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J. MARSHALL OSBORN

An arbitrary algebra (not necessarily associative or unital)
is said to be prime if the product of any two nonzero ideals is
nonzero. The hypothesis that an algebra is prime has now been
used in the study of several different varieties of nonassociative
algebras, and the need for an understanding of the basic
properties of prime nonassociative algebras has become
apparent. If Γ is the centroid of a prime algebra A and Λ is the
field of fractions of Γ then (under mild hypotheses) A® Γ Λ is
shown to have Λ as its centroid. The extended centroid C of a
prime algebra A can be defined, the central closure Q of A can
be constructed, and Q is shown to be closed in the sense that it is
its own central closure. Tensor products are studied and
among other results the following are obtained: (1) if A is a
closed prime algebra over Φ and F is an extension field of Φ,
then A(g)φF is a closed prime algebra over F, (2) the tensor
product of closed prime algebras is closed. Finally, the results
on prime algebras are specialized to obtain results on the tensor
products of simple algebras.

We remark that this paper generalizes results proved for the
associative case in [1], Furthermore some of the results of the present
paper are needed in [2].

I. The centroid of a prime algebra. Let A be an
arbitrary linear nonassociative algebra over Φ, where Φ is a commuta-
tive associative ring with 1. Throughout this paper no associativity
conditions will be assumed on A: neither is it supposed that A
necessarily have an identity element. If 1 E A we shall call A a unital
algebra. Subrings of Φ are assumed to contain the identity of Φ, and
la =a for all a EA. For emphasis we shall frequently refer to the
ideals of A as Φ-ideals.

For a EA the mapping ar: x ->xa of A into itself is called the
right multiplication of A determined by the element a similarly one
defines the left multiplication a{: JC —> ax of A into itself. A, and Ar

will denote respectively the sets {at \ a EA} and {ar \ a E A} of left and
right multiplications of A.

The centroid Γ of A is by definition the set of all Φ-
endomorphisms of A which commute with all the left and right
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multiplications. Γ is an associative ring with 1. The center Z of A is
the set of all elements of A which commute and associate with the
elements of A. Specifically, z E Z if and only if zx = xz, z(xy) = (zx)y,
jc(yz) = (xz)y) and hence (xy)z = x(yz)) for all JC, y E A. Z is a com-
mutative associative subalgebra of A and the mapping z-*zt is a
Φ-algebra homomorphism of Z into Γ. We claim that if ax = ar E Γ for
some <z E A, then a EZ. TO see this, we first note that at - ar implies
ax = xa for all x E A. Next, for JC, y E A, a(xy) = a{yr(x) = y^(x) =
(ax )y. Finally, x (ay) = XA (y) = atxt (y) = a{ (xy) = atyr (x) = yr^ (x) =
(tfjc)y. In case A is unital it is clear that z->zx is an isomorphism of Z
onto Γ. Here one makes use of the fact that if a E Γ and z = α(l) then
z, = α .

For α E Φ define ά: A —» A by ά: JC —» αx. α —> α is a ring
homomorphism of Φ into Γ and the image Φ is a commutative subring of
Γ. We shall call this mapping the canonical homomorphism of Φ into
Γ. A will be called central over Φ in case a -> ά is an isomorphism of
S onto Γ. The Φ-multiplication algebra MΦ(A) is the subring of
EndΦ(i4) generated by Φ, Ah and An For a EA (a) will denote the
Φ-ideal of A generated by α; note that (a) = {p(a)\p EMΦ(A)}.

If A and B are Φ-algebras the tensor product A (&ΦB is formed in
the usual fashion and is itself a Φ-algebra, with multiplication given by
the rule (a(&b) (c(g)rf) = acξQbd and its extension by linearity. In
particular, if A is an algebra over a field Φ and F is an extension field of
Φ then the tensor product A ® Φ F can be formed and becomes an
algebra over the field F.

An algebra A over Φ is said to be prime if, for any two Φ-ideals U
and V of A, UV = 0 implies U = 0 or V = 0. It follows that if
U Π V = 0 then U = 0 or V = 0, since l/VCl/ΠV.

THEOREM 1.1. Lei A be a prime algebra over Φ with centroid
Γ. Then

(a) Γ is a commutative integral domain with 1 and A is T-torsion
free.

(b) // Ω w a commutative ring with 1 and a —»<5 w α rmg
homomorphism of Ω into Γ ί/ien A is α prime Cί-algebra (with αx
defined to be άx, α EΩ, x E A).

(c) For Ω as in (b), Γ coincides with the centroid of A as an
Cl-algebra (i.e., Γ is independent of the ring of scalars).

(d) A has a characteristic.

Proof (a) Suppose λμ = 0 for some λ, μ E Γ. λA and μA are
ideals of A and (λA) (μA) = 0. Therefore λA = 0 or μA = 0 since A
is prime, i.e., λ = 0 or μ = 0. Next suppose λa = 0 and set 1/ = λA
and V = {JC | λx = 0}. Then UV = 0, implying U = 0 or V = 0 i.e., λ = 0
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or a = 0. Thus A is Γ-torsion free. Finally let λ,μ EΓ. A 7 0
since A is prime; pick a,bEA such that ab^O. Now λμ(ab)-
λ[(μa)b] = (μa) (λb) = μ[a(λb)] = μλ(ab). It follows that λμ = μλ
since A is Γ-torsion free.

