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THE STRUCTURE OF STANDARD C*-ALGEBRAS
AND THEIR REPRESENTATIONS

WaI-MEE CHING

We introduce the basic structure space 4° of a C*-algebra
A consisting of all minimal primitive ideals in A. We define
a class of C*-algebras to be called standard. All W*-algebras
and all C*-algebras with Hausdorff structure spaces are
standard. It is proved that a standard C*-algebra A is iso-
metrically isomorphic to the C*-algebrade fined by a continuous
field of primitive C*-algebras over its basic structure space
A?, A sufficient condition for a C*-algebra to be faithfully
represented on a separable Hibert space is also presented.

1. Introduction. The Wedderburn structure theorem asserts
that every finite dimensional complex semi-simple algebra is a di
rect sum of simple algebras, each of which is an % X n matrix
algebra. The structure of a general infinite dimensional complex
semi-simple algebra is certainly too complicated to study at present.
Instead, we focus our attention on a well-behaved subclass of infinite
dimensional algebras: C*-algebras. A C*-algebra A is a complex
Banach *-algebra such that ||a*a|| = ||a]|]* for all @« in A. By using
the Gelfand-Naimark-Segal construction, a C*-algebra can also be
defined as a norm-closed self-adjoint subalgebra of B(H), the algebra
of all bounded linear operators on a Hilbert space H. There are
structure theorems available for three families of C*-algebras: (A)
the Gelfand-Naimark theorem for commutative C*-algebras, (B) von
Neumann’s direct integral decomposition theorem for von Neumann
algebras on a separable Hilbert space, (C) Kaplansky’s structure
theorem for liminal C*-algebras with Hausdorff spectrum which is
actually a noncommutative generalization of (A) or can be viewed
as a continuous generalization of the Wedderburn theorem. The
main purpose of this paper is to prove a structure theorem for certain
C*-algebras, called standard C*-algebras, which generalizes (C) as
well as providing a continuous version of (B).

Firstly, we introduce the basic structure space of a C*-algebra:
A primitive ideal I of a C*-algebra A is called minimal if it does
not contain any other primitive ideal of A. The basic structure space
A® of a C*-algebra A is the set of all minimal primitive ideals in
A. A C*-algebra A is called bounded if every primitive ideal of A
contains a minimal primitive ideal of A. It follows from the results
of Kaplansky [23] and Dixmier [12] that type I C*-algebras and
separable C*-algebras are bounded. We present another sufficient
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condition for a C*-algebra to be bounded in §2. However, we leave
the full consideration of the question whether all C*-algebras are
bounded to another occasion. With an additional technical condition,
a bounded C*-algebra A is called *-bounded, and the space A’ with
the hull-kernel topology is a locally compact T,-space A*-bounded C*-
algebra is called normal if any primitive ideal contains an unique
minimal primitive ideal, and a normal C*-algebra is called standard
if its basic structure space is Hausdorff. C*-algebras with Hausdorff
structure space and W*-algebras are standard. Our structure theorem
then states that every standard C*-algebra A is isomorphic to the
C*-algebra defined by a continuous field of primitive C*-algebras
over A°,

Ever since the publication of Gelfand and Naimark [18], many
efforts have been made, notably those by Kaplansky, Fell, Dixmier
and Douady, Tomiyama and Takesaki, to generalize (A) to the non-
commutative case, at least for some special classes of C*-algebras
(see Dixmier [13]). The best example of such a generalization is
(C) which states that a liminal C*-algebra (called a CCR-algebra by
Kaplansky) with Hausdorff structure space 7 is isomorphic to the
C*-algebra defined by a continuous field of elementary C*-algebras
over T. Our method of approach is similar to that of Kaplansky
[23], Fell [17], Dixmier and Douady [14]; the main difference being
due to the introduction of basic structure space. Recently, Dauns
and Hofmann [11], Akemann [1] and Takemoto [31] have all worked
on a noncommutative Gelfand-Naimark theorem. Akemann [1] started
by considering left ideals, hence his approach is quite different from
ours. We will compare our result with that of Dauns and Hofmann
[11] in §5. Takemoto [31] gives a continuous decomposition of a von
Neumann algebra on a general Hilbert space. Our structure theorem
can also be used to give a continuous decomposition of a von Neumann
algebra on a general Hilbert space, where each coordinate algebra
is primitive. Hence it can be considered as a continuous analogue
of the direct integral decomposition theorem of von Neumann [27],
where the Hilbert space is restricted to be separable due to measure
theoretical difficulties. A continuous decomposition of von Neumann
algebras has been studied earlier by Godement [20].

A normal C*-algebra A is called pre-standard if the basic structure
space A® is only T, but the relation defined through inseparability
by disjoint open neighborhoods between a pair of points in A® is an
equivalence relation. For a pre-standard C*-algebra A, we can obtain
a Hausdorff space X out of A° by identifying points in each equivalence
class, and A is isomorphic to the C*-algebra defined by a continuous
field of “simple” C*-algebras, where “simple” means that it is a
discrete direct sum of primitive C*-algebras.
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The equivalence of the two definitions of C*-algebras mentioned
in the beginning of this introduction is actually a representation
theorem for C*-algebras, which was essentially proved in Gelfand
and Naimark [18]. The representation space in [18] is nonseparable
in general for an infinite dimensional C*-algebra. Of course, for
separable C*-algebras the construction can easily be amended to
reduce the representation space to a separable one. In the last section,
we construct a representation for a densely bounded (see Definition
3 below) C*-algebra A, where the representation space is separable
if every exactly irreducible representation of A (see Definition 1 in
§2) can be taken on a separable Hilbert space and A® is separable.
This is a refinement of representation theorem in Gelfand and Naimark
[18].

We shall use the terminology of Dixmier [13]. By an isomorphism
(homomorphism) of a C*-algebra into another, we mean a *-isomorphism
(*-homomorphism), and a representation of a C*-algebra means a
*-representation of a C*-algebra on a Hilbert space. In this paper,
all algebras and Hilbert spaces are over the field of complex numbers.
If A is a C*-algebra without identity, then A, denotes the C*-algebra
obtained from A by adjunction of an identity. We denote by 1 the
identity in a C*-algebra; B(H) (resp. K(H)) the algebra of all bounded
(resp. compact) operators on a Hilbert space H. We note that K(H)
is the unique norm closed ideal in B(H).

