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COMPLETELY SEMISIMPLE INVERSE Δ-SEMIGROUPS
ADMITTING PRINCIPAL SERIES

P. G. TROTTER AND TAKAYUKI TAMURA

A Δ-semigroup is a semigroup whose lattice of congruences
is a chain with respect to inclusion. A completely semisimple
inverse Δ-semigroup that admits a principal series is cha-
racterized here as a semigroup that results from a particular
series of ideal extensions of Brandt semigroups by Brandt
semigroups. A characterization is given of finite inverse
Δ-semigroups in terms of groups, Brandt semigroups, and one to
one partial transformations of sets.

1. Introduction. A A-semigroup is a semigroup whose lattice
of congruences is a chain with respect to inclusion. Schein [8] and
Tamura [11] showed that a commutative Δ-semigroup is either a quasi-
cyclic group A, or a commutative nil semigroup B with the divisibility
chain condition, or A0, or B\ We study here the structure of com-
pletely semisimple inverse Δ-semigroups with principal series. Such
semigroups will be characterized in terms of Δ-groups, idempotent
properties, and ideal extensions of Brandt semigroups by Brandt semi-
groups.

In [11] it was shown that the least semilattice congruence on a
Δ-semigroup has at most two classes. We begin by characterizing
completely semisimple inverse semigroups admitting principal series and
having this property.

In the final section we show that each finite inverse Δ-semigroup
determines a set of structure data that involves groups, Brandt semi-
groups and one to one partial transformations of sets. Conversely the
semigroup can be reconstructed from the structure data.

2. Preliminaries. We call a semigroup 5 an 5?r, or if2-
semigroup if the smallest semilattice congruence on 5 has one, or two
congruence classes respectively. S is a Δ-semigroup only if it is an ίfλ- or
5^-semigroup. In this section we characterize completely semisimple
inverse Sfx-> or ^-semigroups that admit principal series.

A subsemigroup H of a semigroup 5 is if-unitary if and only if
whenever HxyH C H for x, y e S1 then Hx, yH C H. Notice that if £ is a
semilattice and efg = e in E then ef = e = ge. Hence, any class of a
semilattice congruence on S is ^-unitary. Let β* denote the least
congruence on S containing Green's relation $. For a E 5 let Ja be the
/-class of a and J(a)= S'aS1.
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THEOREM 2.1. Let S be a regular semigroup. The following are
equivalent:

(i) S is an ΐfλ-semigroup.
(ii) β* = SxS.
(iii) Each Sf-unitary subsemigroup ofS that is a union of β-classes is

an ideal.

Proof. Howie and Lallement [2] have shown that J>* is the least
semilattice congruence on 5. Hence (i) and (ii) are equivalent.

(ii) implies (iii). Let H be an 5^-unitary subsemigroup that is a
union of /-classes but is not an ideal. Suppose xay E H for some
x j E S 1 , aES. Then HxayH C H so Hxa C H. Hence HxaH C H
so aHCH and HaH C H. If Jα = Jh b E S, then there exists r , 5 6 S ]

so that HxrbsyH C H and similarly HW/ C H. So H/flH C H. Since H
is not an ideal and is 5^-unitary there is a d E 5 so that

if. Define

Ch={a<ΞS\ χjay Π H ^ D for some x, y E S1} and

Let ρH denote the equivalence relation on S with classes CH and CH. If
α 6 C H then we have HJaH CH CCH. Furthermore, since H is Sf-
unitary, HabH CH if and only if HaH, HbH CH, for a,b E S1. Hence
CH is a unitary semigroup, CH is an ideal, and pH is a nonuniversal
semilattice congruence.

(iii) implies (ii). Since a /*-class is 5^-unitary, it is an ideal. But
ideals of S intersect nontrivially.

The next theorem is an immediate consequence of results in [5], [6]
or [9].

THEOREM 2.2. For any semigroup S the following are equivalent:
(i) S is an 9\-semigroup.
(ii) Each ideal of S is an ζfx-semigroup.
(iii) S is an ideal extension of an Sfx-semigroup I by an Sfrsemi-

group T.