(b) It is clear that A is an Ω-algebra by defining ax = άx, a E Ω,
x G A. Let [/ and V be Ω-ideals such that UV = 0. Then Φ£/ and
ΦV are Φ-ideals such that (ΦU) (ΦV) = 0. Hence ΦC/ = 0 o r Φ V = 0
and in particular U = 0 or V = 0, since 1 E Φ.

(c) Let Γo be the centroid of A as a ring, i.e., as an algebra over the
integers, and let ΓΩ be the centroid of A as an Ω-algebra. Clearly
ΓΩ C ΓO. Let / G Γo, ω E Ω (and thus ώ E Γ C Γo). Then /ώ = ώ/ by
part (a) applied to Γo, i.e., f(ωx) = ωf{x) for all x G A Hence / E Γ Ω

and so Γπ = Γo. In particular, taking Ω = Φ, we see that Γ = Γo.
(d) Regard A as an algebra over the integers Δ. Let φ: a -> ά be

the ring homomorphism of Δ into Γ. Since ψ(Δ) is an integral domain,
ker φ = p Δ for some prime p, or ker φ = 0. In the former case pA = 0
(i.e., A is of characteristic p). In the latter case, if mx = 0, 0 ̂  m E Δ,
x E A, then mjc = 0, where m ̂  0. Since A is Γ-torsion free, JC = 0.

Let A be a prime algebra over Φ with center Z. Suppose zx = 0 for
some z ELZ. Then (z)A = 0 and so (z), and hence z, is 0. Thus z -*zt

is an injection of Z into Γ. As remarked earlier, if 1 E A then z —> z, is
in isomorphism of Z onto Γ.

Let A' be the Γ-space Γ φ A With multiplication in A' defined by

(λ,α)(μ,&) = (λμ,λfc +μfl +έΛ), λ,μ E Γ, β, b E A

A' becomes a unital Γ-algebra. Let Γ = {(-Z/,z)|z E Z } . From
(λ, a) ( - Z/, fl) = (— λZ/,λz - zzα + az) = ( - (λz),,λz) and a similar cal-
culation for {-zhz) (λ,α), it is clear that T is a Γ-ideal of A'.

THEOREM 1.2. Lei Abe a prime algebra over its centroid Γ and let
A* = AΊT. Then:

(a) A * is a unital central prime algebra over Γ and σ: a-^(0,a) is
a Γ-injection of A into A *.

(b) // B is any unital algebra over Γ and φ is a Γ-injection of A
into β, then there exists a Γ-homomorphism ψ of A* into B such that
φ = φσ.

Proof, (a) If (0,a) = (-z,,z) for some a E A, z e Z then z, = 0
and hence a =* z = 0. Thus cr is an injection of A into A *. Denote
the image of A under σ by A. We claim that if U is a nonzero ideal of
A * then U Π Λ ^ 0. Suppose (7 Π i = 0. Pick (λ, a) ̂  0 E 17. Then
(λ,α) (O,JC) = (O,AJC + α x ) E t/ΠΛ for all x E A . Thus λ x + α x = 0
for all x E.A. Similarly AJC + xa = 0 for all x E.A, and so a; = ar =
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- A. Consequently a EZ and (λ,a) = (- aha)ET, a
contradiction. The primeness of A * now follows from the primeness
of A.

Now let A —> A denote the canonical homomorphism of Γ into Ω,
the centroid of A *. If A = 0, then in particular A (1,0) = (A, 0) = 0, i.e.,
(A,0) = (-zuz) for some z EZ. Thus z = 0 and hence A = -z, =
0. A —> A is therefore an injection. To show that A -> λ̂  is surjective it
suffices to show that any element (A,a) in the center of A* can be
written in the form (]3,0), β 6 Γ . By commuting and associating (A, a)
with elements (0,x) and (0,y) in A, it follows that aEZ. Then
(λ,α) = (λ + α,,0) = (β,0), where β = λ +α, ε Γ .

(b) Define a mapping ψ: A'-+B by ψ: (λ,α)-»λ 1 + φ(α). ^ is
clearly a Γ-algebra homomorphism, and we show that its kernel K is
contained in Γ. If (A, a) EK and x EA then from (λ,a) (0,x)E K
one obtains φ(λx + ax) = 0 for all x £ A . Since φ is an injection we
have α, =_-A E Γ and so a EZ and (A,α) = ( - fl/,a)E T. As a result
the map ψ: (A, a) -» ψ(λ, α) is well-defined and clearly satisfies φ = ψσ\

THEOREM 1.3. Let Abe a central prime algebra over Γ and let Λ
be the field of fractions of Γ. Then:

(a) A(g)ΓΛ /s α pr/me algebra over Λ.
(b) I/Λ is finitely generated as an ideal, then A (g)ΓΛ is central over

Λ.
(c) // the center Z of A is nonzero then 1 G A (g)Λ and a (g)Λ w

central over Λ.

