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ENUMERATING NORMAL BUNDLES OF IMMERSIONS
AND EMBEDDINGS OF PROJECTIVE SPACES

LAWRENCE L. LARMORE AND ROBERTD. RIGDON

All normal bundles of immersions P — R*""° for m =7,
€ =2 are classified. Those represented by embeddings are
identified, and, for € = 1, those which compress to an immersion
P™ — R*™ <! are identified.

1. Introduction. The notation of [10] and [11] is
used. Let all manifolds be differentiable, and all vector bundles
real. Write P™ for real projective m-space, and let h be the canonical
line bundle over P™. If V is a manifold, let [VC R"] and [VCR"],
respectively, be the set of regular homotopy classes of immersions
V — R" and the set of isotopy classes of embeddings V—R". If{isa
stable vector bundle over a complex X, let A, (X ;&) be the set of
equivalence classes of stabilized k-plane bundles over X representing
& (Equivalently, let A, (X ; ¢) be the set of fiber-homotopy classes of
liftings of the classification map X — BO to BO,.) Thus, if dimV =
m,[VCR"] = A,..(V;vy), where vy is the stable normal bundle of V.

Let Vi(X; &) be the set of equivalence classes of k-plane bundles
over X which represent &, i.e., the set of equivalence classes of A, (X €)
under ordinary bundle equivalence. There is a naturally defined action

y: KO(X) X A(X; €)= Au(X;5 €)

such that the orbits of y are precisely the elements Vi (X;¢); if
dim X =2k —2, A(X; €) is an Abelian affine group and y is an affine
action, i.e., for any @ € KO™'(X), v(e, ): Au(X;€)— A (X;§) is an
affine isomorphism. In that range, the so-called metastable range, let
AQ(X; £), an Abelian group, be the difference group of A,(X;¢),
provided the latter is nonempty. Any nonempty Abelian affine group is
identified with its difference group by identifying some element with
0. This choice is arbitrary, and different choices may result in different
expressions of the action y and the corresponding equivalence relation
on A,(X;¢). The statements of theorems 1 and 2 are based on some
choice.

Recall [11] that [P" C R™ “]= A,_.(P™, v), where v is the stable
normal bundle of P™, and is an Abelian affine group (called the
immersion group) if m =7 and € =2 (the only cases considered here).
The orbits of the natural action of KO™'(P™) on that immersion group
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then are the sets of classes which have equivalent normal bundles. Let
~ be the equivalence relation on P"R*""¢ determined thereby.

THEOREM 1. (Main result). Let m =7. Then the immersion
groups, [P™ C R*""¢] for € =2, the subsets consisting of those immersions
which come from embeddings and those which compress (only ife =1) to
immersions in R*"7'"%, and the relation ~ on the immersion group can be
read off table 1.

Proof. The immersion groups themselves and the embedding and
compressing facts are direct from theorem 0.1 of [11]. Using explicit
descriptions of the action of KO™'(P™) (as given in tables 2 & 3), the
equivalence questions can all be settled.

TABLE 1
Case immersion those which  those which generators number of
group come from compress of the distinct
embeddings relation ~ normal
bundles
[P"CR™=Z odds just 0 i~—-jalieZ 0
m=2 [P"CR?*'=2Z, none none 0~1 1
[Pm c R>™2=( _ _ _ 0
[P"CR™)=Z evens just 0 i~—jalieZ o
m =0(1)
not a [P"CR™ '|=2Z, just0 just 0 none 2
power of 2
[P"CR™ =0 0 ? - 1
[P"CR™|=2Z, just 0 both none 2
[P"CR™ = ©,10), (& ,0), ©,47)~1,4]) 5
m=1(4) Z.pZ,PZ, all i € Z, all ,jEZ, unlessi=j=0
[P"CR™ = ifm=2+1, ?
YA VA none. Otherwise, ©,1)~(1,1) 3
(0,0) and (0, 1)
[P"CR™)=Z evens just 0 i~—-jalieZ ©
m =2(4) [P"CR*™ " =2Z, just0 0 and 2 1~3 3
[P"CR*™=2Z, just0 ? none 2




