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A REPRESENTATION OF ADDITIVE FUNCTIONALS
ON U-SPACES, 0 < p < l

JUDITH A. PALAGALLO

Mizel and Sundaresan have given an integral representation
for a class of nonlinear functional, called additive functional,
on the Banach spaces Lp, p ^ 1. In this paper, analogous results
for these additive functional on the spaces Lp, 0 < p < 1, are
presented. The convergence of additive functionals is also
investigated whenever three types of convergence are imposed on
the members of Lp: almost everywhere convergence, con-
vergence in measure, and convergence in the metric d, where

d(x, y) = I I x ~ y \pdμ. In all three cases an integral represen-

tation for the functional is obtained, and necessary and sufficient

conditions are given for the continuity of the functional.

Introduction. A topological vector space is an F-space if its
topology is induced by a complete invariant metric. This definition
corresponds to that of Rudin [16] and does not assume local
convexity. In fact, if (Γ, β, μ) is a finite measure space, LF =

I x: I I x \pdμ < °° |, with the metric d(x, y) = I | x - y \pdμ for 0 < p <

1, is an example of an F-space which is not locally convex. Hence, on LF
there need be no continuous linear functionals. It is known (cf. [3]) that
(Lp)* separates the elements of Lp if, and only if, μ is atomic. However,
even in this situation, LF is not locally convex.

Recall that if (T, β, μ) is a σ-finite measure space, then T - A UN,
where A is atomic and N is nonatomic. Since there are no continuous
linear functionals supported on N, it is natural to ask what types of
functionals do exist on N. This has led to an investigation of nonlinear
functionals. Representations of nonlinear functionals on various
Banach spaces have been extensively studied (cf. 1, 2, 5, 6, 8, 9, 10,11,12,
17, 18, 19). In particular, Martin and Mizel [8] have given an integral
representation for a class of nonlinear functionals, called additive
functionals. A functional F is additive if it has the following properties:

(1) F is additive on functions of disjoint support: F(x + y) =
F(JC)+ F(y), provided the intersection of the supports of x and y is of
measure zero;

(2) F is statistical: If x and y are two real-valued functions on T
which are equimeasurable, then F(x) = F(y). Two real-valued func-
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tions x and y on T are said to be equimeasurable if for every Borel set S
on (-00, °°), x~1(5)and y'\S) are measurable and have equal measure.

The major result in [8] is the following theorem which is also basic to
this development:

THEOREM A. Let (T, μ) be a nonatomic measure space of finite
measure, μ7V0. Let IT denote the set of all essentially bounded,
real-valued measurable functions on T, and F a finite, real-valued,
additive functional on LT. Then there exists a unique continuous real-
valued function f on (— oo, oo) for which /(0) = 0 and

F(x)= ί f(x(t))dμ(t),

for all x in IΛ

If T is discrete and x E Γ{T), then F(x) has the representation

F(x) = Σ f6Γ/(x(O)μ(O-
A similar integral representation has been given by Mizel and

Sundaresan [11] for additive functionals on the Banach spaces Lp,
p ^ 1. We are concerned with obtaining an analogous result for the
spaces Lp, 0<p <1. To this end we study the convergence of the
additive functional F whenever three types of convergence are imposed
on the members of Lp: almost everywhere convergence, convergence in
measure, and convergence in the metric d, where d(x, y) =

\χ-y\pdμ. In all three cases we give necessary and sufficient
T

conditions for the continuity of F and obtain the integral representation
for F.

The discussion is divided into two main parts: the finite case where
μT<oc and the σ-finite case where μT = oo.

1. The finite non-atomic case. On the spaces LP(T), 0<
p < 1, we define a function d by

\x{t)-y{t)\pdμ{t).

The function d is a complete, invariant metric on LF(T), when μT <
oo. [4]

The principal result of this section is Theorem 1.1 which gives
necessary and sufficient conditions for an additive functional F on Lp to
be continuous with respect to the metric d; that is, d(xn, jt)—>0 implies
F(xn)-*F(x).
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Before stating Theorem 1.1, we recall three lemmas that are used in
the proof of the theorem. The first is the Vitali convergence theorem [4,
p. 150] for p = 1.