Note that T has zero divisors.

COROLLARY 2.3. Let S be a regular semigroup with a principal
series. S is a ίfx~semigroup if and only if each 0-simple principal factor of
S has a zero divisor.

-Proof. By Theorem 2.2, the condition is clearly necessary.



COMPLETELY SEMISIMPLE INVERSE Δ-SEMIGROUPS 517

Conversely let 5 0 C Si C C Sn = S be a principal series. Since So

is simple it is an ^-semigroup. Continuing by induction, assume S, _i is
an ^-semigroup and SJSt-i has zero divisors for some /, l ^ i ^
n. Si/Si-ι is 0-simple so is an ^-semigroup. Hence, by Theorem 2.2
(iii), S, is an ^-semigroup.

Let B(G,I) denote the Brandt semigroup that is a Rees matrix
semigroup over the group with zero G° and with the identity Ix I
sandwich matrix. We call G the basic group of B(G, /) . B(G,I) has
zero divisors if | I | > 1 and is isomorphic to G° if | I | = 1. Since an
inverse semigroup is completely [0]-simple if and only if it is a group
[Brandt semigroup], we have from Corollary 2.3:

COROLLARY 2.4. Let S be a completely semisimple inverse semi-
group with principal series So C S1 C C Sn = S. S is an ίfx-semigroup if
and only if (i) So is a group, and (ii) S /S -i = B(Gh It) with | ί | > 1 for

We conclude this section with a similar result for inverse Sf2-
semigroups.

T H E O R E M 2.5. Let S be a completely semisimple inverse semigroup
with principal series So C Si C C Sn = S. S is an ^-semigroup if and
only if (i) So is a group and (ii) Si/St-ι = B(G» /,) for l^i^n where
I Ir I = 1 for exactly one r, 1 ̂  r ^ n.

Proof We first observe that if \Ir | = 1 and Jr = Sr\Sr-u 1 ̂  r ^ n,
then Jr is an S^-unitary subgroup of S that is a /-class but not an
ideal. As in the proof of Theorem 2.1 there is a semilattice congruence
ρJr with classes CJr, CJr defined as in (1).

Assume that S is an ^-semigroup then So is a group and by
Corollary 2.4 there exists an r, 1 ̂  r ^ n, so that | Jr | = 1. Suppose also
that I/,I = 1, l ^ ί ^ n . Then pΛ = / * = pΛ. Hence CΛ = CΛ and since
Jn Jt are /-classes, r - t.

Conversely assume (i) and (ii). As in the proof of Theorem 2.1, CJr

is a unitary subsemigroup and CJr is an ideal of S. Then the /-classes of
CJr and the /-classes of CJr are /-classes of S. Since S0CCJr and
Λ C CΛ are the only /-classes that are groups then CJr, CJr are Sfγ-
semigroups. Hence pJr = / * .

3. Characterization. In this section completely semisimple
inverse Δ-semigroups with principal series are characterized.

The following Lemma is an immediate consequence of results of
Preston [7]. Parts (i) and (ii) are also corollaries of Tamura [10].
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LEMMA 3.1. Let S = B(G,I) be a Brandt semigroup.
(i) S is Δ-semigroup if and only if G is a Δ-group.
(ii) Each congruence of S is idempotent separating or universal
(iii) S is primitive.

We need some further results.

LEMMA 3.2. Let S be an inverse semigroup with ideal I. Any
congruence p' on I extends to a congruence p on S so that

c ap' if ael
ap = \

[ {a} if aES\I.

In particular, any ideal of an inverse Δ-semigroup is an inverse Δ-
semigroup.

Proof. Let A and B be congruence classes of p'. Suppose xay E
B for some x,yES\ a E A. Since xaa~ιaa~ιay E B and
xaa~\ a1 ay E I then xaa~ιAa~ιay QB. If c E A then aa~ιca~ιa E A
and xcc~ιaa~ιca~ιac~ιcy = xaa~ιca~ιay E B so xcc~ιAc~ιcy CB. In
particular xcy E B. Hence xAy C B. Since I is an ideal the result
follows.

