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UNBOUNDED COMPLETELY POSITIVE LINEAR
MAPS ON C*-ALGEBRAS

DAVID E. EVANS

We define unbounded, completely positive, operator valued
linear maps on C*-algebras, and investigate their natural order
structure. Following F. Combes, J. Math. Pure et Appl., we
study the quasi equivalence, equivalence and type of the
Stinespring representations associated with unbounded com-
pletely positive maps. Following A. van Daele, Pacific J. Math.,
we study an unbounded completely positive map a with dense
domain which is invariant under a group G of ^-automorphisms
and construct a G-invariant projection map φ' of the set 3F of
continuous completely positive maps dominated by α, onto the
set 3P0 of G -invariant elements of ^ 0 . This is used to derive
various properties of the upper envelope of 2FQ.

1. Introduction. We investigate the structure of un-
bounded completely positive linear maps on a C*-algebra A. Our work
generalises that of Combes [3] and van Daele [15] from scalar valued
weights to operator valued ones. Haagerup [9] has also introduced a
notion of an operator valued weight, which can be described as an
unbounded conditional expectation. We note that an operator valued
weight in the sense of Haagerup is automatically completely positive by
an extension of [9, Lemma 4.5].

Recently, various authors [10, 11, 12, 13] with different applications
in mind, have considered Stinespring-like constructions for certain
positive definite operator-valued functions on involutive algebras. Rieffel
[13] generalised the notion of a conditional expectation on C*-algebras,
and used their Stinespring representations to formulate a theory of
induced representations of C*-algebras. In [11, 12] Powers defined an
unbounded ^representation of an involutive algebra, and obtained a
Stinespring-decomposition with an unbounded ^representation for a
completely positive linear map on a *-algebra with identity. Paschke
[10] has also studied completely positive maps on *-algebras, and
obtained the Stinespring decomposition for such a map on a unital
*-algebra which is linearly spanned by its unitaries.

In §2 we construct the Stinespring representation for an unbounded
completely positive linear map a on A, and begin an analysis of the
natural order structure for such maps. In particular we study the family
8F of bounded, completely positive, linear maps majorised by a. In §3,
when a has dense domain, we are concerned with the construction of a
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largest operator valued weight a0 majorised by α, and with the property
that it is the upper envelope of continuous completely positive linear
maps. The fourth section deals with the quasi-equivalence, equivalence
and type of the Stinespring representation associated with operator
valued weights, whilst in §5 we see how this study carries over to the
enveloping von Neumann algebra. We then study in §6 an unbounded
completely positive linear map a with dense domain which is left
invariant by a group G of *-automorphisms of A, parallel to [15] for
scalar valued weights. We construct a G-invariant projection map φ' of
the set 3* of continuous completely positive linear maps dominated by α,
onto the set 2FQ of G-invariant elements of 9*. This is used to derive
various properties of the upper envelope of &0.

We have left Hahn-Banach type considerations as in [3, Lemma 1.5]
for further study.

H will always denote a hilbert space, B(H) the W*-algebra of all
bounded linear maps on H, and T(H) its predual, the Banach space of all
trace class operators on H.

2. The order structure for unbounded completely
posit ive l inear m a p s . We first define an unbounded completely
positive map on a C*-algebra, which we wish to regard as an operator
valued weight.

Let A be a C*-algebra. If S is any subset of A, we denote S Π Λ +

by S+. We recall that a face of A + is a convex hereditary subcone of A +,
where a subset 5 of A + is said to be hereditary i f O ^ x ^ y , y E S , J C E A

implies that x E S. If F is a face of A +, then lin F is a *-subalgebra TO of
A, and TO+ = F. The set {JC E A : x*x E F} = L(F) is a left ideal of A
such that TO = L(F)*L(F). A subalgebra TO of A such that TO = lin TO+

and TO+ is a face of A +, is said to be a facial subalgebra of A. For details
on these matters see [4, 6].

It is convenient to introduce some more notation. We let Mn

denote the C*-algebra of all n x n matrices over the complex
numbers. If S is a subset of a C*-algebra A, let Sn, for each n ̂  1,
denote the subset of A 0 Mn consisting of all n x n matrices over S i.e.

Sn = {[a,]: aιf (Ξ S, ί^ij^n}.

If a is a linear map with domain Wl = Wla on a C*-algebra A into
another C*-algebra JB, let an be the induced linear map with domain Wn,
by applying a elementwise to each matrix over TO. We then say that a
is completely positive if

i) TO is a facial-subalgebra of A.
ii) Given any n ̂  1, αf-G 9?α = L(3Kβ) for i = l,2, -- ,n then

α n[α*α ;] = [ α ( α * α ; ) ] ^ O i n Bn.
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We denote by φ ( A , B) all (possibly unbounded) completely positive
linear maps from the C*-algebra A into B. We let cp(A H) denote
cp(A,B(H)). As usual, [1], CP(A H) denotes the everywhere de-
fined, completely positive (CP) linear maps from A into B(H), i.e.
{aecp(A;H):3Ra=A}.

We are grateful to M. D. Choi [2] for providing us with a proof of the
first part of the following proposition. We give an alternative proof
which allows us to deduce the second part simultaneously.

