PACIFIC JOURNAL OF MATHEMATICS
Vol. 60, No. 2, 1975

OSCILLATORY PROPERTIES OF SOLUTIONS
OF CERTAIN nth ORDER FUNCTIONAL
DIFFERENTIAL EQUATIONS

GARY W. GREFSRUD

With n even and f t"'a(t)dt < o, necessary conditions

for x™(t)+ a(t)f(x(g(r))) = 0 to have a bounded nonoscillatory
solution are given. If n =2, sufficient conditions are also
given. Conditions which insure that solutions of x(r)+
f(t, x(g(2))) = 0 are oscillatory or tend monotonically to zero are
also presented in this paper.

Let g(t) and f(¢, y) be real valued functions. In this paper we prove
several oscillation theorems associated with solutions of the following
two nth order functional differential equations:

¢y x®(t)+a(t)f(x(g(1))=0,  and
@) x®(t)+ f(1, x(g(2))) = 0.

We use the “normal” definition of oscillatory, that is, x(¢t) is an
oscillatory solution of (1) or (2) if x(t) satisfies (1) or (2) for large ¢ and
x(t) has arbitrarily large zeros (x(t) # 0).

Theorems 4 and 5 are generalizations of results proved by Ryder and
Wend [6], associated with the equation x™+ f(t,x)=0. In fact the
proof of theorem 5 has been omitted because of its similarity with the
corresponding result in [6].

Before stating our main results we give the following lemmas.

LEMMA 1. Suppose f(t) € C*[a,®), f(t) =0 and f*(t) is monotone.
Then exactly one of the following is true:

() lim_.f®(t)=0,

(i) lim .f®t)>0 and f(t), -, f*(t) tend to © as t — .

LemMMa 2. Ify(t) € C"[a,»), y(t) =0 and y™(t) =0 on [a,®), then
exactly one of the following is true:

@  y'(@2), -, y"(t) tend monotonically to zero as t — .

(II) There is an odd integer k, 1=k =n-1, such that
lim_.y" (t)=0for 1=j=k ~1, lim_.y" () =0, lim,_.y*"*"(t)>
0 and y(2),y'(t), -,y *(¢t) tend to » as t —x.
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Analogous statements can be made if y(t)=0 and y™(t)=0 on
[a, ).

The results of Lemma’s 1 and 2, given in [6], will be used throughout
this paper.

THEOREM 1. Suppose that n is even and

(1)  a(t)=0 for t sufficiently large,

(i) lim,._.g(t)= +oo,

@) yf(y)>0 (y#0), f(y) continuous on (—o,®).

Then a necessary condition for equation (1) to have a bounded
nonoscillatory solution is J' t"la(t)dt <.

Proof. Let x(t) be a bounded nonoscillatory solution of (1). Sup-
pose x(t)>0 for ¢ sufficiently large. Thus, since lim,..g(t) = +», we
have that x(g(t))>0 for ¢ sufficiently large. Hence, pick T large

enough so that a(t)=0, x(¢)>0 and x(g(¢))>0 for t=T. We have
(for t = T), using Lemma 2, x""(¢) =0,

x*1)=0,---,X()20: lim x“(t)=0, i=1,---,n—1

Thus, x(t) is a nondecreasing function and since x(t) > 0 and is bounded
we have, lim,_.x(t) =lim,_.x(g(t))=L >0.
From (1),

3) x0s) 2 [ a)f(x(g ()

s

An integration of (3) n —2 times from ¢ to « yields

0 tnz

=g @) (g ()

(n -

*) (—1)i(r) =
and integrating (4) from s to t where T =s =t we have

20-x0) 2 [ EE afgwan

Now using the continuity of f we may choose T, = T such that fort = T,
f(x(g@®))=if(L)=M. Hence for T=T,=s =t we have

) (6)— x(s) = (‘;1%41_)' f (u — s)y~a (u)du.
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Letting t — o in (5) we have

]m (u—s)y"a(u)du <.

