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CHARACTERISTIC IDEALS IN GROUP ALGEBRAS

I. SINHA

If G is the group-algebra of a group G over a field T,
and 2 is any subgroup of the automorphism group of the
J-algebra G, then an ideal I of FG, is called 2U-characteristic
if I*< 1, V*eA. If A is the whole automorphism group
itself, then we merely say that I is characteristic. Then D.S.
Passman has proved the following result:

“Let H<J G such that G/H is §-complete. Then for each
characteristic ideal I of JG, [ = INFH)FG.”

The main concern in this paper is to consider the converse
of this result.

2. Some preliminaries. For a given ideal I <I{G, let (1) be
the set of all H < G such that I = (I N FH)FG. Let C(I) be the set
of all H in G such that if for some right FH-module M, INTH &
Ann M, then IS Ann % the induced FG-module. We first of all
have:

THEOREM 1. (i) For any I<FG, C(I) = #Z).
(i) If HG, then He (1) if and only if He CI).

Proof. (i) Let INFH S Ann M imply that I < Ann M Let
S p2,el with p, e FH, where G = U Hx, is a coset-decomposition.
We have (M@ 2,3 px,) =0 if INFHZ Ann M. In particular
(mQI px)=0,Yme M, ie., Smp,Rx, =0, vme M. SoM-p, =0
for each ¢. Thus p,c Ann M. Since M is arbitrary with the property
that INFH < Ann M, so we may take M = FH/INFH, and conclude
that each p,e Ann M = I'NFH. Thus 3, px, e (I N FH)FE.

(ii) Suppose [ = FGUINFH) and TNFH S Ann I, for some FH-
module M. Note that H<IG implies that FGUINFH) = (INFH)FG.
Let @ = 3, w,p, € I where p,e INFH. So aM® = (3, z,0,) > 2, QM) =
Srx; Q@ piiIt = 0 since price INFH S Ann M. Thus a ME =0 and
IS Ann ¢,

Theorem 17.4 of [1] then gives us:

COROLLARY 1. Let H<IG such that G/H 1is $-complete. Then
He C(I) for every characteristic ideal I of FG.

Also Theorem 17. 7 of [1] implies:

COROLLARY 2. If H<IG>G/H 1is abelian and has mo elements
of order p = Char. &, then He C(J(G)), where J denotes the
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Jacobson-radical of FG.
3. Main result. We will prove:

THEOREM 2. For I =[G, 3G], the commutator ideal and for
J=J(G), if HZ G such that He Z(I) and He FH(J) then HIG,
G/H 1is abelian with no elements of order p. In particular, F(G/H)
1s semi-simple.

Further,if ¥ is algebraically closed then G[H is F-complete.

We observe that the last two statements in the theorem follows
from 17.8 and 17.1 (i) respectively of [1]. The rest of the theorem
will be proved by a series of results proved below.

LEMMA 1. Let HZG, I ZFG and He H(I). Then H2W (1) =
{9eGlg — 1lel}.

Proof. Let G = U Hzx, be a coset-decomposition, and g€ A (1)
such that g¢ H. Then g = hx, for some ¢, where z;, # 1, and he H;
and hx,—1le(INFH)FG = 3, (I N FH)x,. Since {x;} are linearly inde-
pendent over FH, he INFH, and x, # 1, so g€ I which implies that
lel, a contradiction.

LEMMA 2. If I =[G, 3G, and He <2 (I) then HG and G/H
1s abelian.

Proof. Observe that I is a proper ideal in FG, since (L) = 0.
Also by Lemma 1, H2 % '(I). Since (ghg™'h™ — 1)hg = gh — hg e I,
forall g, he G, so (ghg™*h™*—1)e I. Hence ghg 'h e A'(I) S H; i.e.,
G’, the commutator-subgroup is in H. Hence H<IG and G/H is
abelian.

Now let H satisfy the hypothesis of Lemma 2. Then we have:

LemMMA 3. Let I =J(G) and He Z(I). Then F(G/H) is semi-
stmple and G/H has no elements of order p = Char. §.

Proof. J(G) = (J(G) N FH)FG = J(H)-FG by 16.9 of [1]. Now
SH[U(H) =F where A, (H) is the ideal of FH, generated by
{h —1|hec H}. So UAy(H)==J(H). Hence A,(H)FG=UL(H)=2
J(H)-JFG 2 J(G), where U,(H) is the ideal in FG, generated by
{h —1|he H}). Now %,(H) is the kernel of the natural map of FG
onto F(G/H); {see for example proof of Theorem 1 in [2]}. Thus
B(G/H) = FG/A(H) is semi-simple. Since G/H is abelian by Lemma
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2, so it is clear that it has no elements of order p, as F(G/H) is
semi-simple.

This also completes the proof of Theorem 2.
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