Pro*?/, (a) It is clear that every element of A ®Λ is of the form
fl®λ"!, A EΓ, α E A. Let A denote the (isomorphic) image of A in
A®Λ under the mapping Λ - > Λ 0 1 . If t/ is a nonzero Γ-ideal of
A®Λ choose α(g)λ~Vθe C/. Then α(g)iε 17 and 17 Π A is a non-
zero ideal of A. The primeness of A(g)Λ then follows from the
primeness of A.

(b) Write A = <α,, α2, * , an), the Γ-ideal generated by au

a2,--,aneA. If Ω is the centroid of A<g)Λ we must show that the
canonical homomorphism α -> ά of Λ into Ω is surjective. Let / E Ω,
write /(α i®l) = fel ®λ7 l, i = l,2, ,n, and set A=A,A2"-An. For
JC E A, x = Σ?=, Pi(α,), where p, E ^ίΓ(A). Then p, =
p, 0 1 EiΓ(A(g)Λ), and we have

= /(Σ Pi(0ι)(g)l) = Σ

= Σ /A(«iΘD = Σ Af(0/
i
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Therefore, if g = λ/, then g(jc(g)l) = λ/(jt<g)l) =
since λT'EΓ. One then defines σ:A->A according to σ(x) = y,
where g(jc(g)l) = y®1 as indicated above. Since g E Ω it is easily seen
that σ E Γ, and therefore g(x(g)l) = o-(jc)(g)l = σ(jt(g)l). Thus g = σ
and so / = γ, where γ = σλ ~ι E Λ.

(c) If z is a nonzero element of Z, then z, = β for some /3 E Γ,
since A is central. One easily checks that z(g)β ~ι = 1 in A ®ΓΛ. As in
(b) we let ίl be the centroid of A(g)Λ and let / E Ω . We write
/(l) = fl®λ"1, i.e., λ/(l) = Λ®l. This implies that α 6 Z , whence
α, = γ E Γ, since A is central. As a result / = δ, where δ = γλ ~* E Λ.

Theorem 1.3 suggests the following open question: is A ®ΓΛ central
over Λ without the additional hypothesis of either condition (b) or
condition (c)?

Another natural question which arises is the following: if A is
central prime over Γ and F is a field containing Γ, does there exist an
F- algebra B containing A as a Γ-subalgebra such that AF is prime? By
using the notion of extended centroid, which is developed in §11, we
settle this question in the affirmative in §111.

II. The extended centroid of a prime algebra. Let A
be a prime algebra over Φ and let U be a nonzero Φ-ideal of A. An
element / E HomΦ([7, A) is said to be Φ-permissible if / commutes with
all the left and right multiplications of A, i.e., / commutes with the
elements of MΦ(A). Such an element will be denoted by (/, 17). ker
f = {uE U\f(u) = 0} and im / = {f(u)\u E C7} are ideals of A and (ker
/) (im /) = 0. Hence by the primeness of A either / = 0 or / is an
injection.

Let °UΦ be the set of all nonzero Φ-ideals of A and let %Φ be the set
of all Φ-permissible maps (/, 17), where U E %Φ. We define (/, U)~
(g, V) if there exists W E <%φ such that WCUΠV and f = g on
W. This is easily shown to be an equivalence relation on ̂ Φ. We
remark that (/, U) ~ (g V) if and only if there exists O ^ x E l / Π V such
that /(Jc) = g(x). This follows from our observation above that a
Φ-permissible map is either 0 or an injection. We let (f, U) denote the
equivalence class determined by (/, U), and we let CΦ be the set of all
equivalence classes. Addition in CΦ is defined by

and it is easy to check that this definition is independent of the
representatives.

For (g,V)e<βΦ and C7E%Φ, let g~\U) = {v E V\g(v)E C7}.
g~\U) is clearly an ideal of A and we shall show that it is nonzero. If
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g(V) = 0, thenO^ V Qg~\U). If g(V)ϊ 0 then g(V) Π £/^0. Pick
vEV such that 0^g(u)E[/. Hence i ^O and vE.g~l(U). Now
define multiplication in CΦ by

where /g is the composite of / and g. To see that multiplication is
well-defined, suppose (/„ L/,) ~ (/2, t/2) and (g,, V,)~(g2, V2). Then
/ , = / 2 on I V . C l / . n ^ and g, = g2 on IV2CV,nV2. Set W =
W 2 Π g ; W ) . For all x E W, /,(g,(x)) = /,(g2(x)) = /2(g2(*)) and so
multiplication is well-defined. It is then straightforward to verify that
CΦ is an associative ring with 1.

In particular we let °U = °lίγ be the set of all nonzero Γ-ideals of A
and call C = CΓ the extended centroid of A. We justify this change of
scalars from Φ to Γ by showing that (/, U)-*(f, U) is an isomorphism of
CV onto CΦ. This is easily seen to be a welldefined ring homomorphism
which is an injection. To show it is surjective, let (/, U) E CΦ, set
V = ΓU and define f: V^A according to /(ΣfΛ|iιf) = ΣA/(M,), A, EΓ,
Uι E [/. We show that / is well-defined. Suppose Σλ/W( = 0. For
aSA,

(Σ α =

Similarly fl(ΣI λ/(αl )) = 0 for all α G A It follows that, if <JC> is the
Φ-ideal generated by the element x = Σfλ/(wf ), then <JC)2 = 0. Since A
is prime (JC) = 0 and in particular x = Xλif(Ui) = 0.

