tions πά of M onto M,- and injections κt of Mt into M(i, j el). Then,
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in accordance with our earlier notations (see § 1), by the above remark
we have

/ Π S = { / = (/,,) e SI Ker fH S ' Mt)

and by Lemma 1.5

{/ = ifώ e SI Ker fjt S ' ikfj = {/ e S | K e r / £ ' M} .

On the other hand, we know by Proposition 1.1 that the family {Mi}ieI

is a semi- T-nilpotent system if and only if J = ^ Π S. It follows
from them that {MJ<eI is a semi-T-nilpotent system if and only if
J= {f e S\ Ker/gi' M), which proves the proposition.

We need more lemmas for the main theorems.

LEMMA 2.4. A module M has the exchange property if for any
modules At(i e I) which are isomorphic to submodules of M and any
decomposition A = 0 , e z A% = M' 0 N where Mr ^ M, there exist sub-
modules A'i S At such that A = Mr 0 Σ ί e / Θ A .

This is well known in [5, Theorem 8.2] and its proof will be
omitted.

LEMMA 2.5. Let G = M 0 i V /or submodules M and N of a
given module G. We moreover assume M = X i e j 0 Mi9 where {ikfjίel

ΐs α^ infinite family of indecomposable injective submodules of G
and a semi-T-nilpotent system. Then if a module A is isomorphic
to a submodule of M and contains an injective submodulef there
exists a maximal submodule Ao of A with the property that Ao is a
direct sum of indecomposable injective submodules. In this case
such a module Ao is a direct summand of A.

Proof. Let the monomorphism of A to M be / and E an injective
submodule of A. Then by [1, Theorem 1] and Lemma 2.2, f(E) con-
tains an indecomposable injective submodule isomorphic to some Mz

in view of that f{E) is a direct summand of M. This implies that
A contains a submodule isomorphic to some Mt. Now then we can
take a family {AJ^ of submodules of A such that each An is a
direct sum of indecomposable injectives and An £ An+1 for any n^l.
Then, by JSbrn's lemma, we will be done if we can show that the
union Ao = {JnAn is also a direct sum of indecomposable injectives
and, furthermore, a direct summand of A.

Since / is a monomorphism, the image f(An) of An by / is also
a direct sum of indecomposable injectives and hence f(An) is a direct



310 KUNIO YAMAGATA

summand of M for any j e J by Corollary 1.3 and Lemma 2.2. Thus
the union \Jn f(An) is also a direct summand of M and a direct sum
of indecomposable injectives by Corollary 1.4. Taking account of
/(A) = U. f(An), we have M = f(A0) 0 N for a submodule N of M
and Ao is a direct sum of indecomposable injectives since Ao ~ f(A0).
By the modular law, f{A) = f(A0) 0 f(A) Π JNΓ. We therefore have
A = Aoθf~1(f(A)ΠN), where f~ι(f(A) Π N) is the inverse image
of f(A) f) N by f, which proves the lemma.

It is clear that the exchange property implies the finite exchange
property, but it is not known whether the converse is true in general.
However, in our case that modules are direct sums of indecomposable
injectives we can conclude this question affirmatively.

THEOREM 2.6. Let M be a module which is a direct sum of
indecomposable injective modules and let S be an endomorphism
ring of MB. Then the following assertions are equivalent.

( i ) M has the exchange property.
(ii) M has the finite exchange property.
(iii) The Jacobson radical of S is {f e S\ K e r / S ' M}.

Proof. Let Λf = Σ<βz0Λfi> where every submodule Mt is in-
decomposable injective. If the index set I is finite, then ikf is clearly
injective, so all of the above assertions (i), (ii), and (iii) are true. It
therefore suffices to show the theorem for only the case with the
infinite index set /.

Now let / he an infinite index set. By Proposition 2.3 the asser-
tion (iii) is then equivalent to

(iii') The family {ikfJίeJ is a semi-T-nilpotent system.
Thus we will consider (iii') instead of (iii) in the following.
The implication (i) => (ii) is trivial.
(ii) ==> (iii'). The idea of the proof is due to [9, Lemma 9]. As-

sume that M has the finite exchange property. Take an arbitrary
countable subfamily of {M^iGI9 say {Mn}n^lf and nonisomorphisms
fn:Mn—*Mn+ί(n >̂ 1). For every xeM1 we will find an integer n(x)
depending on x such that /n(β>Λ(ao-i fi(x) = 0.

For this put M'n = {x + fn(x) \xeMn}. It is then clear that M'n 0
Mn+1 = Mn 0 Mn+ί for n ^ 1. Since each Mt is indecomposable in-
jective, every nonisomorphism fn is only nonmonomorphism, i.e.,
Kerfn Φ 0. This implies that Mif] MnΦ 0 for every n ^ 1.

