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ON GENERALIZED NUMERICAL RANGES
S. M. PATEL

The Luecke’s class of operators T on a Hilbert space H for
which  ||(T —oI)'||=1/d(v, W(T)), vZCLW(T), where
CLW(T) is the closure of the numerical range W(T) of T, has
been generalized by using the concept of generalized numerical
ranges due to C. S. Lin. Also it has been shown that the notions
of generalized Minkowski distance functionals and generalized
numerical ranges arise in a natural way for elements of the
Calkin algebra.

Introduction. Throughout this note, by an operator, we mean a
bounded linear transformation of a Hilbert space H into itself. Let
B(H) be the Banach algebra of all operators on H and K (H), the closed
two sided ideal of compact operators in B(H). Let o(T), CLW(T),
r(T) and | W(T)| denote respectively the spectrum, the closure of the
numerical range W(T), the spectral radius and the numerical radius of an
operator T. Con S and Bdry S will denote respectively the convex hull
and the boundary of a subset S of the complex plane C. We write
d(v, S) to denote the distance of v from S.

Let T be the canonical image of T in the (Calkin) quotient algebra
B(H)/K(H). For T in B(H), the spectrum o(7T) and the numerical
range W,(T) of T will be called the essential spectrum and the essential
numerical range of T. We write r,(T) to denote the spectral radius of
T. Salinas [7, Lemma 2.2] has shown that r(T)=inf{r(T + K):
K € K(H)}.

Let C, be the class of operators with unitary p-dilation in the sense
of B. Sz-Nagy and C. Foias [5]. In [1], Holbrook has defined general-
ized Minkowski distance functionals w,(-) (0=p <) on B(H) as
w,(T)=inf{u: u >0 and u'T € C,}.

We list in the following theorem some of the properties of w,(-)
which we shall need in the sequel:

THEOREM A (Holbrook [1]). w,(-) has the following properties:

(1) w(T)<=;

(2) w,(T)>0 unless T =0, in fact, w,(T)=1/p|| T|;

3) w,(wT)=|v|w,(T) for v € C;

(4) The function w,(-) is a norm on B(H) whenever 0 <p =2;

(5) For each p>0 and T€EB(H), w,(T")=w,(T), k=
1,2,3,-

(6) w,(T) is a continuous and nonincreasing function of p;
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7)) r(T)=1lim,_.w,(T);

8) Kr(T)=w,(T)=K,|T|, where K, =1 or 2/p — 1 according as
pZlorp<l.
Using the concept of w,(-), C. S. Lin [3] has recently defined a new
concept of generalized numerical ranges W,(T) of T as

W, (T)=N{u:lu—v|=w,(T—vl), u, v EC}, 1=p<oo.

For a ready reference, we state some of the results about W,(T)
from [3].

THEOREM B [3]. W,(T) has the following properties:

1. W,(T) is a compact convex subset of C;

2. Cono(T)C W,(T) and W(T)= Cono(T);

3. W(cT+bl)=cW(T)+b, b,c € C;

4. WAT)D WLT) for p'>p; in particular, W(T) C CLW (T) for
1;

5.

%

p
WA(T)=CLW(T) for 1=p =2.

The object of this article is to pursue further the study of generalized
numerical ranges. In §1, we investigate the properties of those
operators T for which w,((T —vl)™")= 1/d(v, W,(T)) for all v& W,(T),
where « = 1. Also we introduce in §2, the notions of generalized
Minkowski distance functionals and generalized essential numerical
ranges for elements of the Calkin algebra.

1. In [4], Luecke defines a subclass # of convexoid operators as
follows:

R={T € B(H): |(T—vl)"||=1/d(v, W(T)) for all v& CLW(T)}.
Our first observation for such operators T is the following
THEOREM 1. T € R if and only if
(*) wo (T —ol)™") = 1/d (v, W,(T))
for all v& W(T), where a =1, p = 1.