If S is an inverse semigroup with semilattice E, let C(E) denote the
centralizer of E in S.

LEMMA 3.3. Let S be a completely semisimple inverse semigroup
with principal series {0}CSj C5 and with semilattice E. Then on S;

(i) Each non idempotent separating congruence has Sx or S as a
congruence class if and only if for any e/fEEso that e E S\SU f E SAO
there exists a E S so that a~xea = / and so that fa = 0 if e > f

(ii) Each idempotent separating congruence is the identity equiva-
lence on S\S} if and only if C(E) Π (S\S,)C E.

Proof, (i) Suppose the non idempotent separating congruences
have Si or S as congruence classes. If a E SAO then Si = J(a). If
b & J{a) then considering the Rees congruence modulo J(b) we see that
J(a)CJ(b) = S. Hence the principal ideals of S are chain
ordered. Let r be the least congruence so that for some e^ f in J5\0,
(e,f)Eτ. Assume that e E S\Sλ and f E. Si. Then r is
universal. Since OEfr then by Teissier [12] there exists xu yu , xn,
ynES1 so that

/ = Xihyu χ\hy\= *2*2y2, , Xnjnyn = 0
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where ip,jpE{e,f), p = l, ,n. But (xpipyPY\xpipyp) = z~Hpzp where

zp = χ~P

ιxPyr So

/ = zilixzu zϊιjιzι = Z2li2z2, , z~nUzn = 0 .

Deleting repetitious terms we may assume that z~ιipzp^ z~p]pzp, and
that z'p

ιipzp > z~ιjpzp (otherwise replace zq by zqz~ιipzp ίoτp^q^n). If
e >f then z~ιezp g z;1/2^ so ιp = e, jp = f Furthermore, by Lemma 3.1
(iii) we have / = zϊ1ez1 > z\xfzλ = 0. Hence (fzQ^φi) = ° s o Ai = °

Conversely, suppose e/f in E. U_e E S\SU and /ESAO, then
a^ea = f for some α G S , so J(f)CJ(e) - S. Let r be the least
congruence with (e,f)ET. %By Lemma 3.1 (ii), if e,fESu then erD
SL If e,feS\Su then, by Lemma 3.1 (iii), ef E Sλ and e/6eτ. If
eES\Sλ and / G S b then 0Geτ since either e > / and 0 = a~lfa^
a~ιea = / for some a E S, or ef = 0 by Lemma 3.1 (iii). Then er =
/(e)=&

(ii) By [1] the greatest idempotent separating congruence on 5 has
group kernel normal system {He Π C(E); e E E} where He is the 3€-class
of e.

LEMMA 3.4. Let S be a completely semisimple inverse Sfrsemigroup
with principal series {OjCSiCS. S is a ^-semigroup if and only if

(i) the Brandt semigroups S/Sλ and Si have Δ-basic groups,
(ii) each non idempotent separating congruence of S has Sλ or S as a

congruence class, and
(iii) each idempotent separating congruence of S is the identity

equivalence on S\Si.

Proof. Let 5 be a Δ-semigroup. By Lemmas 3.1 (i) and 3.2, (i) is
satisfied. Comparing congruences with the Rees congruence modulo Si
we see that (iii) holds and that any non universal congruence has its
classes in Sx or S\Sχ. Hence, applying Lemma 3.1 (ii) to Si, we see that
(ii) holds.

Conversely, by (i), (iii) and Lemma 3.1 (i) applied to Su the
idempotent separating congruences are chain ordered. By (ii) the other
non universal congruences have Si as a class and are then chain ordered
since, by (i), S/Sί is a Δ-semigroup. Hence, by (iii), S is a Δ-semigroup.

LEMMA 3.5. Let S be a completely semisimple inverse ^-semigroup
with principal series {0} C Si C S. S is a Δ-semigroup if and only ifSλ is an
SfrΔ-semigroup, S\Sι is a Δ-group and S satisfies conditions (ii) and (iii)
of Lemma 3.4.