PROPOSITION 2.1. Let Abe a C*-algebra and 20? a facial subalgebra
of A. Then for each n in N, Έtn is a facial subalgebra of Am and

Proof. Suppose a = [a,,] G A +

n, and b = [bv]e. Wn with αSf t . Then
a = x*x, where JC G An. Thus atj = Σ λ x*, xt/, and for each k,

Hence O^^*,jckl ^ bih which shows that xkι E 9? for each pair (/c, /), i.e.
x G 91 m and a E Wln.

This leads to the following characterisation:

PROPOSITION 2.2. Let A, B be C*-algebras, and a a linear map with
domain Wl = $D?α C A into B. Then a is completely positive iff an maps
(S)ϊαn)

+ into (Bn)
+ for all n, i.e. an is positive for all n.

Proof Suppose J C E ( 3 K , ) + . Then x = xh\ where x'GL(3Jln) =
L0SJt)n. Hence x is a finite sum of at most n terms of the form [α*αj
where ax E L (2TC) = 9?β.

Note that if a is as in the above proposition, then (an)m =
anm. Thus a is completely positive iff an is completely positive for all n.

REMARK 2.3. We now show how operator valued maps on facial
subalgebras of C*-aIgebras naturally arise. Consider the following
definition of Haagerup:

DEFINITION 2.4. [9]. Let M be a von Neumann algebra and M*
its predual. The extended positive part of M is defined as the set of
functions m : Ml —> [0, oo) satisfying

1) m(λφ) = λm(φ), Vφ ^M%, λ ̂  0.
2) m(φ + ψ)= m(φ)+m(ψ), Vφ, ψ<ΞM%.
3) m is lower semicontinuous.

The extended positive part of M is denoted M+. Note that each x in M+
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defines an element in M+ by φ»-»<p(x), φ E Λf J. Hence we can regard
M + as a subset of M+.

Let A be a C*-algebra, M a von Neumann algebra and β an
additive, positive homogeneous map from A+ into M+; i.e.

(1) β(x + y) = β(x) + β(y\ Vx, y E A +

(2) j8(λx) = λj8(*), V i E Λ + , A ^ 0.
Then 3ft+ = {x E A + : /3(x)EM+}is a face in A + , and hence is the positive
part of a facial subalgebra S3? in A. /3|M+ then has a unique linear
extension to 2ft, which we denote by β. We then say that β is
completely positive if β is completely positive.

Conversely, suppose 2ft is a facial subalgebra of A, and α a linear
map with domain 2ft into M, satisfying α(2ft + )CM + . Then a\m+ can
certainly be extended in at least one way into an additive, positive
homogeneous map β from A + into M+ as follows:
If xEA+\2ft+, φ<EMt, φ ^ O , define ά = β by

It is then clear that β = a.
However if H is a hilbert space, and M = B{H), the cases H = C

and H^ C are strikingly different. When H = C, the map φ ι-> (2ftφ, φ)
gives a bijection between the family of [0,o°] valued weights on A+, and
the family of pairs (2ft, r ) where 2ft is a facial subalgebra of A and r a
positive linear functional on 2ft. But if H/ C, and 2ft a facial subalgebra
of A, with a a positive linear map of 2ft into B(H), then by considering
simple examples, (e.g. direct sums of scalar valued weights), a\m+ may
have more than one extension to an additive positive homogeneous map
from A + into B(H)n

+J even if a is completely positive and 2ft is norm
dense in A.

Having made these preliminary remarks, we now sketch our con-
struction of the Stinespring representation. Let A be a C*-algebra, and
a<Ξcp(A; H). Define 9?α = L.(2ftα). We define a bilinear form ( , )
on the algebraic tensor product %laQ H as follows:
If xh yy E 5ftα, yh 17, E H, i = 1, , m j = 1, , n put

Σ χi ® Ύh Σ yy eg)
' j

This bilinear form is positive semidefinite as a is completely
positive. For each x in A, define a linear transformation τro(x) on
$laΘH by
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Then 7r0 is an algebra homomorphism for which

(TΓO(JC)M, υ) = <iι, 77o(x*)υ) VU, υ(Ξ9laQH.

Now suppose w = Σ jt/ (g) % E 9ϊα Θ H, where JC, E 9?α, γ, E Jί, / =
1, , n, and xGA. Define y, = [||x||2- x*x]*xt for i = 1, , n. Since a
is completely positive, we have

This means that

Let Nα = {u G 9ία Θ fί: (u, u) = 0}. Then Na is a linear subspace of
S? β 0H, invariant under πo(x) for each x in Λ. ( , ) determines an
inner product on %la Θ H/Nm and let £ϊα be its hilbert space
completion. If Aa: $laQ H^> NaQ H/Na denotes the canonical pro-
jection, there exists an unique representation ττα of A on £ία such that

πa(x)Aay (g) γ = Λαxy (g) γ VJC E A, y E 9?α, γ E H.

Moreover

g ) ( 7 ) Vx<ΞA, y, z E 9ϊβ, y,τ)GK

If α E φ ( Λ ; H), we will use as standard notation the objects 9?α, JVα, Λα,
5ία, πα constructed above.

We define a partial ordering > on the cone cp(A H), by α > β,
a,βEcp(A;H) if

(1) 2Bβc2«,.
(2) The linear map α - β with domain 2ftα lies in cp(A H).
With this order structure on cp(A\H) we can show the following

theorem, which generalises [15, Lemma 2.3] for scalar valued weights,
and [1] for bounded completely positive maps on C*-algebras. It gives
one side of a Radon Nikodym story. As we shall see in §6, the converse
is trickier.