LEMMA 1.1 Let (T, μ) be a measure space and {/„} be a sequence of
functions in V(T) converging almost everywhere to a function f Then

f G V(T) and \fn - f\λ = I \fn-f\dμ converges to zero if and only if for

each e > 0 there exists a δ > 0 such that if E is a measurable subset of T

and μE < δ, then I \fn\dμ<e for all n ^ 1.
J E

LEMMA 1.2. // T is a measure space, then the simple functions in
LP(T) are dense in LF(T) with respect to the metric d: given e > 0 and
x G LP(T), there exists a simple function φ such that d(x, φ)< e.

LEMMA 1.3. If there is a sequence {xn} in LP(T) such that d(xn,x)
converges to zero, then for each e > 0 there exists a 8 > 0 such that if

μE < δ, then I | xn \
pdμ < e for all n ^ 1.

THEOREM 1.1. Let (T,μ) be a nonatomic finite measure space,
μT>0. Let F be an additive functional on Lp. Then F satisfies the
continuity condition

if and only if there exists a continuous function f: R—>R such that /(0)
= 0 and | / ( r ) | ^ / c ( l + | r | ) p for all r G R and some k ^ 0 , and F(x) =

L (f oχ)dμ for all x in Lp.

Proof. To establish necessity, suppose that F is continuous on
Lp. Then the restriction Fx of F to L00 is an additive functional on
L00. Thus by Theorem A there exists a unique continuous function

f:R-^R such that /(0) = 0 and F 1 ( jc)=f f(x(t))dμ, for all x in

L00. We claim that / satisfies the condition | / ( r ) | g fc(l + \r\)p for all
r G R. Suppose not. Then there exists a sequence {rn} in R such that
\f(rn)\ ^ n(l + \rn \)p. Let {En} be a sequence of measurable sets in T
such that μEn *= (l\ |/(r n ) |)μΓ. Then
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d{rnχEn, 0) = f I rnχEn \pdμ = ί \rn \
pdμ = | rn \pμEn

JT jEn

xoI_rkl uα + kiπ

as n —» «>. However,

F(rnχEn)= (f°rnXEn)dμ = f(rn)μEn = ±
JT

This contradicts the continuity of F Hence / must satisfy the desired

condition.

Next we need to verify that the functional F has the given

representation. First we show that f°x is in V if x G Lf. We know

that | / ( r ) | ^ fc(l + | r | ) p for all r G 1? and some k ^ 0 . Choose K>k so

that (K 1 / p - fc1/p)^ 1 and set c = fc1/p(X1/p - fc1/p). Whenever \r\>c,

(Kυp-kυp)\r\>kllp,

Kυp\r\>kι/p(l + \r\),

a n d t h u s K\r\p ^ fc(l + | r | ) p ^ | / ( r ) | . L e t A x = { t £ T: \ x ( t ) \ < c } a n d

A 2 = T- A λ . F o r ί E A j , | / ( j c ( ί ) ) l = k { l + \ x { t ) \ ) p ^ fc(l + c ) p , s o f°x

i s b o u n d e d o n A ! a n d

r

J A ! ""

Also, If(xχA2)\ = K\xχA2\
p so

I f(xχA2) \dμ^κ\ I xχM \pdμ < oo

since xχM G Lp. Thus

Γ Γ
Jr JAI

= L |/o

a n d f°x is i n L 1 .

A2
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Now let x be in Lp. By Lemma 1.2 the simple functions are dense in
ZΛ Thus there exists a sequence {jcn} of simple functions such that
d(xny x) converges to zero. Then there is a subsequence {xn]} such that
xn] converges to x almost everywhere. Thus we could have chosen the
sequence {xn} of simple functions so that it converged to x in the metric d
and almost everywhere. Since the functions xn are simple, they are in
L00. Also F is continuous, so

{f°xn)dμ.

We must show that lim I (/°jtn)dμ = (foχ)dμ or that f(xn) con-

verges to f(x) in L1. By Lemma 1.1 it suffices to show that for each e > 0

there exists a δ > 0 such that if μE < δ, then I | f(xn) | dμ < e for all n.
JE

Since / is continuous and xn converges to x almost everywhere, f(xn)
converges to f(x) almost everywhere. Also there exist constants c and
K such that \f(t)\^K\t\p whenever | ί | > c . Let Kx = sup{|/(ί)|: | ί | g
c}. The sequence {xn} of simple functions is in Lp. By Lemma 1.3, for