THEOREM 2.1. The extended centroid C of a prime algebra A over
Φ is a field.

Proof We first show that C is commutative. Let λ = (/, U) and
μ =(g, V) be in C. Set W = g" l(l/)Π/- I(V), note that WVO, and
pick x,y E W such that xy^O. Then /g(xy) =/[g(x)y] = g(x)/(y) =
g[xf(y)] = gf(xy±_ Thus ifg,g-λU) - (gfJ~\V)) and so λ/z =
μλ. Next let (/, U) ̂  0, and note that /([/) ^ 0 but ker / = 0. Define
g:f{U)->A by g(f(u)) = u for all w E [/. g is well-defined since / is
an injection and in fact g is a Γ-permissible mapping. Clearly (g,/(l/))
is the inverse of (/, U).

We have already noted (in §1) that there is a canonical homomorph-
ism a -> α of Φ into the centroid Γ. Now, for a E Φ, define ά =
(α, A), a —» ά is clearly a ring homomorphism of Φ into the extended
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centroid C. We define a prime algebra A over Φ to be closed over Φ if
the map a -> ά is an isomorphism of Φ onto C. We remark that if we
regard A as an algebra over its centroid Γ then λ —> A is always an
injection of Γ into C. To show that a prime algebra A is closed over Φ
it suffices (besides showing that a —• a is an injection) to show that,
given any Γ-permissible map (/, U)9 there exists 0/ u E U and a EΦ
such that f(u) = au.

Let A be a prime algebra over Φ with extended centroid C. We
form A(&ΓC and note that α-»tf®l is a Γ-isomorphism of A onto
A = A<g)lCA(g)C. We set

[Uι®λfii -fi(Ui)®Pi]\λi,Pi e C9(fh ITj) E A,, it, E 17,}.

LEMMA 2.2. (a) /is a T-ideal ofA®C

(b) / Π A = 0.

/. (a) Let JC E Λ, μ, A E C, A = (/, 17), w E C7. From

(llφλp -/(w)(g)p) (X(g)μ) = UX(g)λpμ -f(ux)<g)pμ G/, etc.,

it follows that I is a Γ-ideal of A.

(b) Suppose

(1)
i

Letting p G JίΓ(A) and applying p = p ® l £ ΛίΓ(A 0 C) to (1) yields

(2) p (a )<g) l = Σ tp («. )®λ,p, - / (P («/ ))<8)pi. ] e J n A.

By intersecting a finite number of Γ-ideals there is a W E <%Γ such that
(ft, W) E Pi and (fe, W) E AiP(, We let Cw = {λ E C \ λ = (/, W) for
some /}. Cw, and hence Λ®CV is a Γ-space, as is also HomΓ

(W,A). We claim that the map Jjc1λ)-*xf of AxCw into
HomΓ(W,Λ) is Γ-bilinear (where A = (/, W)). It is well-defined since
(/, W) - (g, W) implies f = g on W. Hence there is a Γ-linear map
π: Λ ®Cw -^ HomΓ( W, A) such that ττ(x (g)λ) = xj. Applying TΓ to (2)
yields:

(3) p(f l) ι=ΣlP(«ι) ' (/*)-/ι(p(i4))*] on V
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For w G W one applies (3) to w to obtain

P(a)w = Σ \p(ut)

(4)

= Σ \p(u,)f,(g,(w))-p(uι)f,(gι(w))] = O.
i

From (4) we have (a)W = 0 and so the ideal {a) = 0 by the primeness of
A In particular a = 0, a contradiction.

In view of Lemma 2.2 there exists a Γ-ideal Mof A®C maximal
with respect to the property that I CM and M Π A =0.

LEMMA 2.3. Lέtf Q = A(g)C/M.
(a) Q is a prime algebra over C.
(b) a->a(g)l is a Γ-injection of A into Q.

Proof, (a) _ Let [/ be the preimage in A (g)C of a nonzero ideal of
Q. Then 1/ Π A ^ 0 since 17 properly contains M. The primeness of
Q then follows from the primeness of A. (b) follows from M Π Λ = 0 .

The question of uniqueness in the choice of M has been resolved
by McCrimmon and we give his results here. To this end, for x E
Λ 0 C , define (x)A ={p(x)\p EMΓ(A)} and let Mo denote the set of all
elements x in A 0 C for which there exists V EL°U such that

LEMMA 2.4 (McCrimmon). M = Mo.