2. The basic structure space of a C*.algebra. There are already
three spaces associated with a C*-algebra A which can serve as a base
for continuous decomposition of the C*-algebra A. These are the
structure space A?=Prim (A) consisting of all primitive ideals in A4, the
spectrum A consisting of all unitary equivalence classes of irreducible
representations of A, and the quasi-spectrum A consisting of all quasi-
equivalence classes of factor representations of A. Two representa-
tions 7 and p of a C*-algebra A are called physicelly equivalent if there
exists an isomorphism @ from w(A) onto p(4) such that p(r(a)) = o(a)
for all a€ A (p. 107, Emech [15])'. Two representations 7 and o of
a C*-algebra are physically equivalent if and only if ker = = ker p.
Hence A7 can be regarded as the set of all physical equivalence
classes of irreducible representations of A. In any algebraic theory,
a simple algebra has to be considered as an indecomposable object.
Consider an uniformly hyperfinite C*-algebra which is simple. It has
infinitely many unitarily inequivalent irreducible representations, and

L This is a special case of weak equivalence of two sets of representations of a
C*-algebra of Fell [16] when both sets are singletons. A more appropriate term is
“algebraic equivalence”. But the term “algebraic equivalence” has already been used
in Dixmier [18] and Powers [26] in two different contexts.
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a one-parameter family of nonquasi-equivalent factor representations
as shown in Powers [28] (also see Lance [25]). Therefore, in an
algebraic structure theorem for C*-algebras, the underlying base
space should be a set of physical equivalence classes of irreducible
representations rather than the spectrum A or the quasi-spectrum
A of A.

Our aim is to establish a “continuous” variant of the classical
Wedderburn theorem for C*-algebras, that is, to express a C*-algebra
A as a continuous direct sum of “indecomposable” C*-algebras. Now,
let A = B(H), where H is a separable infinite dimensional Hilbert
space. A has only two physical equivalence classes of irreducible
representations: one contains the identity representation, and the
other contains irreducible representations of A induced by irreducible
representation of the quotient (simple) C*-algebra B(H)/K(H). How-
ever, we know that B(H) cannot reasonably be split into a direct sum
of two nontrivial subalgebras. Hence, we only consider the identity
representation in the decomposition process, and exclude the irreducible
representation of the second kind, whose kernel K(H) properly con-
tains {0} which is a kernel of another irreducible representation, i.e.
the identity representation. The example above illustrates two points:
First, we cannot expect a general C*-algebra to be a subdirect sum
of simple C*-algebras, and hence the basic building blocks in our
decomposition theory are primitive C*-algebras rather than simple
C*-algebras. Second, a subset of the structure space A7 would be
a more appropriate base for a continuous direct sum decomposition
of a C*-algebra A. This leads to the following definition:

DEFINITION 1. A primitive ideal I in a C*-algebra A is called
mintmal primitive if it does not properly contain any other primitive
ideal of A. A representation 7w of A is called exactly irreducible if
ker 7 is a minimal primitive ideal.

The set of all minimal primitive ideals in a C*-algebra A endowed
with the huli-kernel topology is called the basic structure space of
A, and is denoted by A°. Let A be a C*-algebra with nonempty
basic structure space A’. A subset S of A® is closed if and only if

J, DJﬂSJ implies J,eS.
At is a T,-space. In fact, let I be an arbitrary ideal in A°. The
closure {I} of the singleton {I} in A’ consists of all J ¢ A® with J D I.
However, if J # I, then J is not minimal primitive. Hence {I} =
{I}, and A% is T..
An immediate question arise from the preceding definition is the
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existence of a minimal primitive ideal in a C*-algebra. To faciliate
the discussion on this question, we introduce the following definitions:

DEFINITION 2. A C*-algebra A is said to satisfy the bounded
chain condition of primitive ideals if every maximal descending chain
of primitive ideals in A has a smallest element. We call a C*-algebra
bounded if it satisfies the bounded chain condition on primitive ideals.

DEFINITION 8. A C*-algebra A is said to be densely bounded if
the basic structure space A’ is dense in the structure space 47 of A.

The bounded chain condition on primitive ideals for a C*-algebra
A is equivalent to the condition that any primitive ideal [/ in A
contains a minimal primitive ideal of A. Hence, a bounded C*-algebra
A always has a nonempty basic structure space A® dense in the struture
space A’. Therefore, a bounded C*-algebra is densely bounded. And
the structure space of a densely bounded C*-algebra has a dense
T.-subspace. We do not know at present whether the converse to
either of these two statements is true.

By Corollary 2 of Dixmier [12], all separable C*-algebras are
bounded. And as Lemma 7.4 of Kaplansky [23] proved that in a
postliminal C*-algebra every prime ideal is primitive, the same argu-
ment as that in Corollary 2 of Dixmier [12] shows that a postliminal
C*-algebra is bounded. It is not known whether an arbitrary C*-
algebra is always bounded, and we shall further study this question
in another occasion. We would like to point out, however, that
there do exist C*-algebras with infinite descending chains of primi-
tive ideals. This is certainly an infinite dimensional noncommutative
phenomena. Although no nonprimitive C*-algebra with an infinite
descending chain of primitive ideals going to {0} has been found (such
a C*-algebra is not bounded), examples of primitive C*-algebras with
infinite descending chains of primitive ideals can be found in Dixmier
[12], Behncke, Krauss and Leptin [4], where the structure spaces
of the C*-algebras concerned are linearly ordered. Behncke and Bos
[3] also constructed examples of primitive C*-algebras with infinite
descending chains of primitive ideals, whose structure spaces are not
necessarily linearly ordered. These examples also indicate that the
basic building blocks in our structure theorem, i.e., primitive C*-
algebras, unlike that in the finite dimensional case, can have complicated
ideal structures themselves. And it is far from easy to classify all
primitive C*-algebras. This situation is likely unavoidable for the
study of general infinite dimensional Banach algebras. For in a
decompositon theory as deep as von Neumann’s direct integral de-
composition for von Neumann algebras, there are continuous families
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of pairwise non-isomorphic factors of type II,, and of type III (they
are all algebraically simple algebras) among the basic building blocks
(see McDuff [24], Ching [4], Anastasio and Willig [2], or Sakai [27]).

The following is another sufficient condition for a C*-algebra to
be bounded:

"DEFINITION 4. An element I, in a descending chain {I,} of pri-
mitive ideals in a C*-algebra A is called a knot if (i) the elements
in Prim (I,) are totally ordered by inclusion and (ii) I, contains a
countable cofinal subchain of {I,}. A C*-algebra A is said to be
essentially ordered if every maximal descending chain of primitive
ideals in A has a knot.