Then for t =2s we have
o n—-1 ®©
j (‘—5) a(u)du < f (4 = sy~a(u)du < .

i.e.]' u"'a(u)du <o,
t

If x(¢) <O for ¢ sufficiently large a similar proof yields the desired
result. Q.E.D.

When n =2, we establish sufficient conditions for equation (1) to
have a bounded nonoscillatory solution.

THEOREM 2. With n =2 and

(i)  there exists t,>0 such that g(t)=t, forall t = t,,

(i) g(¢) is continuous on [0, ),

(iii) f(y) is continuous on (—o,») with yf(y)>0 for y#0,

@) f)l = fG if |yl = 1yal,

(v) for each B >0, there is a t>0 that satisfies the inequality
f=pr,

(vi) a(t)=0 and locally integrable on [0, ) with a(t) not identically
zero on any subinterval of [0,), if

©) r ta(t)dt < oo,

then there exists a bounded nonoscillatory solution of (1).

Proof. Assuming that f ta(t)dt <~, we note that (v) implies the

existence of some number M >0 such that

7 f: sa(s)ds = ff—(MM—) ,

where ¢, is chosen to satisfy (i). Consider now the integral equation

t

® x0=5+1[ ae)@EE)ds+ [ saE)fEE)ds

n
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We now define a sequence {x,(¢)} by
()=
©) w®=5+1 [ a()fa(gs))ds
+ [ s fn(gsNds

One concludes that x,(¢), k =0,1,2,-- -, is defined and continuous and,
in fact, is positive on [t;,). By induction we have

(10) —Igg x()=M, k=0,1,2,---, and
(11) X (1) = x-4(2).

Thus the sequence {x; (¢)} converges to some function x(t) for t = ¢, and
indeed

%Ié x(t)éM(%/Ig x(g(t))§M>

for t = 1¢,.
We now must establish that x () is a solution of the integral equation
(8) and thus a solution (nonoscillatory) of (1). For any € >0, choose T

large enough so that f sa(s)ds < €/2f(M). Then we have
T

50 -5 = 1" a()fxgeds = [ sal)fg(s))ds
= [ a()Ifu g6 - fx(g(s))]ds
+ [ sa (o) (8N - Fx g (s ds
= [ 5a()Ifi-(g 6 - Fx (@ (s ds
+ [ sa@l N - el ds
+ [ sa () Outgods + [ sa(s) fx g ls)ds

= f: sa(s)|f(xi-(g(s))) = f(x(g(s))|ds + €.
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Letting k — o« we obtain

=5 -t [ a6 Nds - [ sa) (e (s)ds| = e

Thus x(t) is a bounded nonoscillatory solution of (1). Q.E.D.
Restricting our attention now to equation (2), we make the following
assumptions:

(12)

(i) g(t)=t—c for t sufficiently large, ¢ >0, constant,

(ii) f(t,y) is continuous in S = [0, %©)x (— o, ),

(i) a()®(y)=f(ty) if y>0 and f(ty)=b(t)¢(y) if y <0,
(t,y) €S, where

(iv) a(t) and b(t) are nonnegative and locally integrable on [0, )
and neither a (t) nor b(t) is identically zero on any subinterval of [0, ®),

(v) ®(y)and ¢(y) are nondecreasing with y®(y)>0 and y¢(y) >
0 on (=, ®) for y#0.

(vi) there exist positive constants B and 8 such that ®(Ay)=
APD(y), ¥(Ay)=A%y(y), A constant,

(vii)) for some a >0

* du ~ du
am)'<°° and ~m;,‘}m<°°.

THEOREM 3. Let x(t) be a solution of (2), valid for large t, which is
nonoscillatory. If n is odd, assume lim,.x(t)#0. Suppose conditions
(i)-(vi) of (12) are satisfied. Then there exists a positive number k such
that ®(x(g())/P(x(t))=k if x(t) is eventually positive and
d(x (O (x(2)) = k if x(t) is eventually negative for t sufficiently large.