Proof Let x = Σα, (g)λf E Λf, where λ; = (/•, C/j), and set V = Π,
Let υ E V and p E ΛίΓ(Aχ. Then

Therefore Σ / ( φ ( f l , ) ) ( g ) l E M n i =0, since / C M . It follows that
(V<g>l)β(x)el and so (V(8)l)(je)Λ cl. Conversely let x EMo. By
definition there exists V E % such that (V(g) 1 ) ( J C ) Λ C / C M . V(g)C
and (JC)AC are ideals of Q with V®C7?0 and V(g)C (JC) Λ C=

0. Therefore (x)AC=0 since Q is prime, and in particular x EM.

THEOREM 2.5. If A is a prime algebra over Φ, then Q = A(&CIM
is a closed prime algebra over C.
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Proof. It suffices to show that if (/, u) is a C-permissable map in Q
then there exists 0 yjjcJΞU such that/(JC) = ΛJC for some λ ELC. Let
V = {xEA[x(g)leA(g)in U and #jt(g)l)E(Λ<g)l)}. Since /com-
mutes with the elements of MC(Q), and in particular with elements of
the form (y(g)l)/ and (y (g)l)Γ, V is a Γ-ideal of A We now show that V
is nonzero. By the definition of M there isO^x(g)lEA(g)int7. We
write f{x (g)l) = Σ A (g)λ, in Q. There exists W E % such that (f , W) E A,
for all /. For π Έ ^ w e have

f(xw

= Σ fl«H>

making use of the fact that / C M . Hence #jcH>(g)l)EΛ®1 for all
w E WK Next let p E JίΓ(A) and let p be the element of
induced by p £JΓ(A(g)C), Then

Λ ® l . (x)W^O since A is prime and so
there exists p(x) E (JC) and w E W such that p(jc) ^ 0. Thus p(x)w E
V and so W 0.

We now define a mapping f: V-*A according to the rule

f(v) = y, where /(t;<g>l) =

/ is clearly a well-defined Γ-permissible map and so (/, V) is a represen-
tative of some A E C. Now pick v^0E V. Using the fact that / C M
again we see that λ(ι;(g)l) = ι?(g)λ = /(ι?)(g>l =Λ ! ; Θ1) It follows that
ζ) is closed over C.

In view of Theorem 2.5 we shall refer to Q = A (&CIM as the
central closure of the prime algebra A.

III. Tensor product of closed prime algebras.

THEOREM 3.1. Let A be a closed prime algebra over Φ, and let
aua2,- ",an be Φ-independent elements of A. Then there exists p E
M(A) such that p ( α , ) ^ 0 and p(ai) = 0, i = 2 , 3 , ,n.

Proof The proof is by induction on n. For w = 1 the theorem is
trivially true since a^O. Now assume that for all pEM(A), if
p(α() = 0 for / =2,3, # ,n, then p(αi) = 0. Define / =
{p E Jί(A)\p(ai) = 0 for i =2,3, ,n - 1}. (In case n = 2 we define
/ = M(A)). Since / is a left ideal of M(A), Jan = {p(an)\p E/} is an
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ideal of A. Furthermore by the induction assumption Jan is
nonzero. The mapping /: Jan-^A given by p(an)-*p(aι), p E/, is
well-defined because of our supposition above that p(αi) = 0 for all
pEJί(A) such that p(α f) = 0, i =2,3, ,n. (f,Jan) is clearly a Φ-
permissable mapping. Since A is closed there exists A E Φ such that
f(p(an)) = λp(an) for all p E J, i.e., p(α, - λan) = 0 for all p E /. By the
induction assumption applied to a2, α3, , απ_,, αj-λα,, there exists
pEJί(A) such that p(a f) = 0, i =2,3, ,n - 1 (i.e., p E / ) but
p(α, - Aαπ) ̂  0, a contradiction.

LEMMA 3.2. Let A be a closed prime algebra over Φ and suppose
a and b are elements of A such that p(a)q(b) = p(b)q(a) for all
p,q EM(A). Then a and b are Φ-independent.

Proof We may assume that a^O. Let / =
{p EM(A)\p(a) = 0}; Jb is then an ideal of A. Since 0 = p(a)q(b) =
p(b)q(a) for all p E J and q E M(A) we have (Jb){a> = 0. It follows
that Jb = 0 since A is prime. Hence the mapping /: {a)-* A given by
/: p(a)-*p(b), pEM(A), is a well-defined Φ-permissable
homomorphism. Since A is closed there exists A E Φ such that
f(p(a)) = λp(a) for all p EM(A). In particular fc = /(α) = λα, and so
0 and b are Φ-dependent.

THEOREM 3.3. Let B be an algebra over a commutative ring F, let
Φbea subfield ofF, and let A be a closed prime Φ-subalgebra ofB Then
the mapping σ: Σfαr (g)λ, -> Σ λjέZj, α, E A, A, E F, (5 an injection of A (g)ΦF
info JB.