LEMMA 1. A C*-algebra A is bounded if it is essentially ordered.

Proof. Let {I,} be a maximal descending chain of primitive
ideals in A with a knot I,, We can assume that I, # {0}, for otherwise
{L} is bounded below by {0}. By passing to the quotient algebra,
we can assume that ), I, = {0}. For each ideal I, in the countable
cofinal subchain of {I,}, let S, be the set of all primitive ideals in
I, properly contained in I,. The complement of S, in Prim (I)) is
closed since it consists of all primitive ideals in I, containing I,.
Hence each S, is open in Prim (I,). Furthermore, each S, is dense
in Prim (I,) because primitive ideals in I, are linearly ordered.
Now, it follows form Theorem 1 of Dixmier [12] that N, S, # &.
Let Te ;.. S,. Since I is contained in every I, and {I,} is cofinal
in {I}, I is contained in every I, in the chain. By the preceding
assumption, we have I = {0}. This implies that I, has a faithful
irreducible representation =, on a Hilbert space H. By proposition
2.10.4 of Dixmier [13], we can extend m, to an irreducible repre-
sentation 7 of A on H. Let J = kern. Let x be a nonzero element
of I, and ¥ a nonzero element in J. If zy #~ 0, then n(xy) = 7 (xy) #~ 0
as 7, is faithful. But n(zy) = 7(x)n(y) = 0. This contradiction shows
that xy = 0. Hence I,-J = 0. Since each primitive ideal in a C*-
algebra is prime and the intersection of descending family of prime
ideals is obviously a prime ideal, we conclude that I = {0} is a prime
ideal in A. This implies that either I, = {0} or J = {0}. Since we
assumed I, # {0} in the beginning, we have J = {0}. Therefore, A
is primitive and {0} is the smallest element in the chain {I,}. This
shows that A is bounded.

For some important classes of C*-algebras, we can actually identify
their basic structure spaces with some familiar spaces. A C*-algebra
A is called liminal if n(a) is a compact operator for every mwe A
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and ac A (Def. 4.2.1 [14]). The structure space A’ of a liminal
C*-algebra A is T,. In fact, for any primitive ideal J of A, A/J
is isomorphic to the (norm) simple algebra K(H) for some Hilbert
space H, i.e., J is also a maximal ideal. Hence the singleton {J} is
closed in A, Since each point is closed, 47 is 7,. And 47 = 4°,
the basic structure space, as every primitive ideal in A is also minimal
primitive.

A topological space X is a T,,-space if every pair of distinct
points « and y has disjoin closures. A C*-algebra A with a T,,
structure space is bounded as the following lemma shows:

LEMMA 2. For a C*-algebra A, A* = A if and only if A is a
T, ,,-space.

Proof. If A® = A?, then A’ is a T,-space. Hence A7 is a T,
space. Conversely, if A’ is a T, ,-space, then every primitive ideal
I of A is minimal primitive. For if I€ A; is not minimal primitive
and properly contains another primitive ideal J of A, then Ic{I}N{J}.
Hence {I} N{J} # @, and A’ is not T,,. A contradiction. Therefore
AP = AJ,

REMARK 1. The relation between the structure space and the
basic structure space for postliminal C*-algebras (Def. 4.3.1 [13]) is
quite different from that for liminal C*-algebras. Let H be a separable
infinite dimensional Hilbert space. Let T be a bounded noncompact
normal operator of H with spectrum S. Let A be the C*-algebra
generated by all operators of the form T + K, where K is a compact
operator on H. A is a postliminal C*-algebra, and it is an extension
of the algebra K(H) by a commutative C*-algebra C(S) of all con-
tinuous on the compact set S. A has only one minimal primitive
ideal, namely {0}. Yet A has many primitive ideals, all properly
containing {0} with the exception of {0} itself. Hence A’ = {0}, and
A = X U {0}, where X is the maximal ideal space of C(S) which can
be identified with S.

The proofs of the following lemmas are adapted from the proofs
of the corresponding lemmas in §3.3 [13]. Their inclusion here is
partly for the sake of completeness and partly due to certain modifi-
cations required by a change of space.

LemMMA 3. Let A be a C*-algebra with nonempty structure space
At For each xe A®, let m, be the quotient map of A onto Ajx. Then
for each ac A, the function

N,: @ — |7 (a)]]
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1s lower semi-continuous on A®°.

Proof. Since ||7 (a)|* = ||w.(a*a)|| for all a € A, we only need
to prove the lower semi-continuity of N, when « is a positive element
of A. To do so is the same as to show that

C.={ee A ||m(a)|| = k} = {we A" Spr.(a) 0, k]}

is closed in A® for each real k& = 0, where Sp 7,(a) denotes the spectrum
of m,(a) (in case A is without identity, we pass to A,, and Sp,7.(a) =
0 U Sp.7,(@)). Let ye A® be in the closure C, of C,. Suppose Sp7,(a)
contains a point ¢ not in [0, £]. Let f be a continuous real-valued
function vanishing on [0, k] and positive on ¢. Then,

r.(f(@) = f(z,(@)) =0 for all xeC,, and
m,(f(a)) = f(z(a)) # 0.

Hence,

y2 Nz, or yeC,.

zeCy,

This contradiction shows Sp x,C]0, k], i.e., y € C,. Hence C, is closed
and N, is lower semi-continuous.

LEMMA 4. Let A be o bounded C*-algebra. For each a€ A, the
Sunction N, defined in Lemma 3 attains its supremum ||al|| on the
basic structure space A°.

Proof. The function N, is also defined on the structure space
A7 of A, and it attains its supremum [|a|| on A’ as shown in Lemma
3.3.6 of [13]. A’ is a subspace of A7. If xe A)\A% then z is not a
minimal primitive ideal. Hence there exists a y e A® properly con-
tained in x. Since the quotient algebra A/x is isometrically isomorphic
to the quotient algebra (4/y)/(z/y), we have ||z, (a)] = ||7,(a)|| by
the definition of the quotient norm. Hence the function N, attains
its supremum on A°.

A bounded C*-algebra A is said to be *-bounded if for any pri-
mitive ideal J of A with JD> ;s I, where S c A’ there exists a
minimal primitive ideal J,CJ with J, D Nzes I.

LEMMA 5. The basic structure space A® of a *-bounded C*-algebra
A 1s locally compact.