Proof. Since T € R if and only if Bdry W(T) C o(T) [4], it follows
that for such operators 1/d(v, W(T))=1/d(v,o(T))=w, (T —vIl)") =
(T =oI)"|=1/d(v, W(T)) or w,(T—vI)")=1/d(v, W(T)) for all

vZ CLW(T), where a=1. Now the convexoidity of T implies
CLW(T)=Cona(T)C W,(T), and hence by Theorem B(4), CLW(T) =
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W(T) for all p=1. Thus w,(T—vol)")=1/d(v, W(T)) for all
v& W/(T), where a =1, p=1.

Author [6] has shown that a closed convex subset M of C contains
CLW(T) if and only if w,((T —vI)")=1/d(v, M) for all v& M, where
a = 1. Therefore if T satisfies (*), then CLW(T)C W,(T). But by
Theorem B(4), W,(T)C CLW(T), and so CLW(T)= W,(T). Thus (*)
reduces to w,((T—vI)")=1/d(v, W(T)) and hence [(T—vI)"'|=
1/d(v, W(T)) for all v& CLW(T). This shows that T € &.

Taking a clue from these conclusions, we generalize operators of
class # as follows

DEFINITION. Let @« =1, p=1. An operator T is said to be an
operator of class R, if for all v& W,(T), w,((T — vI)™") = 1/d (v, W(T)).

In view of Theorem B(4), (5), it is not difficult to see that R, C R,
whenever p <p'; in particular, # C R, for any p = 1. Moreover for
l=p=2, R=2R,.

We now characterize operators of class %, in the following theorem
which also shows that our definition of &, is, in fact, independent of a.

THEOREM 2. T € R, if and only if Bdry W(T)C o(T).

Proof. Suppose first that Bdry W(T)C o(T). Then for
vE& W(T), d(v,W(T))=d(v,0(T)) and hence 1/d(v, W(T))=
1/d(v,o(T))=w., (T —vI)") or TE R, On the other hand, if v €
Bdry W,(T), then we can find a sequence {v,} of complex numbers such
that v,—v and |v,—v|=d(v, W(T))>0 for n=1,2,3---.
Therefore if T € R, then w,((T — v,I)"')— < and hence v € o(T); thus
Bdry W(T)C o(T).

Following Lin [3], we call T to be a p-convexoid operator if
W, (T)=Cono(T). Let ¥, be the class of such operators. Then
¥, C 4, for p'>p and ¥, consists of all convexoid operators whenever
1 = p =2; in particular the class of convexoid operators is contained in %,
for all p = 1.

CoroLLARY 1. R, C ¥, and R, # <,

Proof. If TE€ R, then by Theorem 2, W (T)=cono(T). This
proves the first assertion. To prove the remaining assertion, it suffices to
take a convexoid operator T whose spectrum is finite but contains more
than one point. Then T € Y%, for all p=1. However, in view of
Theorem 2, T cannot be in any R,.

As observed earlier, the class 2 is contained in the class &, for
p = 1. Our next result shows that the class &, is indeed larger than the
class # for any p > 2.
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THEOREM 3. There exists a nonconvexoid operator which is of class
R, for any p >2.

Proof. Let A = [8 (1)] We claim that W, (A)# CLW(A), for

p>2. If not, then w,°o(A)=|W(A)| where w,°(A)=sup{A|[:
AE W, (A)}. Since w,(A)=w,°(A) and |[W(A)[=w,(A), we have
w,(A)=|W(A)|, which is not possible as w,(A)=1/p and | W(A)|=
1/2 [1]. Thus W,(A)# CLW(A) for any p >2.

Let N be a normal operator such that o(N)= W, (A). Clearly
1) r(N-vl)=w,(A—vI) forall veEC

Let T=N@A, then CLW(T)=Con{CLW(N)UCLW(A)}=
Con{Con o(N) UCLW(A)} = Con{W,(A)UCLW(A)} =CLW(A).
Thus
) CLW(T)=CLW(A).

Also o(T)=0o(N)Uco(A)= W,(A)Uo(A)= W,(A). Hence
3) Cona(T)= W,(A)=o(T).
Since W, (A)# CLW(A), it follows from (2) and (3) that CLW(T)

# Con o(T), which shows that T is nonconvexoid. On the other hand

WP(T): N {u: ,u—v‘éwp(T—vI)}

= N {u:|u—v|=max{w,(N —vl),w,(A — vl)}
[2, Theorem 4.1]

N {u:|u—v|=max{r(N —vl), w,(A —vl)}

v

Il

N {uzlu—v[=w(A-oD} (by (1))

So W,(T)= W,(A). This together with (3) implies that T € &,. This
completes the proof.