THEOREM 2.5. Let A be a C*-algebra and α, β E cp(A H) such
that β < a. The identity map on $la defines on passing to the quotient a
continuous linear map λ from A α 9? α 0H onto Aβ^la Θ H, which extends
to a linear continuous map λ from ®a into ®β. IfT = λ*λ and λ = WT*
is the polar decomposition of A, then:
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(i) T is an operator in the commutant πa(A)r of πa(A) satisfying
O^T^ί and

(β(y*x)Ύ,η) = (TAa(x®y),Aa(y ®η)) Vx, y EWa, y, η E H.

(ii) The partial isometry W gives an equivalence between the subrep -
resentation π°a of πa induced by the support of Γ, which lies in τrα(A)', and
the subrepresentation π°β of πβ defined by the stable subspace
[Aβ(1flaΘH)]-of®β.

Proof β<a implies that 2Kβ C Wlβ9 $la C 31 β9 Na C Nβ. Hence
the identity map on 5ft α induces a linear map λ from 9?α Θ H/Na onto

WaΘH/NβC$lβΘH/Nβ i.e. λ: Aa9laQH^>Aβ9laQH.

Let Xi E $la, γ, EH, i = 1, , m. Then

^ ® r.) |2 = Σ

^ X <o (x ?x; )γy, γ, > = Λβ ( Σ x

Since λ is bounded, it can be extended to a linear continuous map of 5ία

into ftp which we also write as λ, with n o r m a l . If T = λ*λ, then
O i Γ ^ l . If x, y e 9?a, γ, η G H then

(ΓΛαx 0 γ, Λαy (g) 17) = (λ *λ Λαjc 0 γ, Λoy 017)

= (λ Aax 0 γ, λ Λαy 0 η) = (Λ x̂ 0 γ, Aβy 017)

= {β(y*x)γ,η).

If also 2 £ Λ, then

(Tπa(z)Aax 0γ,Λαy <g>η) = (β(y*zx)γ,η)

= (TAax®γ,ττa(z)*λay®η).

Thus Teττa(A)'.
If z e A, x e 9?α, γ G H,

Hence Λp9ϊα QH is stable for τr? and defines a projection P in πβ(A)',
and a subrepresentation πβ of π^ We now show that the partial
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isometry W gives an equivalence between P and the support of T\
(which is the same as that of T). If z E A, x E $la, y E H then

Wπ°a(z)T*Aax <g) y = Wπα(z)T l2Λαx <g) y = WT*πa(z)Aax (g> y

= λAazx (g)γ = Λ^zx ® γ = ττβ (Z)Λ^JC ® γ

= τr°β(z)λΛαJC <g) γ = ττ°(z) WT'Kx <g) γ.

Since Γ*Λβ$βα Θ H is dense in the support of Γ; W gives the equivalence
between π° and π°β.

In the theory of scalar valued weights, progress has been made by
studying the bounded positive linear functionals dominated by a given
weight [3, 15]. In order to develop our theory of operator valued
weights we find it convenient to introduce some more definitions.

DEFINITION 2.6. Let A be a C*-algebra, and a E cp(A; H). We
denote by & = &a, the family

{wECP(A H): w < a}

and by % = 3Γα, the set of operators S in πa(A)' such that there is a
positive real number λ such that

| | S Λ α J c 0 γ | | ^ A | | x | | | | γ | | , V J C E ^ , y E H.

The next lemma can be proved by developing the arguments in [15,
Lemma 2.3], to which it reduces if H = C.

LEMMA 2.7. A is a C*-algebra, and a E cp(A H). Then X is a
left ideal in π β (A)' . For any S in 3f{, there exists a bounded linear map
V= Vs from H into [πa (9?ί)Sβ ]" such that SAax (g) γ = πa(x)Vy for all x
in 9?α, γ m if. Moreover if y G H is fixed, Vy is the unique element of

that SAax (g)γ = 7rα(jc)Vγ /or α// JC m 9?α.

Parallel to the theory for weights [15, Lemma 2.6], we can now
describe the relation between 9 and 3Γ.

PROPOSITION 2.8. Let Abe a C*-algebra, and a E cp(A ff). For
any w in 2F, there is a unique S in JK such that 0 ^ S ^ 1, and

(w(x*x)y,y) = \\SAax®y\\2 Vx E 9?β, γ E H.

Conversely for any S in X such that || 51| ^ 1, there is a w in 9*, such that
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(w(x*x)%y) = \\SAax®y\\\ Vx E 3ίβ, γ G H.

Proof. Let w G ^. Then there is a Tw in ττβ(A)' by Theorem 2.5
such that 0 ^ Tw ^ 1 and

(w(x*x)γ,γ> = <TwΛβx(g)γ,ΛβJC(8)y>, Vx E 9ΐα, γ G H . r

Define S = Γj. Then

so that S E l The uniqueness is clear.
Conversely, let S G 3ίΓ such that | | S | | ^ 1 . By Lemma 2.7 there

exists V in B(H,®a) such that

D e f i n e w ( z ) = V * π α ( z ) V , V z E Λ . If xt E 9? α , y , E H f o r i = l , , n
t h e n

2 ( w ( x t x y ) γ y , γ , ) = 2 π α ( J

(a(x*x,)yn γ.)

i.e. w < α, and w E ^ .

REMARK 2.9. In the situation of Proposition 2.8, we note the
following:

(a) 3ίf=7rα(A)' iff α coincides on Wa with an element of
CP(A H ) .