It is clear that
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(2) = ML e Mi e M8 e Λf e Θ ^ -1 e ML Θ

and we put

Then, applying the fact that N has also the finite exchange property
([5, Lemma 3.10]) to the decomposition (2), we have that ΣΓ=i0 Mi =
N®X(BY for some submodules X and Y of Σ~=i θ ^2—i and
Σ«=i θ Λβ» respectively. Here, in fact, it will hold X = 0.

To show this, suppose that X ^ 0 contrary. Then by Lemma 2.1
there exists M2m-X such that

Σ θ Mt = iV0 M2m_, 0 X' 0 Y
i = l

for some submodule Xf of X.

This however contradicts that 0 Φ M2m^ Π ML-i S Λ^m-i Π -ZV.
Thus it holds

Now we take an arbitrary nonzero element x e M1 and we let
x = y + z with y e N and z e Γ , Considering these 7/ and z in the
decompositions JV = Σ*=i 0 ML-i and Σn=i 0 Λίίn respectively, we have

2/ = Σ fe-i + /2ΐ-ife-i))

and

s

« = Σ fe + /2i(a;2i)) ,
ί = l

and substituting these expressions for y and «, we have

# = Σ fez-l + f2i-l(X2i-l)) + Σ fez + /2t(&2i))
i i

Therefore, α = a?lf f^x,) + a?ΐ+1 - 0 (1 ^ i ^ 2s - 1) and f2s(xzs) = 0, that
is, x, = x, x2 = -/ x(x), , α?28 =/2,(a?2β_1) and /2β_,(a?2β) = 0. By successive
substitutions, we obtain a?2β = (--l)2β"1/2β_i /i(sc) and, finally, /2s/2s-i

= 0 Thus we can put w(a?) = 2s, which completes the proof of
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(iii')=*(i). We assume the family {Mt}iBΣ is a semi-T-nilpotent
system. Suppose A = Σ e j © -Ay = -M7 θ AT, where Mr ~ M and each
Ay is isomorphic to a submodule of M'. Then, taking account of
Lemma 2.4, we will be done if we can find submodules A] of Ay
(j e J) such that A = W 0 Σ ej θ A's.

For this, we will first refine the given decomposition A = Σ i e / 0
Ay. We should note that Mr is also a direct sum of indecomposable
injective submodules M-(ieI). By Lemma 2.1 there exists at least
one element j0 e J such that AJQ has a nonzero submodule isomorphic
to some Λf/. Let the subset of J of such elements jQeJ be Jo- By
Lemma 2.5 there exist maximal submodules B3 of Ay (j" e Jo) such
that each .By is a direct sum of indecomposable injective submodules
of A3, in which case every B3 is a direct summand of A3, say Ay =
-By 0 Cj for a submodule C3 c Ay for i e Jo. Consequently, we have
such a refinement of A = Σ i e / φ Ay that

(1) A = Σ 0 # y 0 . Σ 0 C y 0 Σ AJf

where J — JQ is the complement of Jo in J and if J — JQ is empty,
we put Ay in the formula (1) to be zero submodule of A for con-
venience.

Next we will have that

(2) M'n(Σ0Cy0 Σ 0Ay) = o.

For this we suppose that M' f] ( Σ ^ o 0 C, 0 Σy.^-/0 θ
 A ί) ^ ° T h e n

by Lemma 2.1 and the choice of Jo there exists M-o such that for a
submodule X, o s Cj(s,

This implies there exists an injective submodule C'JQ of C3o which is
isomorphic to Λf/0. However, in this case we have that B3o 0 C o is a
direct summand of A3o and a direct sum of indecomposable injective
submodules, which contradicts the maximality of B3Q.

Now we can exchange the complement N of Mf for a direct sum
of submodules of A3(jeJ). For this let the projection of A onto
ΣjjejQ®B3 in (1) be p. The family {Ml}ieI is semi-Γ-nilpotent by
hypothesis, and so is {p(M[)}ιeI because the restriction p | Mf of p to
Mf is a monomorphism by (2) and Lemma 1.2. Using Corollary 1.3
the image ρ{M') therefore is a direct summand of Σ;e/ o 0#y and
there is a subset i f c J 0 such that Σ;e^ o 0 B3 = p(M')(BΣikeκ(B Bk

and, consequently we have A =/θ(M')ΘΣ*β*Θ-B*ΘΣyβ/ 0θ C y©
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Σie J-J0 Θ A,. Computing the projection of A to ρ(M') and by Lemma
1.2, we therefore have a decomposition

4 = I 'θΣθ^θΣ0Ciθ Σ @Ai9
keK i e j o jeJ—J0

which completes the proof of the implication (iii') => (i). Thus we
conclude the theorem.