e > 0 there exists a δλ > 0 such that if μE < δu then \xn\
pdμ < e/2K

JE

for all n^\. Given 6 >0, choose δ <mm(δue/2Kι). Then with
μE<δ,

ί \f(xn)\dμ=\ \f(Xn)\dμ+f \f{Xn)\dμ
JE jED{t:\xn(t)\^c} JEΠ{f\χn(t)\>c}

for all n ̂  1. Thus, by Lemma 1.1, f(xn) converges to f(x) in L1; so

=j f(x)dμ.
Conversely, if /: R —> R is a continuous function satisfying /(0) = 0

and I /(r) I ^ fc (1 + I r \)p for all r G R and some k ^ 0, then the functional

F(x)= I f(x)dμ is well-defined and additive on LP(T). Let {xn} be
JT

any sequence in LP(T) such that d(xn,x) converges to zero as
n -> oo. Then xn converges in measure to x that is, given δ > 0 there
exists an integer N such that for n^N, μ{t: \xn(t)~ x(t)\ ^ δ}<
δ. Since / is a continuous function, it must follow that f(xn) converges to
f(x) in measure. By hypothesis, j/(jcn)| ^ fc(l + | JCΠ |)

p, so
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ί \f(xn)\dμ^kί (l + \xH\γdμ^kμT+kί \xn\
pdμ<™

JT JT JT

since μT < oo and xn G LP(T). Thus f(xn) is in L\T). If the functions
{f(Xn)} have equiabsolutely continuous integrals, then

limn_+oo I f(xn)dμ = I f{x)dμ [14, p. 152]. Now assume for any

measurable set E C T that μE < δ. Then

xn\
p)dμ.

By Lemma 1.3, for each e > 0 there exists a δ > 0 such that whenever

μ £ < δ , f \xn\
pdμ <e. Thus

JE

<k-δ + k •€

and the functions {/(*„)} have equiabsolutely continuous
integrals. Therefore,

O = lim ί f(xn)dμ = ί f(x)dμ = F(x).
n->π J τ JT

In Theorem 1.2 we examine the convergence of F(xn) when the
sequence {JCΠ} in Lp converges to x almost everywhere.

THEOREM 1.2. Let (T, μ) be a nonatomic finite measure space,
μ7V 0, and let F be an additive functional on U (T). Then F satisfies the
continuity condition

xn converges to x almost everywhere Φ F(xn) converges to F(x)

if and only if there exists a continuous function f: R-* R such that

/(0) = 0, / is bounded, and F(x) = j (f°x)dμ, for all x in Lp.

Proof Let / be as described and consider F: LP(T)-^ R defined by

If {xn} is a sequence in IS and x E Lp such that xn converges to x almost
everywhere, then f(xn) converges to f(x) almost everywhere since / is
continuous. Then, since / is bounded, we can apply the bounded
convergence theorem and get that
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F(X)= ί (f°x)dμ= I \im(foχn)dμ
JT JT

= lim (foχn)dμ= lim F(xn).
JT

Conversely, suppose F is an additive functional satisfying the
continuity requirement. If, as in Theorem 1.1, we let Fι = F\L"(T),
then Ft is an additive functional on L°°. Thus by Theorem A there exists
a unique continuous function /: JR -» R such that /(0) = 0 and for all x in

L00, F(x)= (foχ)dμ. Next we need that / is bounded. Suppose
JT

not. Then there exists a sequence {rn} of real numbers such that | rn | —> oo
and 1 ̂ 1/(^)1-> oo. Since T is nonatomic, there exists a sequence of
measurable sets {En} such that μEn = μT/\f(rn)\. Then μ£ n -»0 as
n -> oo. Let xn = rnχEn. For each n, xn E Lp and there is a subsequence
{jcnj such that xnk—»0 almost everywhere. But JcΠfc is a bounded
measurable function, and, therefore we can write

f(r.,)dβ

Thus we have that F(xn) does not approach zero even though xn^
converges to zero almost everywhere. We have reached a contradic-
tion, so the / must be bounded.

Now let x be any function in Lp. Then by Lemma 1.2 there exists a
sequence {φn} of simple functions such that d(x,φn) converges to
zero. Hence there is a subsequence {φnj such that φn converges to x
almost everywhere. By the continuity condition on F, F(φn) converges
to F(x). Since / is continuous f(φnj converges to f(x) almost
everywhere. Finally, since / is bounded, f°x is in V and we can apply
the bounded convergence theorem to get

(foφn)dμ= lim

In Theorem 1.3 the sequence {xn} in Lp converges in measure to
Jt. The results are analogous to those in the previous theorem, and, in
fact, the necessity condition follows directly from Theorem 1.2 [cf. 19].