(b) If also Tia is norm dense in A, and iv G ^, then Aw3laOH is
dense in ®w. Thus by applying 2.5 to the pair (α, w), and if T is the
operator defined there, πw is a representation of A equivalent with a
subrepresentation of πα defined by the support of T.

We also observe the following, which is well known in the bounded
case [1] and for weights [15, Proposition 2.5].

PROPOSITION 2.10. Let Abe a C*-algebra and a E cp(A H) such
that yRa is norm dense in A, and & contains a nonzero element. Then πa

is irreducible iff a is the restriction to Wla of a pure element w of
CP(A H). If there exists an additive, positive homogenous map
β: A + -^> B(H)+ such that β = a and x —» β(x)φ is lower semicontinuous
on A+ for each φ in T(H)+, then a = w.
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3. Upper envelopes and e -filtering families of
bounded CP linear maps. Throughout this section, A denotes a
C*-algebra, and H a hilbert space. If a E cp(A H), we will be
concerned with the construction of a largest operator valued weight a0

majorised by α, and with the property that it is the upper envelope of
continuous CP linear maps. There arises a natural property of & called
"e-filtrating" by Combes [3] in the scalar case.

DEFINITION 3.1. A family ^ in CP(A H) is said to be 6-filtering if
given e >0, vvb vv2 in ̂ , there exists w in % such that

( l - e ) w , < w f = 1,2.

When H = C, the following reduces partly to [3, Lemma 1.9] and is
proved but not stated by [15].

PROPOSITION 3.2. If a E cp(A; H) such that Wla is dense in Λ, then
2P is e-filtering.

Proof. Given e >0, wu w2G &, there exist Su S 2 E ^ , such that
0 ^ S, ̂  1 and

(wI(jc*x)γ,γ) = | |S IΛ^(8)γ||2 Vx e 9?β, y 6 H .

Since 5ίf is a left ideal in τrα(A)\ we can get S Eί 3{ by [7, Lemma 3.1]
such that (1 - 6)5^5, ^ 5*5 ̂  1 for i = 1, 2.

Let w E f be the element determined by 5 according to 2.8.
Then for all x} E 9?α, γ, G H, / = 1, , n

Σ (1 - eKwKx*^)^, γ7) = (1 - β) J5, (λ Σ *, ®

Since 3la is dense in Λ, we deduce (1 - e)wt < w i = 1, 2.

PROPOSITION 3.3. // α family Ή in CP(A H) is e-filtering, then

x E A +

defines a completely positive, additive, positive homogenous map β from
A+ into B(H):. If ao= β (Remark 2.3) then:

(i) ^ ; = {xEΛ
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(ii) ao>w Vw G <£
(iii) If Xi G yiv γ, E H i = l ,2 , , n

**;•)%> γ, > = sup X <w(x*x,)y,, γ, )

Proof. It is clear by e-filtering that

= sup(w(x),φ) φeT(Hy, x G A

defines an additive, positive homogeneous map from A+ into B(H)A

+.
Moreover if aQ = β, it is trivial that

Wl+

aoC{x G A + : sup || W(JC)|| < oo}.

Now suppose XiGA + and supwG^\\w(xι)\\^c <^o, for some c.
Take φ G T(H), then

(D —— (Di — ^P2 ' ^ ( ^ P l — ^P4/ ^P/ ̂

and || <̂ ] — (p2|| ~ || ψ\ || ̂ ~ || ψi% 11^3"" Ψ*II = II Ψ?>II "̂  II ̂ 4II [ l^l Then the
linear extension of ^ ( ^ ^ ( φ ) to T(H) satisfies

\β(x])(φ)\^2c\\φ\\ Vc^GT(H).

Hence J 8 ( J C , ) G B ( H ) = T(H)*, and J C , £ 2 « ; O .

In order to prove the remainder, it is enough by polarisation to show
that if y, G Sft̂ , γ, G JFf, / = 1,2, , m e > 0, w G ί̂ , that there exists w
in ^, satisfying

K«o(y *y. )y«> γι >- <w(y *y/)γ. , r«)l < «, ί = l, , m

and w > (1 - 6)\Vt.
This follows by e-filtering.

DEFINITION 3.4. y E cp(A\H) is said to be the upper envelope of
a family <3 in CP(A H ) if

(i) If x EA\ then x GSKγ iff suρ w e ^ || w(x) | |< oo.
(ii) For all JC, in 9ίγ, η, in H, / = 1, , n

ί Y >}
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We now state our decomposition theorem. If we restrict ourselves to
scalar valued weights, Theorem 3.5 reduces to [15, 2.9, 2.11].

THEOREM 3.5. Let aEcp(A H) such that 3ftα is dense in
A. Then there exist a0, aλ in cp(A H) such that

(i) a = αo+tti

(ii) α0 < a and a0 is the upper envelope of 9*°. a0 majorises any
other map y E cp(A H) which is majorised by α, and such that y is the
upper envelope of a family in CP(A H).

(iii) aλ< a and ax majorises no nonzero element of CP(A H).