Proof. By exactly the same argument as that in Proposition
3.3.7 of [13], we can prove that for an element ¢ in 4 and k> 0,
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the subset
G, ={xec A ||r(a)| = k}

is compact in A®. We only need to change 7 € A to x ¢ A%, and replace
Lemma 38.3.6 of [13] by *-boundedness. Now, let x€ A%, and U be
an open neighborhood of z. Since A"\U is closed, there exists an
element ¢ in A such that a¢x but acy for all ye AN\U. Let V
(resp. W) be the set of all z in A® such that

Im @) >+ Im@ll  (resp. [m@ 2 < Im@l) -

It follows from Lemma 3 that V is an open neighborhood of x. Hence
W is a compact neighborhood of x contained in U. This shows that
A’ is locally compact.

COROLLARY 1. Let A be a *-bounded C*-algebra with Hausdorf
basic structure space A,. Then for each ac A, the function N,
defined in Lemma 3 1s continuows on A’.

Proof. The set G, in the preceding lemma is then closed. Hence
the function N, is upper semi-continucus. This together with Lemma
3 implies that N, is continuous on A°.

3. The basic structure space of a W*-algebra. A C*-algebra
A is called a W*-algebra if it can be faithfully represented as a von
Neumann algebra on some Hilbert space, i.e., a weakly closed self-
adjoint subalgebra of B(H). For a W*-algebra we can easily identify
its basic structure space.

LEMMA 6. Let A be a W*-algebre with center Z. Let M be the
maximal tdeal space of Z. For each m in M, let [m] be the smallest
closed two-sided ideal of A generated by m. Then o:m—[m] is a
homeomorphism of M onto the basic structure space A’ of A.

Proof. By Theorem 4.7 of Halpern [21] for each m in M, [m]
is a primitive ideal. Suppose J is another primitive ideal in A
contained in [m]. Let J = ker = for some irreducible representation
7 of A. It is not difficult to see that = restricted to Z is a mul-
tiplicative functional on the commutative C*-algebra Z. Hence its
kernel ker (z|Z) = J N Z is a maximal ideal of Z. However, J C[m]
implies JNZcC[m]lNZ =m. Hence JNZ =m,J Dm. Therefore,
J D [m] since [m] is the smallest ideal in A containing m. This shows
that [m] is a minimal primitive ideal of A. By the same argument
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we know that if I is any primitive ideal of A4, then I N Z is a maximal
ideal of Z. Hence [I N Z] is a minimal primitive ideal contained in
I. Consequently, A is bounded. This also shows that p is onto.
For if I is in A, then I = p(IN Z). The mapping o is one-to-one.
For if m, and m, are two maximal ideals of Z such that [m,] =
[m,], then m, = [m,]N Z = [m,] N Z = m,.

Let S be a closed subset of M. Let J be a minimal primitive
ideal of A such that J D MNseosy I. Then we have

JNZo-NInZ=NINnZ.

Iep(S) INZeS
Hence, /N Z €S and J <€ p(S). This shows that o(S) is closed, and
0 is an open mapping. Conversely, let K be a closed subset of A’.
Let m, be a maximal ideal in the closure of p7(K). We claim that

[m> N [m].

mepT LK)

For otherwise there exists an element @ in A such that @ € Nnex [7]
but @ ¢[m,]. For each [m] in A’ let a, be the canonical image of
a in A/[m]. Hence we have a,, # 0 while a,, = 0 for all m in p7(K).
by Lemma 10 of Glimm [19], the mapping m — ||a,|| is continuous

on M. Consequently ||a,,|| =0, a contradiction. Hence the claim
holds, and

my=[m]NZ> N m,mep (K).
mepT LK)
Hence p7Y(K) is closed, and p is continuous. Therefore p is a homeo-
morphism.

We remark that the fact that A is a W*-algebra is only used
twice: (i) [m] is primitive, (ii) m — ||a.,|| continuous.

Let A be a W*-algebra and let Sc A4°. Suppose that J is a
primitive ideal of 4 and JDO MNies . Then JNZD(Nres )N Z =
N:.s(INZ). Hence o(J N Z)D Nies I N Z) = Nyes I since p is a
homeomorphism. Clearly, o(J N Z) is a minimal primitive ideal of
A contained in J. Therefore, a W*-algebra is *-bounded.

4, The structure of standard C*-algebras. We still need another
condition on a C*-algebra to ensure a direct sum decomposition.

DEFINITION 5. A *-bounded C*-algebra is said to be normal if
every primitive ideal in A contains a unique minimal primitive ideal
of A.

An immediate consequence of the definition is the following. If
A is a normal C*-algebra and I,J two distinct primitive ideals in
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A, then I+ J=A. For if I+ J # A, then A/I+ J is a nonzero
C*-algebra. Let mw be an irreducible representation of A/I + J. =«
induces an irreducible representation 7’ of A. ker ' is then a primitive
ideal in A containing two distinct minimal primitive ideals I and J.
A contradiction. Conversely, if in a C*-algebra A, I+ J = A for
all pair of distinct minimal primitive ideals I and J, then A is
obviously normal. We point out that there exists a (primitive) C*-
algebra A with two distinct primitive ideals I and J such that I & J
and J & I but I + J # A.

Let A be a W*-algebra with center Z, and I a primitive ideal
in A. It is clear from the proof of Lemma 6 that the two-sided
ideal J of A generated by I N Z is a minimal primitive ideal contained
in I. And if J' is another minimal primitive ideal contained in I,
then JNZ =INZ =J" NZ. Consequently, J =J'. Hence an W*-
algebra is normal.

In general, a *-bounded C*-algebra A is normal if and only if for
any pair of distinet points x and ¥ in A% the closure of {x} and of
{y} in the structure space A’ of A are disjoint. Therefore, a C*-
algebra A with a T, structure space A7 is normal. In particular,
a liminal C*-algebra is normal. We do not know at present whether
a postliminal C*-algebra is necessarily normal. As for the question
of boundedness, we shall study the normalcy of a general C*-algebra
in another paper. We introduce the following class of C*-algebras:

DEFINITION 6. A C*-algebra A is called standard if it is normal
and its basic structure space A’ is Hausdorft.

An W+*-algebra is standard since it is normal and its basic
structure space being homeomorphic to the maximal ideal space of
a commutative C*-algebra is Hausdorff. Any C*-algebra with Hausdorft
structure space is also standard.

