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A THREE-TERM RELATION FOR SOME SUMS
RELATED TO DEDEKIND SUMS

L. CARLITZ

The object of the paper is to evaluate

H
a(s + y) 1—*J

z) Ί
—- —v .

β JL c J

where [u] is the greatest integer function,

(6, c) = (c, α) = (α, 6) = 1 .

and

1* Introduction* Put

x — [x]~- — (x Φ integer)

0 (x = integer) .

The Dedekind sum s(h, k) is defined by

It is well known that s(fe, Λ) satisfies the reciprocity relation [5]

(1.8) s{Kk) + s(kfh)=^λ + λ ^ + ^ +

for {h, k) = 1.
Rademacher [5] has proved the three-term relation

(1.4) s(bc', a) + s(ca\ b) = s(ab', c) = ~ A + 1 («L + A + « ) ,

4 12V be ea abl

where

(1.5) (&, c) = (c, a) = (α, 6) = 1

and

(1.6) αα' = 1 (mod 6c), bb' == 1 (mod cα), ec' = 1 (mod α6) .
339
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Rademacher [4] has introduced the sum

(1.7) s(h,k\x,y) = Σ
f(mod*)

and proved the reciprocity formula

s(h, k\x,y) + s(k, h\y, x)

( L 8 ) = ((*))((»)) + \{\ B(V) + -jfiSAhy + kx) + j

where (h, k) = 1, x and y are not both integers and B2(x) = I?2(# — [a;]),
where B2(x) = a;2 — α? + 1/6, the Bernoulli polynomial of degree 2.

In order to get a three-term relation for the generalized sum
s(h, k I x, y), the writer [2] defined

(1.9) s(a, b, e; x, y, z) = Σ φ(at±l-.x)φfy-bϊ±*)9
r(modc) \ C / \ C J

where

Φ(») = x - [x] - i - ,

and proved that

s(α, b, c; x, y, z) + s(b, c, a; y, z, x) + s(c, a, b; z, x, y)

(1.10) = § _ *Bicy - bz) - ^-Blaz - ex) - ^BJbx - ay) ,

2bc 2ca 2ab

where (6, c) = (e, a) = (a, b) = 1 and δ = 1 if integers r, s, t exist such
that

± s + l = l ± J L ; 0 ^ r < a , 0 < ; S < δ , 0 ^ ί < c ;
a o

δ = 0 otherwise. For c = 1, 2 = 0, it is easily verified that (1.10)
reduces to (1.8).

The reciprocity Theorem (1.3) is equivalent to [5, p. 9]

(1.11) λΣrp^r-l + * Σ eRrl = Λ( λ " ^ ~ ̂ ^ - Λ - *? - 1)»

r=ι L k J 8=1 LhJ 12

where (&, k) = 1. It is shown in [1] that (1.4) implies

(1.12) A(b, c; a) + A(c, a; b) + A(a, b; c) = (α - 1)(6 - l)(c - 1) ,

where (6, c) = (c, α) = (α, 6) = 1 and

(1.18) Ta JL α
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It is not difficult to give a direct proof of (1.12) and indeed con-
siderably more. It is also proved in [1] that

g ^ + βAΣΠ
(1.14) r=°L k J *=oL h

= (& - l)(2h - ΐ)(k - l)(2fc - 1) + 6[z]([z] + 2hk - h - k + 1) ,

where (h, k) = 1 and 0 <£ 2 < & + k.
Generalizing (1.13), we define

(1.15) A(b, c;a\y, z; x) = Σ \*£±*l - yT&±JU - z~\ .

r=o L a JL a J

In Theorem 2 below we evaluate

R = A(a, b; c \ x, y; z) + A(6, c; a \ y, z; x) + A(c, a; b \ z, x; y) ,

where (6, c) = (c, a) = (a, b) = 1 and

It is however convenient to first consider the sum

(1.16) B(b, c; a \y, z; x) =
a

In Theorem 1 below we evaluate

S Ξ= B ( a , b; c \ x , y ; z) + B ( b , c;a\y, z ; x) + A ( c , a;b\z, x ; y ) ,

where the parameters satisfy the same conditions as above.
The results are particularly simple if no two of the fractions

^ 9 ( 0 r < α , o : s < δ , 0 ^ < < 0

a b c

are equal. In this case we show that

(1.17) S = abc , R = (a~ 1)(6 - l)(c - 1) + 1 .

Also, if x = y = z, we have

(1.18) S = abc - 1 , R - (a - 1)(6 - l)(c - 1) .