Proof. It is clear from Propositions 3.2 and 3.3 that α0, the upper
envelope of SF exists, and α0 < a. Let γ be any other element of
cp(A H) majorised by α, which is the upper envelope of a family $ in
CP(A H). Let x E Wao. Then sup*E^ || w (x)|| < <». However if
w E.% w < γ, and γ < a show w E &. Hence supwe^ || w(x)|| < α>? i.e.
J C E 3 ^ ; . Thus Wl^CWly. Take α ( E ^ c 9 ? γ , TJ. E H, I = 1, , n.
Then there exists w in ^ C SF such that

Hence

and γ < α0.
Now define Wlai = 3K and α^x) = α ( x ) - α o ( ^ ) for JC in 3ft. Then

α > «! > 0 and α = a0 + «]. Let w E CP(Λ //) such that w < αj. Then
w < α, hence w G f so that w < α0, and 2vv < a. Similarly nw < a,
Vn. Hence w = 0, since 9ft = Iin9ft+ and 9ft is dense in A.

4. The Stinespring representation. We will now study
quasi-equivalence, equivalence and the type of representations as-
sociated with various operator valued weights. All the results of this
section are operator valued versions of those in [3, 2.6-2.17] for the case
of [0,o°] valued weights. Again A denotes a C*-algebra.

DEFINITION 4.1. Let a E cp(A H) with domain 3ft, and F a family
in cp(A H) majorised by α. We say a belongs to the closure of F for
the topology of simple convergence if any one of the following equivalent
conditions are satisfied:
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(1) Given n, m ^ 1, and α, E (2W)n, TJ, E H ® C " for ΐ = 1, , m
and e >0, there exists H Έ F such that

\(an(ai)ηnηι)-(wn(aι)ηnηt)\<€ ΐ = 1, , m.

(2) Given n,p ^ 1, and α • E 9?α, η) £H, i = 1, ,p, / = 1, , n
and 6 > 0, there exists w E F such that

(α[(α;)*αΐ]ηU;)- Σ M(a})*ai]T»i, η1,)
k

<€

for / = 1, •• •,/?.
(3) Given q ^ 1, α,E 9?α, η, E //, ΐ = 1, , q, and 6 > 0, there

exists w ξΞ F such that

for / = 1, •• ,g.

It is clear that an element of cp(A H) can be in the closure of a
family in CP(A //), which it dominates, without being its upper
envelope.

If a is the upper envelope of an e-filtering family F in CP(A if),
then a belongs to the closure of F for the topology of simple
convergence. In particular if a E cp(A H) with 3J?α dense in Λ, then
α0 belongs to the closure of 9*a for the topology of simple convergence.

LEMMA 4.2. Let a E cp(A; H) and cp(A ;H)D F, a family major-
ised by a. If w E F, /eί Γw fee the corresponding element of τrα(A)' as
defined in 2.5. TTien a belongs to the closure of F for the topology of
simple convergence iff 1 is in the weak closure of {Tw: w E F} C ττa(Λ)'.

Proof. The family {Tw} satisfies || Tw || ^ 1 for all w E F Hence 1
lies in their weak closure iff given 6 > 0 , p,n^l, η)EH, αj E 9?α

/ = 1, , p, / = 1, , n, there exists w E F such that

/ \ / /

i.e.

for/ = 1, ,p.
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PROPOSITION 4.3. Let aEcp(A H) and F be a family in
CP(A H) majorised by a. If w E F, Vw denotes the corresponding
element in B(H,®a) such that w(x) = (Vw)*πa(x)Vw, VxEA. If a
belongs to the closure of F for the topology of simple convergence, then the
set {VWH: w E F} is cyclic for τra.

COROLLARY 4.4. Suppose a E cp(A\H), A and H are separable,
and that there exists a countable family F in CP(A H) majorised by a
such that a belongs to the closure of F for the topology of simple
convergence, then ®a is separable.

PROPOSITION 4.5. {jSj.e/ is a family in cp(A H) majorised by a
single element a in cp(A H) and such that a belongs to the closure of
{βi}ιEI for the topology of simple convergence. Moreover suppose that for
each i in I, there exists a family Fi in CP(A H) such that βi majorises each
element of Ft and belongs to the closure of F( for the topology of simple
convergence. If Έla is dense in A, then the representations πa and φ , πβ,
are quasiequivalent.

COROLLARY 4.6. Let a, β E cp(A H) such that β <a and
9K; = A. Suppose that there exists a family F(respectively G) in
CP(A\H) majorised by a (respectively β) such that a (respectively β)
belongs to the closure of F (respectively G) for the topology of simple
convergence, then πβ is a quasiequivalent to a subrepresentation of πa.

COROLLARY 4.7. Suppose a, β Ecp(A; H) with Tla C Ίflβ, a =
β \wa, (i.e. aCβ), and Wa = A. If there exists a family Fin CP(A H),
majorised by β and such that β belongs to the closure of F for the topology
of simple convergence, then πa and πβ are quasiequivalent.

DEFINITION 4.8. Let {«,},£/ be a family in cp(A H). Then E =
{xE Π Waι: 3A < oo s.t. Σjat(x) ^ A1 for all finite subsets / C /} is a face
in A + and hence is the positive part of a facial subalgebra Έt in A. If
x E E, ΣιeIaXx) exists as an ultraweak limit, and we define this limit to
be a'(x). Let a be the unique linear extension of a' to Tt. Then
a>Σjat for all finite subsets / of /, and in particular aE
cp(A H). We write a = Σ ι G ία,.

(Alternatively, we could consider (Σά;)) .

PROPOSITION 4.9. Suppose {ai}ieI is a family in cp(A H), and
suppose a E cp(A; H) with α C Σ α , Then the representation πa of A is
equivalent to a subrepresentation of φ , πaι.