Let A be a standard C*-algebra with basic structure space X =
A®, For each ze€ X, let =, be the quotient map from A onto the
primitive C*-algebra A/x which we shall denote by A(x). For each
a €A, let @ be a function on X defined by

a(x) = w,(a), reX.

By Corollary 1, x — ||d(x)|| is continuous for each ac A. Let IT =
I1..x A(x) be the cartesian product of all primitive C*-algebras A(x),
zeX. Let A be the subspace of II consisting of all functions @,
acA. Clearly, A satisfies conditions (i), (ii), (iii) of Definition 10.1.2
in [13]. Furthermore, A is obviously stable under the pointwise
involution and multiplication of the product algebra /7. By Proposition
10.2.3 and Proposition 10.3.2 of [13], there exists a subset /" of I,
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containing A, such that E = ((A(®)).cx, ') is a continuous field of
primitive C*-algebras (A(x)),.r (Def. 10.3.1 [13]). E is called the
continuous field of primitive C*-algebras over X defined by A. Let
A Dbe the C*-algebra defined by the continuous field E of primitive
C*-algebras (10.4.1 [13]). We have the following structure theorem
for standard C*-algebras:

THEOREM 1. Let A be a standard C*-algebra with basic structure
space X. Let E = ((A)),cx, I') be the continuous field of primitive
C*-algebras over X defined by A. Let A be the C*-algebra defined
by E. Then the Gelfand transform a—a,ac A, is an isometric
isomorphism of A onto A.

Proof. For each a ¢ A, the function x — ||@(x)|| vanishes at
infinity on X by Lemma 5. Hence G A for all ac A. It is easy
to see that the Gelfand transform is linear, preserves multiplication
and involution. The Gelfand transform is isometric by Lemma 4. We
only need to show that the Gelfand transform is onto, i.e., A = A.
Now, for any ze¢ X, {d(x)|a € A} = A(x). Suppose z and y is a pair
of distinct points in X, and & € A(x), & € A(y). There exist a, and
a, in A such that 7.(a,) = &, 7,(a;) = &. Since z and y are distinct
minimal primitive ideals of A, we have x +y = A. Leta, = b, + ¢,
where b,;ex and ¢;€y,7=1,2. Let a =b, + ¢,. Then

a(@) = m(a) = &, a(y) = w(a) = & .

Hence A = A by Corollary 11.5.3 in [13] which is a consequence of
of Glimm’s noncommutative generalization of the Stone-Weierstrass
theorem for C*-algebras [19].

We shall apply the structure theorem to a brief study of ideals
in a standard C*-algebra. By an ideal I of a C*-algebra, we now
mean a norm-closed one-sided (left or right), or two-sided ideal. But
once the type of I is chosen, all the ideals in the subsequent discussion
in this paragraph shall have the same type as that of I. Let I be
an ideal of standard C*-algebra A with basic structure space X.
Let I(x) = {@(x)|a eI}, xe X. Then I(x) = A(x) or I(x) is a proper
ideal of A(x). Let

k() = {xe X|I(x) = Ax)} .
k(I) is nonempty for a proper ideal I of A. Let
I, = {ac Ala(x) € I(x)} , zek().

Then I, is an ideal in A, and
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I=N1I
zek(I)
by Lemma 10.4.2 of [13]. Hence I is a maximal ideal in A if and
only if k(I) is a singleton {x,} and I(x,) is a maximal ideal in the
primitive C*-algebra A(x,) (we admit {0} as a maximal two-sided
ideal of A(xz,) if A(x,) is topologically simple). In fact, suppose I is
a maximal ideal. Since IC I,, for x <€ k(I),

I=1,, for all zek(I).

Suppose z, y € k(I), and © # y. Then I(y) = A(y). Let &€ A(y)\I(y).
By Theorem 1, there exists an element ¢ of A such that d(x) =0
and d(y) = & Hence acl, but a¢I,. This shows that I, # I, in A.
Hence we have k() = {x,} and I = I,. If I(x,) is not maximal, let
J(x,) be an ideal containing I(x,) in A(x,). Then

J = {a]a(x,) € J(x,)}

is an ideal properly containing I. A contradiction. Hence I(x,) is
maximal. Conversely, suppose k(I) = {x,} and I(x,) is maximal. Let
JoI=1,. Now for ye X,y # x, y ¢ k(I), J(y) = I(y) = A(y), and

J(@o) = {@wo)| @ € J} D I(x,)

Hence J(x,) = I(x,). Consequently J = I. I is maximal.

It follows that a standard C*-algebra A is strongly semi-simple
if and only if each coordinate algebra A(z), x € X, is a simple C*-
algebra.

5. Pre-standard C*-algebras. Let Y be a T, topological space.
For a pair of distinct points # and y in Y, we write xRy if 2 and
y do not have disjoint open neighborhoods. A topological space Y
is called a T,,,,-space if it is T, and the relation R of inseparability
between points of Y so defined is an open equivalence relation (5.2
Bourbaki [7]).

DEFINITION 7. A normal C*-algebra A is called pre-standard
if its basic structure space A4° is o T,,,,-space.

A C*-algebra A with a T,,,, structure space if pre-standard.

Let A be a pre-standard C*-algebra with basic structure space
At For each xze A’ let [¢] = {y|2Ry}. Let X = {[x]|x € A’} be the
quotient space of A® with respect to the equivalence relation R
(equipped with the quotient topology and the quotient map is denoted
by q). We call the space X the base of the pre-standard C*-algebra A.

LEMMA 7. X is a locally compact Hausdorff space.
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Proof. X is locally compact since A® is locally compact. X is
Hausdorff. In fact, let [«,] # [¥,] be two distinct points of X. Since
%, and %, are not in the same equivalence class, we can find two
disjoint open sets 0, and 0, containing x, and ¥, respectively. Let
G,={z|2Rx for some x€0,}. G, and G, are open in A° since R is open.
Suppose z2€ G, N G,. Then there exist x€0, y<0, such that zRz,
2Ry. Hence xRy, i.e., x and y cannot be separated by open sets.
This contradiction shows that G, NG, = @. Then ¢(G,) and ¢(G,)
are disjoint open sets in X containing [x,] and [y,] respectively.