Proof By Theorem 2.5 just one of SAO or S\Si is a
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group. Assume S is a Δ-semigroup. The /-classes of S are chain
ordered [11]. If SAO is a group then, as in the proof of Theorem 2.5, β*
has classes {0}, 5\0. But then β* is not comparable with the Rees
congruence modulo Sλ. Hence S\Sλ is a group while SAO is not. The
remainder of the proof is as for Lemma 3.4.

The following theorem is the main result. Together with the results
2.4, 2.5, 3.1(i), 3.3, 3.4 and 3.5, it provides a characterization of
completely semisimple inverse Δ-semigroups with principal series in
terms of Δ-groups and idempotent properties.

THEOREM 3.6. Let S be a completely semisimple inverse semigroup

with principal series So C Sλ C C Sn = S. S is a Δ-semigroup if and only

if
(i) So is a Δ-group So = {0} // n > 0,
(ii) Si is a Brandt semigroup with Δ-basic group if n > 0 ,
(iii) SJSt-2 is an if x-Δ-semigroup for i = 2, , n - 1,
(iv) Sn/Sn-2 is an 5^-, or 5^2-Δ-semigroup.

Proof Say S is a Δ-semigroup. S and So have the same maximal
group homomorphic image and if n > 0 the only such group is trivial
[11]. Hence, by Lemmas 3.2, 3.1(i), (i), 3.4 and 3.5, we see that
(i), -(iv) are satisfied.

Conversely we prove that for any congruence p on S and some /,
O i i ^ n , then ap = S, for a E Sb ep Π E = {e} for e e (Si+ι\St) Π E
where E is the semilattice of S, and ap = {a} for a E S\Sι+ι. Then S will
be a Δ-semigroup. The result holds for n = 0 or 1, by Lemma 3.1
(ii). Continue by induction, assuming the result for n = t. Since
St+JSt-i is a Δ-semigroup, then the congruences of S,+1 that have their
classes in St or Sί+ASf are of the required form by Lemmas 3.4,
3.5. Suppose p is a congruence on S,+1 with (α, 6 ) E p , a E S/+ASf,
b E S,. Then the congruence on the Δ-semigroup S,+i/Sf_i induced by p
is universal by Lemmas 3.4, 3.5. Hence there exists h E St\St-u k E S,_i
so that (ft, k) E p. But then, by the induction assumption, S, C ftp. Since
St+JSt-x is a Δ-semigroup, then, by Lemmas 3.4, 3.5, ap = S,+1.

4. Further study of finite case. We now investigate cir-
cumstances under which the extensions of Theorem 3.6 are possible for
finite inverse semigroups. Some further information is required.

EXAMPLE 1. Let Hx be the subgroup of the symmetric group Px

whose elements displace a finite number of elements of the set X. The
alternating group Ax is a simple normal subgroup of Hx with index 2 (see
[3]) for \X\ ^ 4. Hence Hx is a Δ-group. In particular if \X\ is finite
then Px is a Δ-group.
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EXAMPLE; 2. The symmetric inverse semigroup i x, \X\ finite, is a
Δ-semigroup. To see this, let D(a), R(a) denote the domain and range
of a E J>x respectively. Any ideal of $x is of the form In = {a E $x\
\Ό(a)\ ^ n}. Since 3X is finite it has a principal series and is completely
semisimple. If a is an idempotent its ^-class is { β G i x ; D(β) =
R(β) = D(a)} (see [4]), which is the symmetric group on D(a). So for
some a a non group principal factor has Δ-basic group isomorphic to
PD{a). If α, γ are idempotents so that | D ( α ) | > | D ( γ ) | ^ l then there is
a β E$x SO that β~λaβ = y and \D{β-χyβ)\ < \D(y)\. If a is not an
idempotent there is an idempotent β so that \D(a)\ - \D(β)\ ̂  1 and
βa / aβ. $x can now be seen to satisfy the requirements of Lemmas
3.3, 3.4 and Theorem 3.6.