Proof. For each i in /, let 3Jtn 9th Λ,, ®n TΓ, be the canonical
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Stinespring objects defined by α, for each i in /. Since α( < α, we have
by 2.5 a partial isometry W> $ α —>S, , and an operator T) E τrβ(Λ)' such
that the subrepresentation induced by the support of T) is equivalent to a
subrepresentation of πai. For η EH put Wry = (W,(τ/)) E φ . e A . For
x, E 9?α C 9?, , τj; G / ί , / = l,2, ,n we have

= ]Γ

= Σ Σ (W/ί**
iEl y,fc = l

Hence W is an isometry from Sΐ into 0 ® , . For each ί in /, Wί(ίία) is
stable under π, , hence W(K) is stable under φ , e/π/, and defines a
subrepresentation p of 0 TΓ,.
For all z in Λ, x in 9?α, 17 E //,

r/

17 = WΛαzx (2) 17 = (ΛfZx ® η)iei

= (ττ, (Z )Λ, X 0 17 ) / e / = 0 π, (z

Hence W gives the required equivalence between πa and p.

DEFINITION 4.10. We say a E cp(A H) is of type I (respectively
II, III, etc.) if the representation iτa is of type I (respectively II, III, etc.),
and a is factorial if ττα is factorial.

COROLLARY 4.11. Suppose {αj e/ is a family in cp(A H), and
consider a = Σ α, . If for each i E /, ax is of type I (respectively II, Π b II,
III etc.) then a is of the same type.

COROLLARY 4.12. Those elements in cp(A H) of a fixed type, form
a convex subcone of cp(A H).

PROPOSITION 4.13. Suppose {«,},£/ is a family in cp(A H) such that
for each i in /, there exists a family F{ in CP(A H) majorised by ah with α,
belonging to the closure of JF) for the topology of simple convergence.
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Suppose that a E cp(A; H) is such that Wt'a = A and α C Σ α , Then the
representations πa and φ πa, are quasiequivalent.

Proof. This follows from 4.5 and 4.9.

PROPOSITION 4.14. Let a E cp(A H) with Ψt~ = A. Suppose that
there exists at least one family in CP(A H) whose sum is a. Then the
following conditions are equivalent:

(i) a is factorial
(ii) There exists a family of quasi equivalent factorial maps in

CP(A H) whose sum is a.
If a is also of type /, they are also equivalent to:

(iii) There exists a family of pure elements of CP(A H) with
equivalent representations whose sum is a.

Proof, (i) => (ii). Let {w,: i E /} be a family in CP(A H) such
that a=Σwt and w ( ^0, V/. Then by 2.5 for each / in I, πWj is
equivalent to a subrepresentation of πβ. If a is factorial, πWj is factorial
for all /, and quasi equivalent to πa.

(ii) φ (i). If {iv,: / E /} is a family of quasi equivalent factorial
maps in CP(A H), then φ πWι is factorial. If a = Σ w,, a is factorial by
Proposition 4.9.
Now suppose a is of type I.

(ii) => (iii). Let {vv;: / E /} be a family of quasi equivalent factorial
maps in CP(A H). For each / in I, πw, is factorial of type I. We can
decompose πWί as a sum of irreducible representations

πw, = 0 7r, and such that ft\,, = 0 Hr
ye/(ι) ye/(ι)

If we write V W | τ / = ( 0 ; e f ( l ) V'η) η E H, where V E B(H, H}) and define
wy(x) = (Vy)*πy(jc) V x G Λ , / 6 /(/), then

πI(x)K1τ, = 0 π y (x)(0 V̂

Thus

(wt(x*x)η,η) =

and



340 DAVID E. EVANS

It follows that

a = Σ Σ *'•
ιe/ jGi(i)

Moreover since each pair w7, wk are quasi equivalent and pure, they are
equivalent by [8, 5, 3, 3],

(iii) φ (ii) is trivial.

5. Von N e u m a n n algebras. We now wish to see how our
study of the representations of operator valued weights carries over to
the enveloping von Neumann algebra. It is natural to include here the
following operator valued version of [3, Lemma 4.3] concerning scalar
valued weights.

PROPOSITION 5.1. Let M be a von Neumann algebra, and a E
cp(M] H). Then πa is normal iff z -» a(x*zx) is normal for each x in
31 a. In which case, if B denotes the norm closure of Wla, then every
element of CP(B; H) majorised by α, is the restriction to B of a normal
element in CP(M H).

We then define cpw(M; H) to be the set of a in cp(M; H) such that
πa is normal, and CPW(M\ H) = CP(M\ H) Π cpw(M; H).

Let A be a C*-algebra. If w E CP(A H), there exists an unique
CP linear extension w to A the enveloping von Neumann algebra. The
support sw of vv is called the enveloping support of w, and scw denotes the
central support of sw in A. 1 - scw is the largest projection in ker w. If
vvb vv2 are two such maps, they give quasi equivalent representations iff
scwi = sc^. We wish to extend this for unbounded completely positive
maps, and in this way our results 5.2-5.5 generalise [3, 4.8-4.11]
concerning scalar valued weights. Suppose that F C CP(A H) is an
6-filtering family, and β given by

is the associated cp additive, positive homogeneous map from A+ into
B(H)X. Put a = β. Then F = {w: w E F} is e-filtering, and define
j8: (A ) + -^B(H); by

φ E
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We define a = (β). Note that for each φ in T(H)+, x-+β(x)(φ) is
ultraweakly lower semicontinuous on A. Suppose M is a von Neumann
algebra, and y: M+-^B(H)X is additive, positive homogenous and such
that x^y(x)(φ) is u.w. ls.c. on Aί+.