Proof. Let x(t) be a nonoscillatory solution of (2). Suppose

x(t)>0 for ¢ sufficiently large. Pick T large enough so that x(t —c)>0
for t= T." From (2) we have

13) x®)=—ft,x(g(O)=~a(OP(x(g(®))=0 if t=T

Thus from Lemmas 1 and 2, x(t) satisfies one of the following:
(1) x(r)=0, £(t)=0 for ¢ sufficiently large,

lim x(t)=0, lim x(¢)=L >0.

(2) x(t)=0, x(t)=0 for ¢ sufficiently large.
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3) x(t)=0, x(t)=0 for ¢ sufficiently large, with
x(t), % (1), -+, x"*(¢) tending to » as t — o, x**7I(¢) increasing to L
O<L=w), x™"(t) decreasing to M(M =0), and x®*(t),
-+, x®(¢t), tending to zero as t — .

If case (1) applies we trivially have x(g(¢))/x(¢t) =1 for ¢ sufficiently
large.

In either case (2) or (3) we have, since x(1)=0, x(g(t))=x(t —¢)
and thus x(g(¢))/x(t)= x(t — ¢)/x(¢).

If case (2) applies, then exactly as in [1], we find x(g(¢))/x(t)=
ki(k,>0) for ¢ large.

Now suppose case (3) applies. Consider lim,.. x (¢t — ¢)/x(¢t) which
is of the form »/. Using L’Hopital’s rule a sufficient number of times
we obtain

im 0= _ x" Dt —¢)

M0 T x () D TR ()

If L (in case 3) is finite we are done since then

im X)) _ L _
T R A

When L = o, then again using L’Hopital’s rule we have

. x(t—c . x"(t—¢)
lmi———)—~-=1m .

o2 T x (D) lim = %)
If M (in case 3) is positive again we are done since

limﬂt___Q_A_/I=1‘

»o  x(t) M
However, if M is zero we then claim that

x(n—k—l)(t - C! _

1'1_12 x5 0(p) =1

since

lim [x"* @)= x"* Dt —c)] = lim x"(E)e =0, t—c<E<t

t—

Thus
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x(n—k—l)(t _ C2 _q] = x(n—k~1)(t — C)— x(n—k—])g) Ex(u—-k—l)gl) e
x(n—k—l)(t) x(n—k—!)(t) x(n—k—l)(tl)

where #, =T, is sych that x“*7(z)>0. Summarizing we have
lim_.x(t—c)/x(t)=1. Thus for ¢ large enough, x(g(t))/x(t)=
x(t—c)/x(t)>13.

Now letting k, = min{}, k;}, we have x(g(¢))/x(t)= k,fort =T\ =T
and

D) L lhox(t) _ 4y PEE) _ gy
Bx(r) - () () T

Now suppose x(t) is a nonoscillatory solution of (2) which is negative for
t=T. Again, pick T large enough so that x(t —c) <0 for t = T. Then
(13) becomes

15)  x“)=—fLx(@WN= - b (x(g())=0 if t=T,

and we find that x(¢) must satisfy one of the following:
(1) %(t)=0, x(t)=0 for ¢ sufficiently large,

lim x(t)=0, lim x(t)=L <0,

(2) X(t)=0, x(t)=0 for ¢ sufficiently large,

(3) x%(1)=0, x(1)=0 for ¢ sufficiently large, with x(z),
x(t), -5, x"*3(t) tending to — as t—o, x"*(t) decreasing to
L(-»w=L <0), x®™*(¢t) increasing to M (M =0), and n"™*"(t),
<+, x"(¢) tending to zero as t—> .

If case (1) applies, we have that lim,,.x(g(¢)) = L since g(t)=t - ¢ and
x(t) is decreasing to L <0. Thus

x(g(M) _ L _
1’1_5; x(1) L 1

In either case (2) or (3), g(t)=t—c implies x(g(t))=x(t—c) and
|x(g(#))] = |x(t = ¢)| with

x(g(r) _ |x(g@)]| - |x(t—c)| _ x(t—c)
x(t) x() | = x(¢) | x(t) -

If we now use arguments similar to those used when x(¢) > 0, we obtain
the desired conclusion.
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THEOREM 4. If g(t) is nondecreasing and satisfies (i) and f(t,y)
satisfies (ii)—(vii) of (12) and in addition

(16) f " ta(ndr = f Tt (n)dt = +o,

then if n is even each solution of (2), valid for large t, is oscillatory, while if
n is odd each solution of (2), valid for large t, is either oscillatory or it tends
monotonically to zero together wth its first n — 1 derivatives.