THEOREM 1.3. Let (T, μ) be a nonatomic finite measure space and
let F be an additive functional on U. Then F satisfies the continuity
condition
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xn-^x in measure φ F(xn)-+ F(x)

if and only if there exists a continuous function /: i? —> JR such that

/(0) = 0, / is bounded, and F(x)= I (f°x)dμ, for all x E V.
JT

Proof On a finite measure space, almost everywhere convergence
implies convergence in measure; that is, if xn —> x almost everywhere,
then for e > 0 there exists an integer N such that for n ^ N,
μ{t: \xn(t)- x(t)\ ^ e}< e. Hence if the given continuity condition
holds for F, then xn —> x almost everywhere implies that F(xn) converges
to F(x). Hence we can apply Theorem 1.1 and conclude that there
exists a continuous function f: R^> R satisfying the stated conditions.

Conversely, suppose / exists as described and there is a sequence
{jcn} in Lp such that xn -> x in measure. We must show that

(f°xn)dμ=F(xn) converges to F(x)= \ (f°x)dμ. Since / is
JT JT

bounded and μT < oo? f(χn) and f(x) are in V. Since x G Lp,

μ{t: |jc(ί)|>Λf}->0 as JV-^oo.

We will choose δ < 1 and partition T into three sets as follows:
^N a n d \xn(t)- x(t)\ < δ}9

A2 = {t: \x(t)\>N a n d \xn(t)-x(t)\< δ}, a n d

A3 = {t:\xn(t)-χ(t)\^δ}.

For 6 > 0 choose N such that 2||/||μA2 < e/3, where ||/|| = sup ί eΓ |/(ί) | .

The function / is continuous and thus is uniformly continuous on
[ - (N + 1), N + 1]; so there exists δ' such that if s, t are in the interval
[ - ( N + 1 ) , N + 1 ] and | s - ί | < δ ' , then \f(s)-f(t)\ < e/3μT. Since xn

converges to x in measure, there exists n0 such that for n > n0, μA3<
e/6||/||. So for n > n0 and δ < δ', we have

F(xn)\^( \f(x)-f(xn)\dμ=ί \f{x)-f(xn)\dμ
JT JAI

( \f(x)-f(xn)\dμ+ί \f(x)-f(xn)\dμ
JA2 JA3

So F(xn) converges to F(x).
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2. The σ~ -finite nonatomic case. In this section we con-
sider additive functionals on LP(T) where (T, μ) is a σ-finite measure
space: T= UΓ=i Tn Γ ι n η = 0 f o r ιY/, and μT = oo but μTi«» for every
/. The results in Theorems 2.2 and 2.3 are similar to those for a space of
finite measure. The next theorem, however, is quite different from its
analogue given in Theorem 1.2.

THEOREM 2.1. Let (T, μ) be a nonatomic σ-finite measure space,
μT = oo. Let F be an additive functional on IΛ Then F satisfies the
continuity condition

xn->x almost everywhere => F(xn)—>F(x)

if and only if F = 0.

Proof Let xx be an element of Lp which is nonzero and has finite
support: x{ = JcγΛl, where μAλ < oo. Since μT = oo and Γ is nonatomic,
we can construct a sequence {xn} of functions in Lp in the following way:
Let {Λn}ngl be a sequence of pairwise disjoint measurable sets with
μAx = μAn, for n = 2, 3, •; then (cf. [11, p. 108]) let xn = xnχAn in such a
way that xn and xx are equimeasurable functions. Since xλ has finite
support, the sequence {xn} must converge to zero almost
everywhere. The functions are equimeasurable, so F(xλ) = F(xn) =
0. But X! is an arbitrary function with finite support. So for any
function x in U with finite support, F(x) = 0. Let / be any function in
Lp. Then there exists a sequence of functions {/„} with finite support
such that /„ converges to / almost everywhere. By hypothesis, F(fn)
converges to F(f). Hence F(f) = 0.

THEOREM 2.2. Let (T,μ) be a nonatomic σ-finite measure space,
μj1 = oo. Let F be an additive functional on U. Then F satisfies the
continuity condition

xn—>x in measure => F(xn)—>F(x)

if and only if there exists a continuous function f: R-> R such that
/([ - h, h]) = 0 for some h > 0, / is bounded, and

j τ (foχ)dμ,

for all x in U.