Let Zn denote the set {1,2, , n}. If X = Zn write Pn = Px and

Λ = Λ-
Suppose 5 is a finite Δ-semigroup with {OjC^CS, Sx = B{G,Zn)

and S/Sί = B(H,Zr). Let (G x Zn x Zn) U{0} denote the set of el-
ements of Si, with the binary operation (JC, i,j)(y, h,k) = (xy, i, k)iίj = h,
and 0 if j/ h.

Denote the semigroup of right translations of Si by P(Si) and for
aES define pa^P(S1) by bpa = ba for all b E Si. Since inverse
semigroups are left reductive there is a unique homomorphism
θ: S-»P(Si) so that the restriction of θ to S1 is the regular represen-
tation of Si (by [6; III.1.12]). θ is given by aθ = p\ a^S, and
(S2)0 = Si. Since S is a Δ-semigroup then, by Lemma 3.4 or 3.5, θ is
injective. Call θ the extension homomorphism of S.

Let 1 denote the identity of G. For u E S, i Ez Zn define D(w) =
{/ E Zπ; (1, i,j)uθ/ 0}. By [6; V.3.6 and V.5.4] there exists φw E $n with
domain D(φu) = D(u) and a map αu: D(κ)-^ G so that

r (x (jau), i, /φu) if / E D (w),
(x,ij)uθ= \

[ 0 i f/gD(κ).

Furthermore the map given by uθ->(au,φu) defines an isomorphism
between (S)θ and the semigroup {(au, φu); u E S} with the binary
operation (αu, φ.X^, </>,) = (au αυ, </>uφy) where j(au - aυ) = (jau)(jφuav).
Since θ is an isomorphism then (auv, φuv) = (au * aυ, φuφυ). Note that with
the operations and composition of maps, the sets {au u E S} and
{φu u E S} respectively are homomorphic images of S. For conveni-
ence we will identify uθ and (αu, φu) for each u E S.

Clearly u E Si if and only \i\D(φΌ)\^l. Since φM is a bijection for
M £ S then {υ E S; |D(φB) | S \D(φu)\} is an ideal of S. Hence for
u,vES\Su \D(φu)\ = \D{φυ)\\ call this number the rank of
S/Si. Clearly e is an idempotent of S\0 if and only if (D(φe))ae = {1}
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and φe is an identity map. A product of distinct idempotents e,f E 5 is
in 5^0 \D(φe)Π D(φf)\^ 1. Hence if S\Sί is not a group then the rank
of 5/5! is bounded above by [(n + l)/2].

DEFINITION 4.1. For integers m and n, 1< m g n, let nΓm denote
the largest number so that {Y,; | Y\ = m, i = 1, 9

HΓm} is a family of
subsets of Zn with | Yt Π Yy| g 1 for ΐ ̂  y. For an integer r , K r ^ n Γ m , let
JZ/ = {Xi |Λ̂ Ϊ I = m, i E Zr} be a family of subsets of Zn with | ^ Π ΛJ | ^ 1
for i φ j. Let

^ * = {αE jfn; α = 0 or D{a\ R(a)E d)

with a binary operation * so that

r α/3 if R(α) = D(/3)

I 0 if R(a)j*D(β).

LEMMA 4.2. Lei 5 be a Δ-semigroup with principal series {0} C 5i C 5
so that Sx = B{G, Zn) and S/Sι = B(H, Zr) has rank m. Then

(i) either 1< m g [(n + l)/2] and 1< r g nΓm or 1< m g n and

r = l,
(ii) /f i*5 embeddable in the symmetric group Pm.