Then ny = {x EM: y(jc*x) = 0} is a σ-weakly closed left ideal in
M If δ = γ, we let pδ be the largest projection in nγ. Then 1 - pδ = sδ

is called the support of δ, and scδ is the central support of s8. If A is a
C*-algebra, and a is the upper envelope of an e-filtering family F in
CP(A H), we let sa = sά, and sca = scά.

LEMMA 5.2. // M is a von Neumann algebra, and β is the upper
envelope of an e-filtering family G in CPW(M; H), then k e r ^ ^
Π^ecker TΓw, and l — scβ is the largest projection in ker πβ.

PROPOSITION 5.3. Mis a von Neumann algebra, and β E cp(M; H)
is the upper envelope of an e-filtering family G in CPW (M; H). Then the
normal representations πβ and Q)W^GTTW are quasi equivalent.

COROLLARY 5.4. A is a C*-algebra, and a E cp(A H) is the upper
envelope of an e-filtering family F in CP(A if) such that Tl'a = A. Then
the representations τra and πά of A are quasi equivalent.

Proof. πά and (£)wGFπ* are quasi-equivalent by 5.3. Moreover, πa

and φ w e F π * are quasi-equivalent by 4.5.

COROLLARY 5.5. If A is a C*-algebra, a, β Ecp(A; H) such that
Wl~ = yjl} = A, each the upper envelopes of e-filtering families in
CP(A H), then πa is quasi-equivalent to a subrepresentation of πβ

(respectively quasi-equivalent) iff sca ̂  scβ (respectively sca = scβ).

6. Invariant completely positive maps. Our investiga-
tion of the structure of operator valued weights now proceeds by studying
those completely positive maps which are invariant under a group of
*-automorphisms of the algebra. This work is an extension of van
Daele's. If we take the hilbert space H to be one dimensional, then our
operator valued results 6.1 and 6.3-6.17 reduce to 2.1-2.4, 2.6, 2.8-2.10 of
[15] concerning scalar valued weights.

A will always denote a C*-algebra, unless otherwise stated. We
say that a E cp(A H) is G-invariant, where G is a group of *-
automorphisms of A, if Wla is G-invariant and ag(a) = a (a) for all a in
Wla. This is equivalent to

(agY(a) = a(a) VgEG, a E A\
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LEMMA 6.1. Let a E cp(A H) be G-invariant. Then 9ία and Na

are G-invariant and there exists an unitary representation Ug of G in $$a

such that
(i) UgAaχ(g)η =Aag(x)®η VxE?ϊ α , τ,Gf/, g£G
(ii) U8πa(y)U-ι=πag(y) Vy E A, g E G.

DEFINITION 6.2. If α E c p ( A H ) is G-invariant, we denote by
^o = ^S, and 5ίΓ0 = %l the G-invariant elements of & = ^ α and 5ίΓ = 3ίΓβ

respectively, where 3F, 3ί are as defined in 2.6.

As expected from 2.8, there is a natural relation between 3*() and 3Γ0

as the next lemma shows.

LEMMA 6.3. Suppose a E cp(A //) is G-invariant. Then
(i) 3ίf is α G-invariant left ideal for πa(A)r.
(ii) 3Γ() i5 « k/ί ideal in the fixed point algebra of πa (A)'. For any S

in 3f{ih there is a G-invariant map V = Vs in B(Hj[^(iRt)^Y) (i.e.
UgV = V Vg Ei G) such that for each fixed η in H, Vv is the unique
G-invariant vector in [πβ(9?ί)ίΐ]" such that

SAax®η = πa(x)Vη Vx E 91 a.

LEMMA 6.4. Suppose a E cp(A; H) is G-invariant. Then for any
w in ^(), there is an unique S in 3Γ0 such that 0 ^ S ^ 1,

(g)r/||2 Vx E 9?a, η E H .

Conversely, for any S in 5ίΓ(), swc/z ί/iaί || S || ^ 1, there is a w in 9*(] such that

®τ/||2 VxE??a, η E H.

COROLLARY 6.5. (i) Lei a £ φ ( A ; / / ) fee G-invariant with Tla

norm dense in A, then 3^0 is e -filtering.
(ii) Let A be a von Neumann algebra, a E cpw(A\ H) with $Jla

ultraweakly dense in A. Then 3^0 is in CPW(A;H) and is e-filtering.

Proof, (ii) The only nontrivial point is to show that 3*() in
CPW(A\H) is e-filtering. Suppose e > 0 , wu w2€i 3*{) and for all α, in
9?α, ηt in H / = 1, •• , n that

Then (1 - e)wι- w2 >0 follows from either 2.1 or [6, 2.4] (consider
[a*pλaj], where pλ are projections in 9? Π 9?*, pλ f 1).

This leads us naturally to:
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THEOREM 6.6. (i) Let a Ecp(A H) be G-invariant with Tta norm
dense in A. Then there exists a G-inυariant element α0 of cp(A H)
which is the upper envelope of 3^Q. a0 majorises any other G-invariant
element ofcp(A H) which is majorised by a and is the upper envelope of a
G"invariant family in CP(A H).