It has been established in [4] that the inverse of a nonsingular
operator of class R is not necessarily of class & To show that the
corresponding assertion for operators of class %, is also true, we prove
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THEOREM 4. There exists a nonsingular operator T in N R, such
that T"'& U R,.

Proof. Let W be the simple bilateral shift on H. Then T =1/2
W will be an operator on H@H such that o(T)={1/2}
U{v: |v|=1}, and CLW(T)={v:|v|=1}. Since Bdry W(T)C o(T),
TERCR, Now o(T")={}U{v:|v|=1}. Clearly 1+1/2i€
BdryCono(T™"). If T'€®R, then Bdry W(T')=BdryCono(T™)
Co(T"). Consequently, 1+1/2i € o(T™"), which is not true. Thus
T'& UR,.

2. In the Calkin algebra, the norm of T is defined by
[T|=inf{| T+ K|: K € K(H)}.

This provides us with a clue to introduce the concept of generalized
Minkowski distance functionals w,(-) on this algebra in the following
manner:

w,(T) = inf{w,(T + K); K € K(H)}.

Some of the properties of these functionals are just on the surface and
follow from those of w,(T) listed in Theorem A.

THEOREM 5. w,(-) defined on B(H)/K (H) has the following prop-
erties:

1) w(T)<o;

@ plT|=w(D):

3) Kr(T)=w,(T)=K,||T|, where K, =1 or 2/p — 1 according as
p=lorp<l;

@) w,(oT)=|v|w,(T) for v E C;

(5) w,(:) is a norm on B(H)/K(H), whenever 0 <p =2;

(6) w,(T) is continuous and nonincreasing function of p;

(7) lim,_.w,(T)=r.(T);

®8) w,(T")=w,(T) forn=1,2,3---.

Next we define the generalized essential numerical ranges w(T)
(pz1) of T as follows:

W(T)= N{u: |u—v|=w,(T—ol), uveC}
It is easy to show that W,(T)) is a compact convex subset of C. Since

w,(T)=w,(T), WAT)C W(T). Also by Theorem 4(6), W(T)2
W,(T) whenever p’ > p. Following the same argument that was used in
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the proof of Theorem B(3), one can show that W(cT +bI)=cW,(T)+ b,
b,ce C. The relation Cona(T)= N{u:|lu—-v|=
r.(T —vl), u,v € C}, along with Theorem 4(3), (7) gives Cona(T)C
WLT) and W.(T)= Cono(T). It isimmediate from the definition that
u € W(T) if and only if Iu —v|[=w,(T+ K —vl) for all v in C and for
K in K(H). Thus W, (T)= N W,(T + K), where the intersection is
taken over all K in K(H). In particular, W(T)= W/T)for 1 =p =2in
view of Theorem B(5) and [8, Theorem 9]. We summarize all these
conclusions in

THEOREM 6. W,(T)) has the following properties:

(1) (T) is a compact convex subset of C; A

2) WAT)C W(T) and for p'>p, WAT)C W,(T);

3 ,,(cT+ bI)—cW,,(T)+b b,c € C;

4) W(T) Cona(T)C W(T); i

(5) W (T)= N W(T+K); in particular W(T)= W(T) for 1=
p =2, and WP(T)= WAT) for all p = 1.

REMARK. In the light of the above theorem, it is natural to ask the
followmg question: Is it true that W, (T) is properly contained in W,,(T)
for p’>p? 1If T is convexoid (i.e. W(T) Con O'(T)) the answer is in
negative. This will follow easily from Theorem 5(4), (5). The question
still remains open in case T is nonconvexoid. However, in particular, if
p =2 then for a nonconvexoid T, there does exist p' > 2 such that W,(T)
is properly contained in (T) W(T); for if not, then W, (T)= W(T)
for all p >2 together with Theorem 5(4) would imply that Con a(T)=
W.(T)= W/T) and hence that T is convexoid.
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