Proof, It is clear that σ is a well-defined Φ- algebra
homomorphism. If the kernel K of σ is nonzero choose a nonzero
element κ> = Σ"=1 a(-0Aj in K of minimal "length" n. Both {αj and {A,}
are then necessarily Φ-independent sets. If n = 1 then λxax = 0 and so
λ! = 0 or fli = 0, a contradiction. Therefore we may assume that
n > l . For any p,gEΛ<Oi) we have p(w) = Σip(fll )0λ, E X and

= Σ;ήf(αj)0λj E K. Furthermore Σ qCαJpCαjX&λ; E X and
p(ai)(g)λi E K Subtraction yields

Σ ί<? (* i)P (*) ~ 4 (Λ* )P (a i)]<g>λ, E X.
i=2

By the minimality of n and the Φ-independence of {A,} we have
q(α 1 )p(α ι )~q(α I )p(α 1 ) = 0 for all p,q EM(A), i = 2 , 3 , : ,n . In par-
ticular, by Lemma 3.2, ax and a2 are Φ-dependent, a
contradiction. Therefore K = 0 and or is an injection.
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LEMMA 3.4. Let A be a closed prime algebra over Φ and let F be
an extension field of Φ. Then any nonzero F-ίdeal of A ® Φ F has a
nonzero intersection with

Proof Suppose N is a nonzero F-ideal of A(g)F such that
N Π 0401) = 0. Choose a nonzero element Σ?=1 u(-(g)Aj in N of mini-
mal "length" n the set {wt} is necessarily Φ-independent. Since N is a
F-ideal we may assume without loss of generality that Ai = 1. By
Theorem 3.1 there exists p E i Φ ( Λ ) such that p(w,)^0 but p(w,) = 0
for i > 1. Now p = p (g) 1 G Λίφ(A (g)F) C ΛίF (A (g)F) and so
p(ΣUUiφλi) = Σip(ui)<gfλι = p(w,)(g)l E N. Since NΠ(A<g)l) = 0 we
have p(«i) = 0, a contradiction.

THEOREM 3.5. If A is a closed prime algebra over Φ and F is an
extension field of Φ, then A ® Φ F is a closed prime algebra over F.

Proof In view of Lemma 3.4 the primeness of A<g)F follows
from the primeness of A (g)l = A. Next let (/, t/) be an F-permίssable
map of U into A(g)F. By Lemma 3.4 £7 Π (A® 1)^0, and^we pick
O^wGA such that II <g)l G 17 Π(A(g)l). We write /(κ<g)l) =
ΣΓ=i t?f-(g)Af, with {λ/} Φ-independent. For pGJ£Φ(A) we have p =
p(g)lG JίF(A(g)F), so consequently /(p(iι)®l) = /(p(M(g)l)) =
p (Σfϋi (g)A,) = Σfp (t;, )(g)Ai. By the Φ-independence of the {A,}, for each i
the map f: p(w)->p(^) is a well-defined map from (u) into A. It is
evident that each (fi9(u)) is Φ-permissable. Since A is closed there
exists ^ G Φ such that fι(u) = OLM, I = 1,2, , n. Consequently
/(w <g) 1) = %axu ®λi = u ®(ΣiaM = β(u(g) 1), where β = Σ(αΛ G F
It follows that A (g)ΦF is F-closed.

We are now in a position to settle in the affirmative the question
posed at the end of §11.

THEOREM 3.6. Let Abe a central prime algebra over Γ and let F be
a field containing Γ. Then there exists an F-algebra B containing a
Γ-isomorphic image A of A such that AF is a prime algebra.

Proof We recall from Lemma 2.3 that A is Γ-isomorphic to a
Γ-subalgebra A of the central closure Q of A. From the construction
of Q it is clear that AC = Q (where C is the extended centroid of
A). Let K bejthe composite field of C and F and form the F-algebra
B = Q(g)cK. A is then Γ-isomorphic to the Γ-subalgebra A = A(g)l of
B. Furthermore it follows from Q = AC that B = AK. We complete
the proof by showing that the F-subalgebra AF of B is a prime
F-algebra. Let U and B be F-ideals of AF such that UV = 0. Then
UK (and similarly VK) are K-ideals of B since (UK)B=(UK)
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(AK) Q(UA)K C UK. But (UK) (VK) Q(UV)K = 0. We conclude
that either UK = 0 or VK = 0, since B is prime by Theorem 3.5. In
particular, U = 0 or V = 0 and so AF is prime.

We now study the structure of the tensor product of a closed prime
algebra A over Φ and a unital algebra B over Φ. If W is an ideal of
A<g)B and i G ΰ w e let U(W,V) = {u G A \u(&υ G W}. In the following
discussion W remains fixed and so we denote UiW,V) by Uv. Uv is clearly
closed under addition. For u E.UV and x 6 A we see that ux(g)\ =
(w<8>tf) (*(g)l)G W, using the fact that B is unital.

Thus ux G t/, and similarly xu G I/,. Therefore I/, is an ideal of
A. We next let Vw ={v GB\UV^0}. Vw is nonempty since l/0 =
A. We claim that Vw is an ideal of B. If ι>i,ι>2G Vw, then UVί+Ό2C
UυιΠ U^^O since A is prime. Thus vι + v2GVw. Next let v EVW

and y G B . Again using the primeness of A, we choose u E Uv and
JC G A such that WJC^O. It follows that ux(g)vy = (u(g)t;) (x(g)y)G W,
and so [/ϋy ̂  0, i.e., vy G VK,. Similarly yv G K, and so Vw is an ideal.

LEMMA 3.7. Lef A be a closed prime algebra over Φ, fef B be a
unital algebra over Φ, and let W be a nonzero ideal of A ®ΦJ3. Then

Proof. Choose a nonzero element w = Σ"=i «,(g)&, in W, with {Λ,}
and {bi} Φ-independent sets. By Theorem 3.1 there exists p EM(A)
such that p(aι)^0 and p(^J) = 0 for / > 1 . Since 1GJS we have
p =/7(g)l e^Λ(Λ0JB). Thusp(w) = p(α,)(g)fc1G Ŵ  so bx is a nonzero
element of Vw.