(ii) Let A be a von Neumann algebra, a E cpw(A; H) with 3Ra

σ-weakly dense in A. Then there exists a G-invariant map a0 which is
the upper envelope of 2FQ. aQ majorises any other G-invariant map y in
cp(A H) which is majorised by a and such that y is the upper envelope of
a G-invariant family in CPW(A; H).

Following van Daele's one dimensional theory [15], we will construct
a_unique normal G-invariant projection map φ of the ultraweak closure
f{ of yC onto the ultraweak closure 3?0 of 5Γ0, and which projects % onto
3ίfo, and 3{*3£ onto jf{%3ί{). It will then be possible to define a unique
G-invariant projection map φ' oΐSF onto 3FQ, which is BW continuous [1]
on bounded sets.

Let a Ecp(A H) be G-invariant. We will denote by Eo the
projection onto the fixed points in $ β . Then Ug Eo = Eo Ug = Eo

Vg E G. Moreover there exists a net of convex combinations
{Σλ'(g)ί/ g } g e G converging strongly to Eo. We can then show that if
SG3ίf,

converges strongly to an operator φS in 3£0. The arguments of [15,
Prop. 3.2] lead us to the following conclusions:

PROPOSITION 6.7. Let a E cp(A; H) be G-invariant. There exists
a unique normal positive G-invariant projection map φ of % onto J^0 (the
σ-weak closures). We have φ(S)E0 = E0SEQ for any S in 5ίΓ. In
particular,

COROLLARY 6.8. Let F, F o be the largest projections in fί and Jf0

respectively, (the ultraweak closures). Then φF = Fo.

REMARK 6.9. It is clear from 4.2 that a belongs to the closure of 3F
(respectively 3F0) for the topology of simple convergence iff F = 1 (Fo = 1
respectively). If a belongs to the closure of 2F for the topology of
simple convergence, it does not follow that a always belongs to the
closure of ^ 0 for the topology of simple convergence. See [15, 5.2]
where F = 1, but F o = 0.
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PROPOSITION 6.10. Let a Ecp(A H) be G-invariant Then there
exists a G-invariant projection map φ' of 3F into 3F0, satisfying φ'(λf) =
λφ'(f), and Φ'(f+g)=φ'(f)+Φ'(g) whenever A ^ 0, and f g, λf
f + g G 2F. If moreover SRα is norm dense in A, then φ' is onto &0, BW
continuous on bounded sets and unique.

REMARK 6.11. Note that when 3Ra is dense in A, the formula

(w(x*x)η,η) = \\SwAaχ(g)η ||2 x G ΛΓβ, η G H

gives a bijection w » S*WSW between & and {S*5: | | 5 | | ^ 1, S G %}, the
elements of (3Γ*3Γ)+ with norm^= 1; and similarly for ^ 0 and JKQ. Then
on any bounded set in ^ wλ-> w in the BW topology iff StλSWλ -> 5JSΉ,
in the weak operator topology.

Our next results concern a study of the upper envelope a0 con-
structed in 6.6, and the relation σf the existence of fixed points in 5ία to
the existence of fixed points in 9*.

THEOREM 6.12. Let a G cp(A H) be G-invariant, and Wla norm
dense in A. Let Fo be the largest projection in the ultraweak closure Xo of
J{0, and α0 the upper envelope of &0. Then

(ao(x*x)η,η) = (2F0Aax (g)r/,Λαx <S>v) f o Γ a111 x m Wa, η in H.

COROLLARY 6.13. Let a G cp(A H) be G-invariant with Wa norm
dense in A, and a belonging to the closure of & for the topology of simple
convergence. Then Fo = [πa(A )Effia]~. Moreover a majorises no non-
zero G-invariant element of CP{A H) iff ®a has no nonzero fixed points.

COROLLARY 6.14. Let aEcp(A H) be G-invariant with
Til = A. Then there is an increasing net {w,: i E /} in 9*0 such that

(α o ) n (z) = sup(w l.)n(z) for all z in (WaQ)n Π (An)\

COROLLARY 6.15. Let a Gcp(A H) be G-invariant with W~ = A,
and suppose there is a family {w{: i G /} in 9* such that a C ΣiG[ JV, . Then
there is a family {w^: i G 1} in 2F0 such that
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Our final observations of this section are concerned with Radon-
Nikodym statements for operator valued weights. If a E cp(A JFί), we
have seen the relation between the set {S E JC*JC: O ^ S ^ l } and & =
{w E CP(A H): w < a}, (2.8). One may then wonder if for all T in
π α (A)' , 0 ^ T ^ l , there is a β in cp(A H), β<a and

(β(x*x)η,η) = (TAax®η,AaX®η) VJC E Wm η E H.

This is the case if A is a von Neumann algebra. In the C*-algebra
situation, the first part of the following theorem, when G is the identity
automorphism, gives a partial converse to 2.5.

THEOREM 6.16. Let aGcp(A H) be G-inυariant with
Wa= A. For any G-inυariant T in πa(A)r, 0 ^ T ^ F 0 , there is a
G-inυariant element β of cp(A H) β < α, with

<iβ(x*x)r/,τ?) = (TΛαx(g)τ/,Λαx(8)r/) Vx E 9lm η E H.

For any β in cp(A H) with β < α, and β \ma belonging to the closure of a
family Ή of G-inυariant elements of CP(A H) majorised by β \ma, there
exists an operator T in πa(A)\ 0 ̂  T ̂  Fo, and

Vx E 3fce, τ , E H
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