Proof. Part (i) follows from the preceding commets and
definition. Let Q = (S\S}) U {0} and define a binary operation * so that
u*v = uv if uvE S\SU and 0 otherwise. Then Q = β(H,Z r ) . Let
si = {D(φu); u E S\S1}. The map δ: Q -> ^ * given by wδ = φu is a
homomorphism. If w ^ ϋ in S\SX and φu = φv then |D(φM l Γ i) |> 1 so
Mϋ1 is a non idempotent element of 5\5i. But then for any idempotent
e E S, it can be readily shown that (euυ~ι)θ = (uv~ιe)θ so euiΓ1 =
wt;"1 .̂ This contradicts Lemmas 3.3 and 3.4 or 3.5. Hence δ is
injective. If e ̂  0 is an idempotent of Q then it can be easily shown that
the ^f-class of e in Q is He = {u E O; D(φu)= R(φu)= D(φe)}. Then
(He)δ = He=H. Part (ii) follows since the elements of (//e)δ are
permutations of D(φe).

Let S8* = {αu; w E 5\5!}U{0} with a binary operation * so that
au * av = au - av if uv E S\SU and 0 otherwise. Since δ is injective, if
φu = φv for M, i; E 5\5i then u-υ so αu = α̂ . Hence there is a
homomorphism λ: (Q)δ -> 35 * given by φαA = αu if u E 5\5i and Oλ =
0. The set H = {(wδλ, wδ); u E 0} with the binary operation so that
(wδλ, uδ)(vδλ, vλ) = ((w * ϋ)δλ, (w * v)δ) is then a semigroup isomorphic
to Q.
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DEFINITION 4.3. A structure data set is a set {n, r, m, G, H) defined
as follows:

(i) n, r and m are integers so that either 1 < m g [(n + l)/2] and
1< r g T w , or 1< m S n and r = 1.

(ii) G is a Δ-group.
(Hi) Let si = {Xi I Xi I = m, i E Zr} be a family of subsets of Zn so

that \Xt ΠXj\^l if i/j. Let H be a Δ-subgroup of the symmetric
group Pm. Let Kbe a subsemigroup of sέ* so that K = B(H,Zr). Let
λ:K—»33* be a surjective homomorphism so that for φ E K,
φλ: D(φ)-> G is a map and so that for j E D(φ*ψ) then /(φ * ψ)λ =
(J(φλ))(jφ(φλ)). Define H = {(φλ, φ); ψ 6 K } with a binary operation
so that (φλ, φ)(ψλ, ψ) = ((φ * ψ)λ, φ * φ). Write φλ * </rλ = (φ *

Notice that in the terminology of [6], H satisfies this definition if and
only if H is a subsemigroup of the right wreath product of G and K so
that the map H-+K given by (φλ, φ)-> φ is an isomorphism.

We have seen that any finite inverse Δ-semigroup S with principal
series {0} C 5i C 5 determines a structure data set {n, r, m, G, if}. Call
this a structure data set of S._ We say that structure data sets
{n, r, m, G,H) and {n', r\ m\ G\H'} are equivalent if and only if n = n\
r = r\ m = m' and there exists an isomorphism a: G°->(G')° and a
bijection β: Zn^>Zn so that the map γ: H-+H1 given by (α, φ)γ =
(jβ"!αα, β~xφβ) is a bijection.

LEMMA 4.4. Lei S and Γ fee finite inverse ̂ -semigroups with princi-
pal series {0}CSXCS and {0}CTXCT respectively. Then S = T if and
only if the structure data sets of S and T are all equivalent.

Proof Lable the elements of Si and Tx so that Si =
( G x Z n xZn)U{0} and Tx = (G'x Znx Zn)U{0}, with binary opera-
tions as defined after Example 2. Then structure data sets {n, r, m, G, H}
and {n', r', m', G', /Γ} of S and T respectively can be uniquely deter-
mined by the method described above. Depending on the labelling of
the elements of S1? each structure data set of S can be so
determined. Let θs and θτ be the extension homomorphisms of S and T
respectively and let η : S—> T be an isomorphism. Then n = n1\ r = r'
and the restriction of η to Sλ determines an isomorphism α: G°-> (G')°
and a bijection β: Zn -> Zn so that (JC, i,;)r/ = (xα, i)8, ;'j8) E Tλ. The map
wθs, w E S, is given by v(uθs) = uw for all u E S^ Let uηθτ = (6uη, ^u η)
and v = (x, i,j) then

((x(jau))a,iβjφuβ) - (ϋ(iιft))τ, = (I»I)(KI?0T) = ((xa)jβbun9 iβjβψuη)

So (x(yα«))α = (xijβbuy,)^'1)^' Since D(u)β = D(uη) then αu =
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βbU7}a~\ Likewise φuβ = βψuv. Thus m = m' and since H =
{{dw> Φu)\ u E S\Sχ} U {0} then the structure data sets are equivalent.