For each x € A%, let T = Nyc.1 Y. We call such an ideal a pseudo-
primitive ideal. Hence, a pseudo-primitive ideal of A is the inter-
section of a class of inseparable minimal primitive ideals in A. X
can be identified as the set of all pseudo-primitive ideals in A4, i.e.,
[#] — X is a one-to-one correspondence. In fact, if Z = ¥, then y D
¥y=% = {z]zex]}. Since [r]c A® is the inverse image of a point
in X under the quotient map, [x] is closed in A®’. Hence y<|x].
Consequently, [2] = [y]. We shall write [#] and % interchangingly
for an element of X. Let us denote by B,(Z) the C*-algebra of all
bounded elements in the discrete direct sum @,..; A(¥), i.e., all @ in
@D, .1 A(y) with sup,cr;||@(¥)|| < . And we denote by C,(Z) the
C*-algebra of all elements vanishing at infinity in the discrete direct
sum @,.r.1 AY), i.e., all @ in @,.[.; A(y) with the property that given
any ¢ > 0, there exists a finite set F, of [x] such that ||d(y)|] <e¢
for all y¢ F,. Of course, B,(%) = C, (%) if [x] is an equivalence class
consisting of finitely many points of A’. It is clear that the quotient
C*-algebra A(Z) = A/T is a subalgebra of the discrete direct sum
@D, .r.1 A(W) closed under the supremum norm, containing C,(Z) and
contained in B,(Z). For each ac A, let a(Z) € A(Z) be the image of
o under the quotient map of A onto A/Z, and let

(1) 1 a@)|l, =ys€1%glld(y)ll,

where d(y) is as in Theorem 1 the image of « under the quotient
map of A onto A/y. For each ac A, the function y — ||d(y)|| is lower
semi-continuous on A® by Lemma 3. Since the supremum of lower
semi-continuous functions is lower semi-continuous, = — [|@(Z)|], is
lower semi-continuous on A® and constant on each equivalence class.
It follows that for each ac A, % — ||d(%)||, is a lower semi-continuous
function on X since X has the quotient topology. We note that the
preceding function on X reaches its supremum [|a¢|| in X.

Let [2]- be the closure of [x] (as a subset of Af) in A4/, We
remark that [x]” is equal to

S = {Je A7 |there exists ze[x] such that zcJ}. In fact, let
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Jelz]. Then JDO\yet1¥. By *-boundedness of A, there exists
z€ A® such that J D 2> (\,c.1Y. Since [x] is closed in A’, we have
ze[x]. Hence JeS. As Sc|[z] is obvious, we have [z]” = S.

For any closed ideal I in A, let ||a + I|| denote the quotient
norm of @ + I in A/I. We have the following:

LEMMA 8. For a pre-standard C*-algebra A, and xec Ab,

l|a)|l, = su[p]lla +yll=lla +Z|, forall acA.

Proof. By Theorem 4.9.14 of Rickart [29], for the closed subset
[2]” of Af, and a € A, there exists a Q €[x]” such that

lle + QI = sup{lla + yll: ye[x]}.

By the preceding remark, there exists a ze[x] with 2z Q. Thus
la + z|| =z [le + Q[|. Consequently, |[a + Q|| = [[a + z|| = [[a(@)]]..

Now, N{J|Je[z]'} =% = N{yly €[z]}. Thus Prim (A/Z) =
{J/Z|J e[x]"}. By the proof of Theorem 4.9.14, line 8 in [29], it
follows that

e + Z|| = sup {||(¢ + F) + P||: Pe Prim (A4/7)} .

But (4/%)/(J/%) = A/J, so for P = J/xT with Je[x]7, ||[(a + %) + J/Z|| =
lla + J||. Thus,

lle + Z|| = sup{|le + J|: Je]x]}.
By the first paragraph, it now follows that
le +Z| =|le + Q] = |la + z|| = [[a@)]], .

From now on ||@(z)||, will be written as ||a(z)]|.

LEMMA 9. For each a € A, N,: x+ || &(%)|| 1s & continuous function
on X.

Proof. We only need to show that N, is upper semi-continuous.
Since X is Hausdorff, it will be sufficient to show that

B, = N;'([k, =) = {z|||a(@) ]| = k}

is compact for each & > 0.
We use the same argument as that in Proposition 3.3.7 [13].
Let {Z,} be a filter base of decreasing nonempty relatively closed

subsets of E,. Let J, = 3., %, and J =UJ,. The norm of the

2 The author thanks the referee for supplying this lemma.
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canonical image of @ in the quotient algebra A/J is =k. Hence,
there exists a minimal primitive ideal x, of A such that z,DJ.
However, for each %
JD J-l = n Z,
zeq Uz,
(¢ is the quotient map of A’ onto X). Since ¢ is continuous, each
each ¢7(Z,) is closed. Hence z,€ ¢ '(Z,) for all 7. Therefore, q(x,) € Z,

for all i.e., g(x,) is an adherence point of {Z,}. This shows that E,
is compact.

LEMMA 10. For xze A [z]e X, x ¢[2], we have

r+Ny=4.

yelz]
Proof. We first show that for any closed ideals z, y, z in A4,
(2) +y)Nn@Ex+zcz+(y¥Nnez).

Let ac(z +y)N(x + 2). Then a =a, + b = a, + ¢, Where a, a, €z,
bey,cez. Since each element a is a linear combination of four
positive elements, we can assume that @ is positive. Then

o’ = a,a, + a,c + ba, + bcex + (y N z).

Since  + (y N 2) is also a C*-algebra, we have a ez + (y N 2) (Lemma
7, p. 207 in Bonsall and Duncan [6]). Hence (2) is proved.

Now let [z2] be well-ordered, and let y, be the first element. We
can assume that [z] has a last element y,. For if it doesn’t, we
can simply add y, to the end, and this will not change (,cr,;¥. We
have by normality of A that v + ¥, = A. Now suppose that

r+Ny=A4.

Y<Yy

Then by (2),
A=+ NNk +y)=2+Ny.

Y<Uqy YSYq

Hence, by transfinite induction,

r+-Ny=z+Ny=A4.

yelz] Y=Y,

Now, @ can be regarded as a vector field on X. Let A be the
subspace of the cartesian product II = [];.r A(Z) consisting of all &,
acA. Then A clearly satisfies conditions (i), (ii), and (iii) of Definition
10.1.2 of [13]. Also, A is obviously stable under the involution and
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the multiplication of the product algebra II. By Propositions 10.2.3
and 10.3.2 of [13], there exists a subset I" of IT containing A such
that F' = ((A(%))zcx, I') is a continuous field of C*-algebras (A(%));.x-
Let A be the C*-algebra defined by the continuous field F' of pseudo-
primitive C*-algebras. We have the following:

THEOREM 2. Let A be a pre-standard C*-algebra with base X.
Let F = ((AZ));cx, I') be the continuous field of pseudo-primitive
C*-algebras over X defined by A. Let A be the C*-algebra defined
by F. Then the Gelfand transform a—a&,ac A, is an isometric
isomorphism of A onto A, where each coordinate algebra A(T) is a
closed *-subalgebra of B,(Z) containing C(%).