ENUMERATING NORMAL BUNDLES OF IMMERSIONS AND EMBEDDINGS 209

TABLE 1
Case immersion those which  those which generators number of
group come from compress of the distinct
embeddings relation ~ normal
bundles
[PPCR"Y)=Z, just 0 both 0~1 1
[P’CRV]= (i,0), all all are 1
; Z,PZ, all i € Z, equivalent
m=
[PPCR7]= (i,0), 2 0,0y~ (0,i)~ (1, i) 2
Z.PDZs alli€ Z, (2,0)~ (2,i)~(3,1)
all i € Zy
[P"CR™]=2Z, just 0 both 0~1 1
oy |PrER™= (i, 0), all 0,i)~(1,i+1), 4
;’:he | z.® 2z, alli€ Z, all i € Z,
r
t
han 7 [P™ CR*™]= (i,0), ? 0,i)~(1,i+5) 16
Z.DZy allie Z, 2,i)~@,i+1)
all i € Z,
[P"CR™]=2Z, just 0 both none 2
m=sw, |PTERTI= GO, all (1,i)~(1,i +2), 6
mllno’ta Z.DZ, all i € Z, all i € Z,
f2
power ot 2 lipm c R = (i, 0), ? (,i)~(3,i+2) 20
Z,DZ all i € Z, 2,i)~@2,i+4)
all i € Zg

The method. In the proof of Theorem 2, two different approaches
for enumeration of immersions are used. We need the methods of [11]
to determine which regular homotopy classes of immersions contain
embeddings; while in the context of [10], one may determine the actions
which relate different immersions with the same normal bundle. The
appendix of this paper, §4, relates these two approaches, when an Adams
resolution is used. Note that in the range of dimensions considered in
[11], the Atiyah-Hirzebruch spectral sequence agrees with the Adams
spectral sequence for X (Z2).
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2. Explicit description of the action. Recall that (in the
notation of [10]) for m = 1:

Z,PD Z, if m#3(4), generated b and
KO-(P™)= { 2D Z; 4, g yp U
Z,.PBZ,PB Z if m =3(4), generated by p, ¢, and 7

Briefly, p is classified by a map P™ — O whose image is any point not in
SO, ¢ is classified by the Whitehead map P" — SO, and 7 by the

composition P"—>P"/P"'=8" "5S8O where €" represents a

generator of 7,(SO)=Z. Thus hp =1, and hp =0 for all i >0;
ho¢y =0 and hay = u' for all i >0; while h,r = u™ for m =3 or 7 and
h7 =0 in all other cases.

We shall write ax for y(e, x), for any « € KO™'(P") and any
x €[P" CR"]. The action of p has an easily visualizable geometric
meaning, namely, if f: P” — R" is any immersion, p[f] =[T °f], where
T: R"— R" is reflection about any hyperplane. We shall not actually
need to make use of this geometric interpretation.

THEOREM 2. Let m=7. Then, for € =2, the affine group
[P™ C R’ ] can be identified with a direct sum of cyclic groups such that
the action of KO '(P™) and the morphism (now a group homomorphism)
Fom-c: [P" CR™]—=[P" C R*™ "] (recall [P™ C R**']=0) are de-
scribed in the following two tables. (Table 2 for m =0, 1, or 2mod 4;
Table 3 for m =3(4).)