Conversely, given that {n,r,m,G,H} and {n\ r', m', G', H'} are
equivalent structure data sets, let a:_Go^{G')° be an isomorphism,
β:Zn^Zn be a bijection and y:H-*H' be the bijection so that
(α, φ)γ = (β-'aa, β'ιφβ). Define i^: £-> Tx by (JC, ί,/)^! = (xα, ift/jβ).
Then r/! is an isomorphism. As in the first part of the proof we get for
VELSX that VΎ\IΘT - (β~ιaυa, β~ιφυβ). Hence there is a bijection
γ':(S)θs^(T)θτ given by

Define η : S —> Γ by wηθτ = u0 sγ'. Then

(x, i,/)iίi(uτϊβτ) = {xa{jββxaua\ iβ,jββιφuβ) = ((x(/<O)α, iβ>]'Φ*β)

= (x,i,j)uθsηi.

So wr/0T = TϊΓ^MfeJrji and clearly η is an isomorphism.

THEOREM 4.5. jBαc/i finite inverse ^-semigroup S with principal
series {0} C Si C 5 has a structure data set {n, r, m, G, if}. A semigroup is
isomorphic to S if and only if its structure data sets are equivalent to
{nyr,m,GyH}. Conversely, each structure data set {n,r,m,G,H} is a
structure data set of some finite inverse ^-semigroup T with principal series

Proof The first two statements have been proved. Suppose
{n, r, m, G, H} is a structure data set. Let Tλ = (G x Zn x Zn) U {0} with
binary opejation as defined after Example 2. Then Tλ = β ( G , Z n ) . Let
Γ = Γx U if \(0,0). For (α, φ), (fc, φ) E H\(0,0) and (JC, i,y), (y, fc, fc) G Tx

define a binary operation on T so that:

{ (a*b,φψ)EH if D(φψ) = D(φ)

(la(lφa),Uφψ)ET1 if

0 if

I

: Tr if j (

0 if jfέD(φ),

(iφ-'ax, iφ'\ j) e Γj if i £ R(φ)

0 if i£R(φ),
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yk)eT1 if j = h
(*Λj)(y,h,k)= \

[ 0 if j/h.

Since H = B(H,Zr) it can be routinely checked that T is an inverse
semigroup. It can also be checked, using Lemmas 3.3 and 3.4 or 3.5,
that S is a Δ-semigroup. Since (x,ij)(a,φ) = (x(ja),i,jφ) for
(JC, /,/) G Γi, (α, φ) G 77 TΊ and / G D{φ) we see that {n, r, m, G, H} is a
structure data set of T.

Let 5 be a finite inverse Δ-semigroup with principal series So C S1 C
- CSq = S where g > 1. We can uniquely determine, up to equival-
ence, the structure data sets of the semigroups Si/Si-2 for i =
2, , q. Conversely, let {{nh rh mh Gt, H,}; i = 2, , q} be a family of
structure data sets so that nf = ry_i and G; = ίζ _! for / = 3, , q, where
Hj-ι is the basic group of H^. Then, by Theorem 3.6 and the proof of
Theorem 4.5, we can construct a finite inverse Δ-semigroup T with
principal series ToC Tx C CΓq = Γ so that {nh rh mh GhHi} is a struc-
ture data set of Tx\Tx-2. Any finite inverse Δ-semigroup that is not a
group or a Brandt semigroup can be so constructed.

The authors are grateful for the referee's kind suggestions on this
paper.
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