Proof. The same argument given in the proof of Theorem 1
applies here. We need only check that %, + 7, = A for any pair [x,]
and [y,] of distinct equivalence classes. We have for any x €[x,]

x+y=A, forall yely,]
since A is normal. Hence for any xe[z,],

et+h=ae+1y=A4,

yelypl

by Lemma 10. Therefore,
Ty + Yo = n T+ Y= n]($+?70)=A-

zel[zg] zelx

REMARK 2. We are not able to give a more precise description
of A(Z) other than that it is contained in B,(Z) and contains C,(Z).
This is perhaps due to the fact that some topological structure is
lost when we map the whole equivalence class [2] into one point Z.
The algebra A(Z) does not depend on {A(y)},c:,; alone, it also reflects
the structure of A. The following pair of examples will illustrate
this situation:

Let B be the set of all sequences a = {a,} of infinite matrices
representing bounded linear operators on /%, each convergent in the
operator norm to a scalar matrix. Bisa C*-algebra with the pointwise
multiplication and involution (conjugation of matrices), and the norm
la]] = sup, ||a,||, where ||a,]| is the operator norm of the matrix
a,,n =12 +--. Then B is a pre-standard C*-algebra with the base
X homeomorphic to the subspace {0, 1, 1/2,1/3, ---} of the real line.
Each pseudo-primitive ideal I of A is actually a minimal primitive
ideal and A/I is isomorphic to B(H), where H = [?, except the ideal
J corresponding to the point 0, which is the intersection of infinitely
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many minimal primitive ideals I with each A/I, isomorphic to the
field of complex numbers, where I; = {a|¢th coefficient in the diagonal
of lim,a,is 0},7=1,2, --.. A/J is isomorphic to the algebra of all
bounded sequences of complex numbers, hence is equal to B,(J).

Next, let K be the set of all sequences a = {a,} of infinite square
matrices representing compact operators on /%, each of which converges
to a scalar matrix in the operator norm. K is a C*-algebra under
pointwise multiplication and involution with norm ||a|| = sup, ||a.|l,
n=12 ---, where ||a,|| is the operator norm of a,. Then K is
a pre-standard C*-algebra with the base X homeomorphic to the
subspace {0, 1, 1/2,1/3, ---} of the real line. Each pseudo-primitive
ideal I of A is actually a minimal ideal of A, and A/I is isomorphic
to K(H), where H = [?, except the ideal J corresponding to the point
0. J is the intersection of infinitely many minimal primitive ideals
I' with each A/I' isomorphic to the field of complex numbers. But
A/J is isomorphic to the algebra of all bounded sequences of complex
numbers convergent to zero, hence is equal to C,(J).

Finally, we make some comment about our structure theorem
and that of Dauns and Hofmann [11]. First of all, we represent C*-
algebras as C*-algebras defined by continuous fields of C*-algebras
as in [13]. Dauns and Hofmann [11] developed a more elaborate
and somewhat more abstract notion of a field uniform structure.
The class of pre-standard C*-algebras is wide enough to include many
interesting examples of C*-algebras (we actually have difficulty in
finding a C*-algebra which is not pre-standard though such a C*-
algebra may well exist). However, our present result is still limited
in the sense that it can not yet be applied to all C*-algebras. By
contrast, the non-commutative Gelfand-Naimark theorem stated in
[11] is for general C*-algebras. On the other hand, we can say
something concretely about each coordinate algebra in our decom-
position, i.e. a subdirect product (in the sence of [22] of primitive
C*-algebras. The description for each fibre algebra in [11] becomes
ambiguous when the C*-algebra is very general. We get our base
X simply by identification of certain points in the basic structure
space A® of a C*-algebra A while in [11] a more abstract but universal
process called Hausdorffization is employed. (Dauns [10] gives a
more concrete description for this in case that each primitive ideal
in A does not contain the center of A.) It should be pointed out
that the memoir of Dauns and Hofmann [11] lays the foundation of
a theory that generalizes the studies of sheaves and fibre bundles
and the application to C*-algebras is only one aspect of their work.
We conclude this section with two examples to illustrate the difference
of of our approaches.

Let X = [0, 1] U {2} with the induced topology from the real line.
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Let A be the algebra of all norm continuous functions ¢ from X to
B(H), where H is a separable infinite dimensional Hilbert such that
a(x) € K(H) for all 2 €[0, 1] and a(2) is a scalar multiple of the identity
operator. For a, b € 4, (ab)(2) = a(2)b(2), (ab)(x) = a(x)b(x) + a(2)b(x) +
a(x)b(2), x €[0,1]. We have

Prim (4) = {L,, Lz <[0, 1]},

where I, = {¢|a(2) = 0}, and I, = {a|a(x) = a(2) = 0}. A is *-bounded
and normal,

A' = {L|ze0, 1]}

and can be identified with [0, 1] with the usual topology. Hence A
is standard and isometric isomorphic to a C*-algebra defined by a
continuous field of C*-algebras A(x) over [0, 1], where each A(z) = A,
the primitive C*-algebra generated by K(H) and {cI}. (This is not the
C*-algebra of all continuous functions from [0, 1] to A4,. In short,
the continuous field of C*-algebras is not trivial.) The center Z of
A consists of scalars, i.e., Z= C. By Dauns and Hofmann [11] Corollary
8.14 (3), the base space is a singleton, i.e., the algebra A is of a
single fibre in their theory.

A variation of the above example is the following: Let A, be
the subalgebra of A consisting of all ae A4 with a(l) a diagonal
operator with respect to a fixed orthonormal basis {¢,};>, in H. Again
the center of A is C, and consequently it is an algebra of a single
fibre in the theory of [11]. We have

Prim(4) ={l.NnA, LnNA Llxe[0,1),71=12,---},

where I, = {a € A, | the ith coefficient in the diagonal of a(1) is 0, a(2)
is 0}. A, is *-bounded and normal,

Al ={IL,NnA ILlxec[0,1),:=1,2,---}

and is not Hausdorff since {I,} can not be separated. However A}
is T,,,, and the quotient space X = [0, 1] with all points corresponding
to I;,i=1,2, ---, identified as {1} in [0,1]. A, is pre-standard, and
isometric isomorphic to a continuous field of C*-algebras A(x) over
[0, 1], where A(x) = A, for all z [0, 1), but A(1) is the pseudo-primitive
algebra of all convergent sequences. We have C,(I,) & A(1) & B,(I)
in the notation of Theorem 2.