The original definition of the exchange property given in the in-
troduction is due to Crawly and Jόnsson [5]. However, we will con-
sider the following weaker exchange property, too ([10]).

DEFINITION. A direct summand M of a module A has the ex-
change property in A if for any direct sum decomposition A = Σ*e/ ©
At, there exist submodules A[^At such that A =

We recall that for a ring R a right ideal / is {meet-) irreducible
provided I Φ R and / = ii Π I2 implies I — Ix or I = I2 for all right
ideals Ix and I2 or R.

THEOREM 2.7. The following conditions are equivalent.
( i) A ring R satisfies the ascending chain condition for irre-

ducible right ideals.
(ii) Any direct sum of indecomposable injective modules has

the exchange property.
(iii) Any direct sum of indecomposable injective modules has

the finite exchange property.
(iv) Any direct summand of the module M which is a direct

sum of indecomposable injective modules has the exchange property
in M.

(v) For any direct sum M of indecomposable injective mod-
ules, the Jacobson radical of the endomorphism ring ΈnάB (M) is
{feEnάR(M)\Kerf^'M}.

Proof. The equivalences (ii) <=> (iii) <=> (v) are trivial from Theorem
2.6, and (ii) => (iv) follows from [5, Lemma 3.10]. The implication
(iv) => (i) is contained in [19, Theorem 1].

(i)=>(ii): Let M= ^ieIφ Mίf where Mt is indecomposable in-
jective for any i e I. If / is finite, then M is clearly injective, so it
has the exchange property ([16, Lemma 2]). If / is infinite, the
family {MJί6j is a semi-Γ-nilpotent system by [19, Theorem 1 and
Lemma 2]. Therefore, M has the exchange property by Proposition
2.3 and Theorem 2.6.

3. Example* Here we show the existence of modules which are
not quasi-injective but isomorphic to direct sums of indecomposable
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injectives and have the exchange property.
We first note that a quasi-injective module M over a ring R is

injective by the criterion of Fuchs [7, Lemma 2] provided that M has
the property that some finite direct sum of copies of M contains an
element with a zero annihilator right ideal or, equivalently, contains
a submodule isomorphic to the ringjβ.

The ring R regarded as a right (left) module over itself will be
written RR(RR).

LEMMA 3.1. For a ring R the following conditions are equivalent.
(i) R is right perfect and its injective hull E(RR) is projective,

Σ-(quasi-) injective.
(ii) R is left perfect and its injective hull E(RR) is projective,

Σ-(quasi-) injective.

REMARK. By the above note the "I'-quasi-injective" and iζΣ-iτί-
jective" are coincident in Lemma 3.1.

Proof. We will only prove that (i) implies (ii) as the converse
follows by symmetry.

Assume (i). Since R is right perfect, E(RR) has an indecomposable
direct sum decomposition, E(RR) == ΣΓ=i 0 P*> where each P, is in-
jective projective right module. Let R — eJZ φ φ enR for primi-
tive idempotents et. Then there is an integer fc(i) such that Pi = eκ{ί)R
for any 1 <* i <; m. Let {Pj}s

j==1 be a subclass of mutually nonisomorphic
projective modules of {PJJU such that each P«(l ^ i ^ m) is isomorphic
to some Pj(l <^ j <. s) (here, if need, the indecies are renumbered)
and we put M= P t φ ••• 0 P8, then a right ideal 1 = eκ{ι)R® •••
φ eκis)R is isomorphic to M. Since M is clearly J-injective and faith-
ful, so is then also I. Thus, by [4, Theorem 1.3], E(RR) is projective,
and R is left perfect and contains faithful, J-injective left ideal
Σi=i Φ E(Si), where {SJUi is the representative class of simple left
ideals which are nonisomorphic mutually and E(Si) an injective hull
contained in R. As a consequence, E(RR) is J-injective because E(RR)
is isomorphic to a submodule of a finite direct sum of copies of
ΣLi 0 E(Si). This completes the proof.

Now then, we suppose R is a (left and right) perfect ring such
that E(RR) is projective and E(RR) is not projective (for the existence
of such a ring, see Miiller [14] and Colby and Rutter [4]). Then,
E(RR) = Σ Li 0 Pi9 where each P* is indecomposable injective for 1 <J
i ^ m and, since the radical of every projective right module over
a right perfect ring is small, any infinite family of modules each of
which is isomorphic to some Pt is a Γ-nilpotent system ([12, Theorem
3]). On the other hand, an infinite direct sum M.= φieIMt with
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Mt = E(RB) is not quasi-injective by Lemma 3.1. Thus M is the
desirable module having the exchange property by Proposition 2.3
and Theorem 2.6.

4* Applications* We will generalize the theorems of Chamard
[3, Theoreme 3] and Yamagata [18, Theorem 4].