Proof. Suppose that F is an additive functional satisfying the given
continuity condition. Let B be any measurable set in T with 0 < μB <
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α>, let μB be the restriction of μ to the set B, and let y' = yχB where
y ELp(T,μ). Define a functional FB on If(T, μB) by

Note that Fβ is a well-defined, additive functional on (T,μB) and FB

satisfies the same continuity condition as F. Thus we can apply
Theorem 1.3 to FB. There exists a continuous function /: R-* R such

that /(0) = 0, / is bounded, and F B (y)=f (f°y)dμ, for all

yeif(T,μB).
We claim that / is independent of the choice of B. Suppose C is

another measurable set in T such that 0 < μC < μB and g is the
representing function for F c . Then, since Tis nonatomic, there is a set
BiCB such that μBλ = μC and, therefore, rχBl and rχc are equimeasur-
able for all r e R. Then

( 0 = ί (f*r)dμ= I (gor)dμ=Fc(r).
JBI JC

Or, f{r)μBx = g(r)μC. Then f(r) = g(r), for all r E i?, since μ^! = μC.
Now let JC be a member of LP(T, μ) such that if A = support of JC,

then μA < oo. By the result of the preceding paragraphs, we can write

F(JC) = F A (JC)= ί (foχ)dμ = ί (foχ)dμ.
JA JT

We need to verify that / ( [ - ft, ft]) = 0 for some ft >0. Suppose
not. Then there is a sequence {en} converging to zero such that f(en)^ 0
for all n. Since T is nonatomic, we can find a sequence of pairwise
disjoint measurable sets {An}™=λ with 0 < μAx = μA2 = < °°.

For any integer m,

m

X U A,)= £

The function hn = 6n/γ UΓ=i A, has finite support, so

F(hn) = mF(enχM) = m (foenχAl)dμ = m
JAI

Select m so that |F( f t n ) |^ l . We note that a sequence {ftj so con-
structed converges in measure to zero as en -»0, but |F(jcn)| S 1. This
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contradicts the continuity condition on F. Thus there exists ft > 0 such
that /([-Λ,fc]) = 0.

Now let x be an arbitrary function in ZΛ Let Ec = {t E T: | jt(f )| =
C) and let xn = xχEυn- Then xn—>x in measure and μ(supportxn) =
μEι/n < oo. So

F(x) = lim F(xn) = lim J (f<>χn)dμ = lim J (/ ° xχEl/M ) Φ

If l/n<ft, then f °xχEυn(t) = f°x(*) i f ί E £i/n and 0 elsewhere. So

Conversely, assume /: R—>R is continuous, / is bounded, and
/([ - h, h]) = 0 for some h > 0. If x is in Lp, then for each integer m,

: \x(t)\^llm}<oo. It 1/m <h, then f o χ = foXχEυm a n d

f | / o χ μ μ = ί \foχχEvm\dμ=\
JT JT jEi,m

since μEι/m < oo and / is bounded. So f°x is in I λ Thus F(x) is
well-defined and additive. Suppose {xn} is a sequence in 1/ such that
xn-> x in measure. Then given e > 0 there exists an integer N such
that, for n^N, μ{t: \xn(t)- x(t)\ ^ β}< 6. Furthermore,
μ,{f: I xn*E1/m(0 - X^E1/M(01 = *} < e, so xnχEϊ/m -> X^E1/W. in measure. Since
/([-/z, ft]) = 0, /(0) = 0. If we choose 1/m </t/2, then we can apply
Theorem 1.3 and

ί (f°XnXEυm)dμ = I <joχn)dμ-*\ (foχ)dμ
J JEl/m JEym

= \ (fo*XE1/m)dμ= \ (foχ)dμ.
JT JT

Let Am={t:\x(t)\< 1/m }= T- Eι/m. We must verify that

(f°XnXAm)dμ - ^ O a s n - ^ o o .I

Since xn —> x in measure, xnχAm ~* *XAm in measure. The support of
f°xnχAm is contained in Q h = {t E A m : |jcn(ί)| ^ ft}, and μ C ^ - ^ 0 as
n-> oo because Q h C{ί: | x n ( ί ) - jc(ί)| ^ ft/2}. Thus

ί (/ ° *nXAm )dμ = f (/ o x ^ ) φ -> 0,

since / is bounded and μ C ^ - > 0 . Therefore, we have
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F(x«)= ί (f°Xn)dμ=f (f°XnXEίlm)+ \ (f°xnχAm)dμ
JT JT JT

->£ (foχ)dμ=F(x).