6. Representation of C*-algebras. A state f of a C*-algebra
A is a positive linear functional on A of norm one. For each state
S of a C*-algebra A, we denote by 7=, the cyclic representation of
A on Hilbert space H;, associated with the standard Gelfand-Naimark-
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Segal construction such that
(m/a)e]|€) = f(a) for all acAd;

we denote by V; the associated linear map from A (or A, in case 4
is without identity) onto a dense subspace of H,, and & = V«(1).

Let A be a densely bounded C*-algebra with basic structure
Ab. Let X be a dense subspace of 4°. X once chosen, is fixed. For
each z € X, choose one state f, of A such that ker 7, = x. We simply
write f for f, if no confusion would arise. Let Y be the set of all
states f of A so chosen after each element of X. Y once chosen,
is also fixed. Let

II ::EB.lIf.

fer

For each ve H, let v(f)e H; be its f-coordinate. We have
K21k =f§;;llv(f)ll2 <o, veH.
An operator T on the Hilbert space H is called decomposable if

(To)(f) = T(fy(f), veH,

where T(f)e B(H;) for each feY. We call an operator 7" on H
A-decomposable if T is decomposable and T'(f) € w;(A) for each f e Y.
For each ac A, define @ on H as follows:

(@v)(f) = nfa)o(f), veH.

@ is obviously linear on H, and we have

laoll = (S lIm@(nIF) " = llal fv] .

Hence for each ac A, d is a bounded linear operator on H. Clearly,
@:a— @ is a linear map from the C*-algebra A into the set of all
A-decomposable operators on H.

By a straight forward computation, we have

ab = @b, a* = a*, i.e., p(ab) = P(a)p(d), pla)* = Pp(a*)

for all a,be A. Since the basic structure space is dense in A7, X
is also dense in A7. Hence

Nx=NI=0.
zeX IeAd
If @ =0, then
a efﬂ 77(0) = N2z = {0}, where =z7'(0)=1x.
ey reX
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This shows that ¢ is injective. As any norm-decreasing isomorphism
from a C*-algebra into a Banach *-algebra is isometric, we have the
following:

THEOREM 3. Let A be a densely bounded C*-algebra, and let X
be a dense subset of the basic structure space A® of A. Then ¢:a—a
constructed above is an isometric isomorphism of the C*-algebra A
onto a morm-closed self-adjoint subalgebra B(H).

A representation 7= of a C*-algebra A on a Hilbert H is called
separable if H is separable. Let us call a C*-algebra A separably
representable if it has a faithful separable representation. An im-
mediate consequence of Theorem 3 is the following:

COROLLARY 2. Let A be a densely bounded C*-algebra with o
separable basic structure space A°. If every exactly irreducible
representations of A is physically equivalent to a separable repre-
sentation, then A 1s separably representable.

REMARK 3. Theorem 3 is a refinement of the representation
theorem in Gelfand and |Naimark [18]. The Hilbert space H in
[18] is usually nonseparable for an infinite dimensional C*-algebra A
since the direct sum is taken over all states of A to ensure the
faithfulness of the representation. Of course, this is not always
necessary. For example, if A is (norm) separable, the direct sum
can be taken over a countable separating family F' of states f and
each H; is separable; so A is separably representable. But such a
judicious choice of a countable separating set F of states is not
always possible in general. And many separably representable C*-
algebras are not separable. In fact, any infinite dimensional von
Neumann algebra is not norm separable. The separable represen-
tability of a C*-algebra is of considerable interest to theoretical
physicists. It seems that the sufficient condition of being separably
representable in Corollary 4 is also very close to be a necessary
condition. The condition that every exactly irreducibly representation
of a C*-algebra A is physically equivalent to a separable representaion
is weaker than the condition that every irreducible representations
of A is physically equivalent to a separable representation as the
following example shows: Take A = B(H), H a separable infinite
dimensional Hilbert space. There is only one physical equivalence
class of exactly irreducible reprentations of A, i.e., the one containing
the identity representation which is of course a separable representa-
tion. However, not every irreducible representations of A is physically
equivalent to a separable representation. For all irreducible repre-
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sentations of B(H) induced from a faithful irreducible representation
of the Calkin algebra B(H)/K(H) is necessarily taken on a non-
separable Hilbert space (see Calkin [8]).

DEFINITION 8. A densely bounded C*-algebra A with a dense
subspace X of the basic structure space A® is called X-normal if
any primitive ideal of A does not contain two distinct minimal pri-
mitive ideals from X,

It follows from the definition that if I, Je€ X and I # J, then
I+J=A.

Let A be a densely bounded X-normal C*-algebra such that X
is a locally compact Hausdorff space. Let Y, » and H be as in the
paragraph preceding Theorem 3. Ler Y have the topology transplanted
from X. Let D, denote the subalgebra of B(H) consisting of all
A-decomposable operators T on H such that f — || T(f)|| is continuous
and vanishing at infinity on Y. It is not difficult to see that o(A)
is a closed *-subalgebra of D,. ¢(A) obviously satisfies the conditions
(i), (ii), and (iii) of Definition 10.1.2 of [13] with respect to the family
(7(A))sey of primitive C*-algebras. By Proposition 10.3.2 of [13],
there exists a subset I” of the cartesian product [];.y 7s(A4) containing
@(A) such that G = ((x;(A))sey, ') is a continuous field of primitive
C*-algebras (7:(A));ey over Y which can be identified with X. By
the same argument as that in the proof of Theorem 1, we conclude
that the isomorphism from A to the C*-algebra defined by the con-
tinuous field G of C*-algebras is onto. In other word, I" = ¢p(4) = D,.
We summarize the above discussion as follows:

THEOREM 4. Let A be a densely bounded C*-algebra with a
dense subspace X of the basic structure space A . If A is X-normal
and X s a locally compact Hausdorff space, then ¢: a — @ as defined
in the paragraph preceding Theorem 3 is an isometric 1somorphism
of the C*-algebra A onto the C*-algebra D, of all continuous A-
decomposable operators on H vanishing at infinity.
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