The last form evidently includes (1.12).
It should be noted that (1.14) is not contained in the results of

the present paper.

2* Preliminaries*

LEMMA 1. For a ^ 1,
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(2.1) [ax] =Σi\x+—~\.
r=o L α J

LEMMA 2. For x Φ integer,

(2.2) l-x] = -[»] - 1 .

LEMMA 3. JPtot Φ(a?) = x — [x] — 1/2. ϊ%ew Φ(a? + 1) = Φ(x) and

(2.3) Φ(ax) =• Σ # ( & + — ) .

r(iαod α) \ # /

LEMMA 4. .For α ^ 1, (&, α) = 1,

£["» + -1 = M + \(a - 1)(6 - 1) .
r=oL αJ 2

Lemmas 1, 2, 3 are well-known. To prove Lemma 4, take

— — a

3* Three term relation for U(α, δ; c | xf y; z). We assume in the
remainder of the paper that

(3.1) (δ, e) = (c, α) = (α, δ) = 1

and

(3.2) 0 ^ α? < 1, 0 ^ » < 1, 0 ^ « < 1.

Also we write

a—1 6—1 c—1

Σ^ΣΣΣ
r,s,ί r=0 s=0 ί=0

It is convenient to define

(3.3) B{a, b;c\x, y; z) = g Γ* - &±$\y - *!tt*Γ\.

By Lemma 1, this gives
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(3.4) B(a, b;o\x,y,z)=j:
a

Put

* _ r + x „_s+ y n _ t + z
a o c

Thus (3.4) becomes

(3.5) B(a, b;c\x,y;z) = Σ[ξ- QlV ~ Q .
r,s,t

To begin with, we assume that no two of the fractions

(3.6) r±J> 1±J> l±Ά
a b c

differ by an integer. It is easily seen that this is equivalent to
requiring that no two of the fractions are equal. We shall refer to
this as Case 1. Case 2 is that in which exactly two of the fractions
are equal, Case 3 that in which all three are equal. If a pair r, s
exists such that

r + x = 8 + y
a b

it is easily shown to be unique.
Thus in Case 1 we have, by Lemma 2,

(3.7) [e-q = -κ-£]-i,

so that (3.5) becomes

B(a, b;c\x, y; z) = - Σ IV ~ C1K - f] - Σ to - C] .
r,s,t r,s,t

Hence

( 3 . 8 ) B ( a , b;c\x, y ; z) + B φ , e;a\y, z ; x) + B ( c , a;b\z, x ; y)

= - Σ {[v - die - fl + [C

Hence if we put
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(3.9) T = r Σ {fo - α + [c - a + [e - ?] + 1 } 2 ,

it is clear that

(3-10) . IV, 3

where

(3.11) S = i?(α, 6; c | x, y; z) + B(b, c;a\y, z; x) + B(c, a; b \ z, x; y)

Since

IV ~ d + [C ~ ί] + [ί - 1̂ = - 1 o r - 2 (Case 1 or 2) ,

it follows that

(3.12) T = — abc (Case 1 or 2) .
4

Also since each of [η — ζ], [ζ — ξ], [ξ — ^] = 0 or - 1 , we get

Σ {([' -«"+Ϊ)'+(K - a + 1 ) ' + ( B " "+iϊ\ - τ
Thus (3.11) reduces to simply

(3.13) S = abc (Case 1) .

Turning next to Case 2, let r0, s0 satisfy

a 0

For this pair we have

fro- fol = -[fo-??o] = 0

rather than (3.7). Thus

&, c; α I y, z; ») = - Σ ( K -
(3.14) r,*,t

; + [C - ξ]) + Σ [C - f.]

Since

Σ [c - e.i = Σ

ί=oL c

we get, in place of (3.13),
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(3.15) S = abc + [z - cf0] (Case 2) .

For Case 3, let r0, s0, t0 satisfy ξ0 = Vo = Co» that is

r0 + a? = Sp + y __ £0 + a

a b c

Equation (3.14) remains unchanged. Since

T = — abc + 2 (Case 3) ,
4

we therefore get

(3.16) S = abc- 1+ [x~ αζ0] + [y - δ£0] + [« - eft] (Case 3) .

Since

[x — αζ0] = [a? — αί0] = [% — (n + ^)] = — r0 , etc. ,

we may replace (3.16) by

(3.16)' S = abc- 1- r0- s0- t0 ( C a s e 3) .