Proof. Suppose.x(t) is a nonoscillatory solution of (2), valid for

large t. Assume x(¢) is eventually positive. Thus x(¢#)>0 and
x(g(t))>0for t=T. From (2)

17) xO(t) =~ x(g(1)) = ~ a()P(x(g (1)) =0.

Thus by Lemma 1 x®~(¢) decreases to a nonnegative limit, so from (17)
we obtain

(18) x0s) 2 [ a(u)ex (g w))du

Suppose case I of Lemma 2 holds. Then an integration of (18) n —2
times from ¢ to « yields

1 - 2 [ e )

If n is even, integrating (19) from T to ¢t = T, we have

sz [ 1(—7'1)% a (u)®(x (g (u)))du.

Since ® is nondecreasing

e sxeye| | L——%‘-a(u)¢(x(g(u)))du] =1

If we now multiply (20) by

-1y D(x(g(1))
m-1 *Y) "o ()

and integrate from r to s we get, after a change of variable on the left
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Tdu o [Ty REEO)

O R A IR 1¢10)]
(1) e e
= k]' i(_nTTI)L' a(t)dt
where
R = [ GTE a0 (g@))du
and

f L—Tll)v— a(u)®(x(g(u))du.

Now if by an appropriate choice of r, we can make R = a, then the left

©

hand side of (21) is bounded above for all s > r, hence [ t"a(t)dt <.

0

If this is not possible then for all r=T

a > f Tl), =T (w)D(x (g (n)))du
= o(:(g(n) [ I awydu

and the result again follows.
If n is odd, then (19) becomes

@2) -ig = [T G G - a(u)®(x (g (u))du 2 0.

So x(t) decreases to a limit L 0. Suppose L >0. Then integrating
(22) from T to o,

#(T)>x(T)-L = L ﬁizf:%,— a(u)P(x (g (1)) du

;cb(L)f L——T-l)%l a(u)du,

using the monotonicity of ®. But this implies f t"a(t)dt <.
0

Now suppose that case II of Lemma 2 holds. Integrating (17) a
sufficient number of times we have
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) xeot) = [TUIE a0 (g (w))du
Since x%(t) increases to ®, j <n —k —1, there exists t;= T such that

x(t)>0 for t=t, j=0,---,n—k—1. Integrating (23) from ¢, to
t>t,

k() = f f (k 'a(u)fb(x(g(u)))duds

= [ OB g b g )
So

(24) x> [ (" 4 ) (g ()

Integrating (24) successively n — k —2 times from ¢, to ¢t we obtain

5) 20> [T i g)du

and integrating (25) from ¢, to t gives

x> ‘——%,— a (u)®(x (g (1)) du

Now the proof proceeds as in case I.

If x(t) is a solution of (2), valid for large ¢, such that x(t) <0 for
t = T, the proof is the same except a(t) and ®(u) are replaced respec-
tively by b(t) and (u), and the sense of appropriate inequalities are
changed. Q.E.D.

In the .next theorem, condition (vi) of (12) is changed so that
equation (2) includes the special case

x™+a(t)x=(g(t))=0, 0=sac<l,
the ratio of odd integers.
THEOREM 5. Let g(t) satisfy (i) and f(t, y) satisfy (ii}~(v) of (12). In

addition suppose f(t, y) satisfies (vii) there exist positive constants Ao, M, N
and constants 3, y, where 0= B <1, 0=y <1, such that
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O(Ay)= MAPD(y), y>0,
Y(Ay)=NA"Y(y), y <0, AZA,>0.

Then if
26) f (D8 (1)t = f (e (1) dt = + o,

each solution of (2), valid for large ¢, is oscillatory when n is even and is
either oscillatory or tends to zero with its first n — 1 derivative if n is odd.
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