REMARK. If in Lemma 3.7 A is also assumed to be unital then we
claim that W contains a nonzero ideal of the form U® V, where U is a
nonzero ideal of A and V is a nonzero ideal of B. Indeed, by Lemma
3.7 there exists a nonzero element of the form u(g)v in W. If
p G M(A)andq G Λ(B) thenp(g>q = (p(g)l) (l(g)<?) G ΛZ(Λ(g)B), since
both A and £ are unital. Thus (p(&q) (u(g)v) = p(u)<g>q(v)EW,
showing that (u)®(v)C W.

THEOREM 3.8. Let A be a closed prime algebra over Φ and let B be
a unital algebra over Φ. Then

(1) A(g)B is a prime algebra, if B is a prime algebra.

(2) A 0 β is a closed prime algebra over Φ, // B is a closed prime
algebra over Φ.

Proof. (1) Let Wι and W2 be nonzero ideals of A(g)J3. By
Lemma 3.7 VWί and VW2 are nonzero ideals of B. By the primeness of B
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there exists v{ E VWι and v2 E VW2 such that v{v2^0. Since A is prime
there exist uxE l/(Wlfϋl) and a2E U{W2,V2) such that WIM2T^0. Therefore

(w2®υ2) = W!W2® î̂ 2 is a nonzero element of WXW29 and so
is prime.

(2) Let (/, WO be a Φ-permissable map in A <g)B. For b E JB we
denote 17(VV>) by fΛ. By Lemma 3.7 VV is a nonzero ideal of B. Let
i; E Vw, choose M ^ O E C/V, and write /( i ι®ϋ) = Σ?βiΛI (g)frl , with {bj
Φ-independent. For pEJί(A) p = p§§\EM{A(g)B) since J? is
unital. Because / is Φ-permissable we then have /(p(w)(8>ι>) =

fp(u®v) = p(Σiai(g)bi) = Σip(cii)<g)bi. The independence of the {b,}
shows that the mapping g f:(ιι)-»Λ given by p(w)->p(fl,), i =
1,2, ",11, is well-defined. It is clear that each (g, , («)) is Φ-
permissable, / = 1,2, , n. Since A is closed over Φ, for each i there
exists λ, EΦ such that gt(w) = λtw. As a result f(u(g)v) = ΣΛw®^ =

We have thus far shown that for v E Vw and u^0EUυ

for some y G B .
We next show that y is independent of the choice of M. TO this

end suppose f(ui(g)v) = Ui®yi and f{u2®v) = w2(8>y2 for u,, w2 nonzero
elements of ί/B. Since A is prime ( M I ) Π ( M 2 ) ^ 0 and so p(uλ) =
q(u2)^0 for suitable p,q &M(A). Again using the fact that / is
Φ-permissable and that B is unital we see that p(Wi)®yi =
/(p(wi)®^) = f(q(u2)<g)v) = q(u2)(g)y2 = p(Mi)(g)y2. In other words the
mapping g: VV->B given by g(v) = y (where f{u®v) = u<g)y,
I I ^ O E l/p) is well-defined.

We claim that (g, Vvv) is Φ-permissable. Let vί9 v2 E Vw and pick
Q Uvι+ϋ2. T h e n κ®g(t>, + ̂ 2) = /(w®^, + ι;2)) =

ι?i) + f(u ®t;2) = w (g)gθi) + M (g)g(ϋ2), whence g is additive. Next
let v E Vw, y E B, and pick w E UV9 x E A such that ux ̂  0. We note
that ux E Uvy, since ux§Z)vy = (w(g)ι?) ( j c ® y ) £ ψ . Therefore

ux ®g(vy) = /(iuc ®i?y) = /[(iι ® U

= (M (g)g(t;))(x 0 y ) = w

This shows that g commutes with all right multiplications yΓ and it is
similarly proved that g commutes with all left multiplications. This
completes the verification that (g, Vw) is Φ-permissable.

To complete the proof we note that there exists β E Φ such that
g(υ) = βv for υ E Vw. In particular, for v ̂  0 E Vw and for u ̂  0 E Uv

weseethat/(w(g)ι;) = M(g)gO) = u(&βv = jS(w(g)ϋ), proving finally that
A 0JB is a closed prime algebra over Φ.

For the remainder of the paper we turn our attention to the study of
tensor products of simple algebras. An algebra A over Φ is said to be
simple if A2 φ 0 and A contains no ideals other than 0 and A. Clearly
any simple algebra is prime. It is also evident that the extended



62 T. S. ERICKSON, W. S. MARTINDALE, 3RD, AND J. M. OSBORN

centroid of a simple algebra is isomorphic to its centroid, and so any
central simple algebra over Φ is automatically closed. The preceding
results on tensor products of prime algebras yield corresponding results
on simple algebras which we now give.