We may now state

THEOREM 1. Let (δ, c) = (c, α) = (α, δ) = 1 and

0 ^ a < l , 0 ^ 2/< 1 , 0 ^ « < l .

S = B ( a , b;c\x, y ; z) + B ( b , c;a\y, z; x) + B ( c , a;b\z, x ; y )

is evaluated by (3.13), (3.15) and (3.16).

In particular, for x — y — z, we have

COROLLARY 1.

g Γ x _ bJr+jc)Tχ _ c(r + x)l
r=ol a JL a Λ

(M7) +

4* Three-term relations for A(a, b; c\x, y; z). We again first
consider Case 1. Thus in
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A(a, b;e\x, y; z) = Σ +

ί=oL c

none of the quantities

- , ] .

t

c c
is an integer. It follows that

A(a, b;c\x, y; z) = § [y -

+ 5(α, δ; e \ x, y; z) .

Thus by Lemma 4, we get

A(a, b;c\x, y; z)

(4.1) = [ex - az] + [cy - δs] - — ae - —be + —a + —b + 1
2 Δ Δ Δ

, δ; c I a?, y ; «) .

Let

(4.2) 12 = A ( a , b e \ x , y ; z) + A ( b , c ; a \ y , z; x) + A ( e , a ; b \ z 9 x ; y )

Then by (4.1) and (3.13) we get

ϋ = [ex — az] + [cy — bz] + [ay — bx] + [az — ex]

(4.3) + [δz - cy] + [bx - ay] - (be + ca + ab)

Applying Lemma 2, this reduces to

(4.4) R = (a- l)(δ - l)(c - 1) + 1 (Case 1) .

As for Case 2, let rOf s0 denote the exceptional pair, that is,

f- x _ so + y _ „
f„ =
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Then, as above, it follows that

A{b, c;a\y, z; x) = B(b, c;a\y, z; x) + [ay — bx] + [az — ex]

( 4 ' 6 ) + i-6 + ±e - l ab - ±ae - [z - eξ0] .
Δ Δ Δ 2

Similarly

A(c, a; b | z9 x; y) = B(c, a;b\z, x; y) + [bx — ay] + [bz — cy]

+ λ a + i-c - lab - ±bc - [« - c?0] .

However (4.1) remains unchanged.
Thus

B = S - (be + ca + ab) + {a + b + c) - 1 - 2[z - eηQ] .

Therefore, by (3.15), we have

(4.8) R = (a- 1)(6 - l)(c - 1) - [z - c%] (Case 2) .

Finally, for Case 3, let r0, s0, U, be the exceptional triple:

(4.9) IiL+ί. = i i ± ^ = A J L £ . (5O = ^ = ζ0) .
a b e

We now have

) ^

Thus in place of (4.6) we get

-4.(6, c;a\y, z; x)
= B(b> c>a I y> z>χ) + lay ~ bχl + iaz -

( 4 Λ 0 ) l i i i
+ 2 + Y C - 2 ~ T α C " [V "" 6 f o ] "" [^ " Cξo] β

There are similar formulas for A(c, α; b \ z, x; y) and A(a, b; c \ x, y; z).

Since

[ey — bz] + [bz — ex] = [α^ — ca?] + [c# — α̂ ;]

= [bx — α#] + [α̂ / — bx] = 0 ,

it follows that
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R = S + a + b + c — be — ca — ab — [y — bζ0] — [z — cξQ]

- [z - cη0] - [x - aτ}0] - [x - αζ0] - [y - δζ0]

= £ + α + δ + c — 6c — cα — ab

- 2[x - αί0] - 2[y - 6 0̂] - 2[s - cζ0] .

Making use of (3.16) we get

(4.11) R=(a-l)(b-l)(c-l)-[x-aξo]-[y-byo]-[z-cζo] (Case 3)

or, if we prefer,

(4.11)' R = (a - 1)(& - l)(c - 1) + r0 + s0 + ί0 (Case 3) .

This completes the proof of

THEOREM 2. Lβ£ (δ, c) = (c, a) = (a, b) = 1 α^ώ

0 ^ a; < 1 , 0^y<l, 0 ̂  cc < 1 .

i 2 = A ( a , b; c \ x, y; z) + A(b, c ; a \ y , z; x) + A(c, a ; b \ z , x; y)

is evaluated by (4.4), (4.8) and (4.11).

In particular, for x = y = z, we have

COROLLARY 2.

α α J

(4.12) + g
o

- β l = (α -
J
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