THEOREM 2.3. Let (T, μ) be a nonatomic σ-finite measure space,
μT = oo. Let F be an additive functional on Lp. Then F satisfies the
continuity condition

A(X vΛ->Π -=> Fix )-+F(x)

if and only if there exists a continuous function f: R—>R such that
/(0) = 0, \f(r)\ ^ k\r\" for all r G R and some k^O, and

F(x)= ί (foχ)dμ,

JT

for all x in ίΛ

Proof Suppose F is an additive functional satisfying the given
continuity condition. As in Theorem 2.2, we let B be any measurable
set in T with 0 < μB < 00 and define a corresponding additive functional
FB satisfying the continuity condition. Then we can apply Theorem 1.1
to the functional FB and obtain a continuous function /: R —> JR such that
/(0) = 0, I f(r) I ^ k (1 + I r \)p for all r 6Ξ R and some k ^ 0, and

FB(y)= f
JB

for all y GLP(Γ, μB). We want to show that / satisfies the condition
p, or that

1441 <».sup
r->0

sup
I

Suppose not. Then there exists a sequence {en} such that en—»0 and
|/(en) | > n I en \

p. Let {An} be a sequence of measurable sets in T with
μAn = 1/|/(€Λ)|. The functions hn = enχAn are in U and converge to
zero in d, since

d(hn, 0) = ί \hn \
pdμ = ί I enχAn \pdμ = ί I €n \

pdμ = | 6n \pμAn
JT JT jAn

i/y «•

F(hH) = FAn{enχAn) = (/ o € n ^ n ) dμ = f{en) ^ d / i

n = ± 1 .
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This contradicts the continuity of FAn, so we must have that

sut
- o \r\"

Next let x be any function LP. As in Theorem 2.2, let Ec =
{t E X: Ix(t)\ ^ C}. Define a sequence {xn} by xn = xχEυn then

d ( x w j c ) = | | x - x n | p d μ = f Ix — JC ĴB^ |pd/x = I \x\pdμ->0
JT JT J{t:\x(t)\<l/n}

as n -» oo? x E Lp. Then there is a subsequence of {xn} which converges
to x almost everywhere. Let us consider only the subsequence which
we call {xn}. Since / is continuous and xn converges to x almost
everywhere, f(xn) converges to f{x) almost everywhere. For all f,
\ x n ( t ) \ ^ \ x { t ) \ . H e n c e \ f ( x n ) \ ^ k \ x n \ p ^ k \ x \ p . B y t h e L e b e s g u e
Convergence Theorem [15, p. 88],

i ϊίS Eυn(Xn) = lim J^ (/oxχEl/n)dμ

= lim (f°Xn)dμ = lim (f°xn)dμ = f(x)dμ,
n-*χ> Jτ Jτ n^cc Jτ

for all x in IΛ

To prove the converse we need to show that F(x)= (f°x)dμ,

with / as described, satisfies the desired continuity condition. The proof
that F is an additive functional is standard. Let {xn} be a sequence in Lp

such that d(xn, x) converges to zero. Then xn converges to x in
measure; that is, given δ > 0 there exists an integer N such that for
n^JVj μ{t: \xn(t)- x(t)\ = δ}< δ. Since / is a continuous function, it
must follow that f(xn) converges to f(x) in measure. By hypothesis,
|/(xn)| ^ k Ixn \p, so f(xn) is in V since xn is in ZΛ If the functions of the
sequence {/(*„)} have equiabsolutely continuous integrals, then

lim f f(xn)dμ = f f(x)dμ
n->oo Jτ Jτ

[14, p. 152]. Now assume for any measurable set E CT that μE <
δ. Then

pdμ.
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By Lemma 1.3, for each e > 0 there exists a δ > 0 such that whenever

< k e and the functionsμE < δ, \xn

 pdμ < e. Thus f(xn)dμ
JE I JE

{f(xn)} have equiabsolutely continuous integrals. Therefore,

lim F(xn) = lim f /(xjdμ = f /(x)dμ, = F(x).
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