THEOREM 3.9. Let Abe a central simple algebra over Φ and let B
be a unital algebra over Φ. Then:

(1) φ: W->VW is a lattice isomorphism of the lattice of ideals of
A (g)Φ2? onto the lattice of ideals of B.

(2) // B is simple, then A ®ΦB is simple,
(3) If B is central simple over Φ, then A (g)B is central simple over

Φ.
Proof (1) We let ψ by the map /—>A(g)J, / an ideal of B, and

show that φψ = 1 and ψφ = 1. This is equivalent to showing (a)
W = A <g) Vw for each ideal W of A <g)B and (b) I = VA& for each ideal
of B. To prove (a) we first note that A<$Z)VW C W because of the
simplicity of A. Next let w = Σf^βj <£)&,- E W with {a,} Φ-
independent. By Theorem 3.1 for each i there exists p, EM{A) such
that p,-(fli)^0 and /7ί(αy) = 0 for V i. Since B is unital p, =
P/(g)l EJ£(A(g)JB) and we have for each i p,(v v) =

Pi( ai)®bi E W. This puts each bf in Vw and so i v E A ® ^ . To
establish (b) it is first of all obvious that / C VA!S)I. Next suppose there
exists b E VA(g)I such that bξ£I. Choose a Φ-basis {&,} of I and pick
a/OEA. Then α(g)fcEΛ(g)/ and so α(g)fc = ΣA(g)fc/ for suitable
a, EL A. A contradiction results due to the Φ-independence of b,
bub2,' ••,•'.

(2) follows immediately from (1) and (3) is implied by Theorem
3.8.

For the case of simple algebras Theorem 3.1 can be sharpened as
follows.

THEOREM 3.10. Let A be a central simple algebra over Φ, let
aua2, — >an be Φ-independent elements of A, and let JCI,JC2, ,xn be
arbitrary elements of A. Then there exists p GM(A) such that p{at) =
xh i = l,2, ,n.

Proof By Theorem 3.1 for each i there exists p, EM(A) such
that Pi(ai) = biτ^0 and Pi(fly) = 0 for jV i. For each i (b. ) = A since A
is simple. Therefore for each i there exists qiGM(A) such that
<&•(&/) = */. The element p = ΣΓ=iQ/P/ EΛί(A) then has the required
property.

Finally we consider the structure of the tensor product of two
arbitrary simple unital algebras over Φ.

THEOREM 3.11. Let A and B be simple unital algebras over Φ,
with centers Z and F respectively. Then
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(1) A<g)φB is a free Z^F module, with basis {^(g)^}, where {at}
is a Z-basis for A and {b}} is an F-basis of B.

(2) Z(g)F is the center of A (g)J5.
(3) φ: U'-» 17(Λ0B) is a lattice isomorphism of the ideals of

onto the ideals of A 0JB.

Proof. (1) It is clear that {fl/®fey} generates A(&B as a
module. Suppose now that Σ u % (Λ, (g)^;) = 0, y^EZ^jF. For any
fixed i and /, by Theorem 3.10 there exists pGM(A) such that
p(at)= \,p(ak) = 0ΐor k^i, and q GM(B) such that q(b})= 1, q(bt) =
0 for 17^ j . Since A and £ are unital algebras p(g)q €ΞM(A(g)B) and
thus p®<j is a Z®F-module mapping. Application of p®q to the
above equation thus yields y,y(101) = 0, or γ^ = 0. Hence {α, (g)fe/} is
Z(g)F- independent and forms a Z®F-basis for A(g)B.

(2) By part (1) we may select a Z(g)F-basis {a^bj} for Λ 0 B in
which ax = \ and fc, = l. Let w = Σ I jγi/ (αl (g)fcJ ), yaGZ^F, be an
element of the center E of Λ 0 B . Choose pE:Jί(A) such that
p ( l ) = 1, p(at) = 0 for «V 1 and q EM(B) such that <j(l)= 1, g(fc/) = 0
for jVl . As in (1) p(g)q G JfΦ(A(g)£). Therefore w = w(l(g)l) =
w[(p®«) (1(8)1)] = (p(g><?) (w) = Ύlϊ G Z(g)F

(3) For W an ideal of Λ <g)B we define V̂ ψ = W Π (Z(g)F). We
first show that Wφφ = W for any ideal W oϊ A (g)R It is obvious that

C W. Now let w E \y and, according to (1), write w =
bj), γi} EZ&F. For any fixed /, / pick p BJί(A) such that

p(at) = 1, p(ak) = 0 for fc^ /, and g <ΞM(B) such that g(b;) = 1, <?(&,) =
Ofor l^j. As before p(g)ήf ε i ( A ( g ) β ) and (p®q) (w) = γ/y G W. It
follows that w EWΦ(A <g)B). Finally we show that Uφφ = ί/ for every
ideal 1/ of Z(g)F Clearly (7 C £/**. By (1) there is a Z®F basis
{a, (g)b}}, with a ] = 1 and fo, = 1, for A (g)R If JC G [/**, then it is evident
that JC can be written in the form Σ^μijiai^b,), where μί7 G U. On the
other hand x = y G Z§§F and so by the Z(g)F-independence of
we see that μή = 0 for (i,j)^ (1,1) and JC = μ π G (7.
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