We recall definitions. A submodule N of a module M is said to
be closed if it has no proper essential extension in M, that is, if JVS'
X for any submodule X of M, then N= X. A module M is said
to be well-complemented in case any finite intersection of closed sub-
modules of M is also closed.

LEMMA 4.1. Let M be a direct sum of indecomposable injective
modules Mt(i e I) and N a direct summand of M. If N is well
complemented, then N is also a direct sum of indecomposable in-
jective submodules.

Proof. By [1, Theorem 1] it is clear N has a nonzero indecom-
posable injective submodule, so we can choose a maximal independent
set {Nj}jej of indecomposable injective submodules of N. Put No —

We will show N= No. To show this take an arbitrary nonzero
element x e N. Then there exists an injective hull E(xR) of xR in N
by [18, Lemma 2] and it is a finite direct sum of indecomposable
injectives by [1, Theorem 1], say E(xR) = E10 0 En. By the
maximality of {Nj}jeJ, it is evident that Nof)EiΦθ for [1 ̂  i S n.
Then, since N is well-complemented by hypothesis, this will imply
Et S No for 1 <; i <; n and so x e E(xR) § N09 which means N = JV0.

Because there exists a finite subset {ju , jm} <ϋ J such that
ΣΓ=i 0 Nh Π Et Φ 0 for 1 ^ i ^ n. Since Σ?«i θ ^ and Et are in-
jective, they are closed in N and so is Σ Γ = 1 0 iVyΛ Π Et by hypothesis
of N for any 1 ^ i ^ ^. Then, since Et is an essential extension of
ΣΓ=i 0 iVifc Π Et by Lemma 2.2, it must be that Et = ΣϊU 0 ^ Π ^
and therefore Et £ ΣΓ=i 0 Ns k for any i. Consequently x e E(xR) S
Σ?=i 0 -̂ ijfe S iV, which concludes the lemma.

Under the same assumptions as in Lemma 4.1, we remark that
N has no proper essential submodule which is a direct sum of in-
decomposable injectives from the proof of Lemma 4.1. This is first
shown by Chamard [3, Lemma 4.1].

PROPOSITION 4.2. Let M be a direct sum of indecomposable in-
jective modules Mt{iel) and N a direct summand of M; M— iSΓ0
Nf. If N is well-complemented, then N has the exchange property
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and N and N' are also direct sums of indecomposable injective
submodules.

Proof. By Lemma 4.1, N is a direct sum of indecomposable in-
jective submodules Nj(jeJ). To show that N has the exchange
property we will check the property (iii) in Theorem 2.6.

Let S be an endomorphism ring of NB and J its Jacobson radical.
We must show that J = {/ e S\ Ker / S ' N}. The inclusion J g
{f e S\ Ker / S ' N} is known in [2, p. 564]. Conversely take an ar-
bitrary element fe S with Ker / £ ' N. To show that fe J, it is enough
to show that 1 — / is an isomorphism.

First we will prove that 1 — / is a monomorphism. If Ker (1 — /) Φ
0, xRΠKerfΦO for any nonzero element xeKer (1 — /) since
K e r / g ' N. There is hence a nonzero element y of xR with f(y) = 0
and so y = (1 — /)(τ/) which must imply y = 0, because # e Ker (1 — / ) ,
a contradiction.

Next we will prove that 1 — / is an epimorphism. Since 1 — /
is a monomorphism, (1 — f)(N) is also a direct sum of indecomposable
injectives. Take an arbitrary nonzero element xeN. Then xR Π
K e r / ^ 0 , that is, there is a nonzero element y exRf] Ker/. We
therefore have a iί Π (1 - f)(N) Φ 0, because 3/ = (1 - f)(y) exRΓ)
(1 - /)(iV). This shows that (1 - f)(N) is essential in N, so that
N= (1 — f)(N). Because iVhas no proper essential submodule which
is a direct sum of indecomposable injectives by the remark just
before this proposition.

Thus we have shown that N has the exchange property. We
can then exchange N' for Σ & e ^ © ^ f° r some subset Kal, M =
NζBΣikeK(BMk. This implies that N' ~ Σikeκ θ Mk, which completes
the proof of the proposition.

Let MB be any nonsingular module over a ring R, that is, M Φ
0 and if xI = 0 for cc e Λf and essential right ideal / of R, then a? =
0. It is then well known that the lattice of all closed submodules of
M is complete and so M is clearly well-complemented (c.f., see [6,
Corollary 8, p. 61]). Thus we can sharpen [18, Theorem 4] and [11,
Proposition 4].

COROLLARY 4.3. Let M, N, and N' be as above. If N is non-
singular, then it has the exchange property and so N and N' are
also direct sums of indecomposable injective submodules.
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