TABLE 2
Case immersion group FPom-e Action of p Action of ¢
[P"CR™=Z 0 pi = —1i trivial
alieZ
m=2 [Pm"=R>=2Z, 0 pi=i+1, Yi=i+1,
alli € Z, alieZz,
[Pm(_:RZm—2]=® _ _ -
[P"CR™=Z 0 pi=—I trivial
al ieZ
m =0(4),
not a [P"CR™ =2, 0 trivial trivial
power of 2
[P"CR™ =0 0 trivial trivial
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TABLE 2
Case immersion group Fom—e Action of p Action of ¢
[P"CR™)=2Z, 0 trivial trivial
(PmCR™ = Fom (i ji k) p(ij k)= Ui j k)=
m=1(4) Z.DZ,PDZ, =k (i +k,j, k) (i+j,) k)
[P"CR™ = Fom-2(i,j)  trivial U(i,j)=
Z,®Z; =(i,/,0) (i+)))
[P"CR™=Z 0 pi=—i trivial
m =2(4) [P"CR™ =2, 0 pi=—i trivial
[P"CR™ =2, Fom-21=2 trivial trivial
TABLE3
Case immersion group Fom-e Action Action of ¢ Action
of p of r
[PPCR"=2Z, 0 trivial i=i+1 i=i+1
[PPCR"= Fia(i, j) trivial (i, j)= 7(i,j)=
Z.PZ, =JEZ, (i+1,j+2i+1) (L,j+1)
the mod 2 where 2: Z,—> Z,
m=7 reduction is the
of jEZ, monomorphism
[PPC R = Pl f) trivial (i, )= (i, )=
Z.PZ, =(57]) (—i+1,j-2i+5) (i,j+1)
VA
[P"CR™])=2Z, 0 trivial i =i+1 trivial
m=2-1 |[[P"CR™|= Fom(is]) trivial Ui, j)= trivial
other zZ.PZz, =7 (i+1,j+2i+1)
than 7
[P"CR™ 7= Fom-2i, ) trivial U(i,j)= trivial
Z.H2Z, =(57]) (—i+1,j—-2i+5)
[P"CR™)=2Z, 0 trivial  trivial trivial
m=3@), |[(pmcR™= Fomiliy ) trivial  ¢(i,j)= trivial
m +1nota Z.®Z, =7 (i,j +2i)
power of 2
[P"CR™ = Fom-a(i,]) trivial ¢ (i, j)= trivial
Z.PZ, =(5,]) (—i,j+2i)
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Proof. 1n all cases, we utilize the results of [10] and [11]. We also
make use of the natural affine isomorphism [P” C R ¢]=
V- (P™, —(m + 1)h); the actions are stated in terms of the former affine
group, but are actually computed in terms of the latter. (See §4 for a
complete discussion of the relation between the Adams resolutions of the
difference groups of those two Abelian affine groups.) For even m, the
stated results are the only ones which agree with [11, Thm. 0.1] and [10,
Thm. 3.8]. For m =1(4), we need use only those results together with
lemmas of this paper. We give a complete proof of Case IV only,
assuming that the reader is familiar with the notation of [10].

Let m =3(4). The action of p is trivial on [P™ C R*"7?, since, by
[10, 3.7], p is the null element of v, the normal bundle of P™ in dimension
m —2. Since $,,-,and ¥,,_, are onto, p must, by naturality, act trivially
on the other two affine groups.

The actions of ¢ and 7 on A,_.(P™; v) are explicitly given in [10,
Thm. 3.8], for e =1. Using 4.2 below, those actions can be seen to be
the ones described above for those cases. We thus need only to examine
the action of ¢ and 7 on [P" C R*"7’|= A, ,(P", v).

We deal with 7 first. By 3.4, 7 acts trivially on the difference group,
since 7 “‘lives” on the top cell of P™. The action of 7 on A, _»(P™; v) is
thus a pure translation, and is determined solely by s, € A, ,(P™; v),
which then does not depend on the choice of a. Pinching any S™ CP™ X
S' which is the boundary of a smooth disc, we obtain an onto map
q: P"xS8'—>(P"xS8")vS™" and F,, can be chosen to be the composi-
tion

P x §'-5 (P x 'y §m1 2 proy smi I Bo

where f: P"— BO classifies v, €™' represents the generator of
7,.(BO) in that dimension, and p,;: P"XS'—-P™ is the
projection. By definition of the action vy, 7 has a fixed point if and only
if F,, lifts to BO,,_,, and if 7 has a fixed point, s,7 = 0 for a = fixed point,
and hence for all a. Choose g: P" — BO,,_, which represents some
immersion of P™ in R*"*. If m =15, m,..(BO,,_,)— m,.,(BO) is onto,
by Barrat and Mahowald [1]. Thus a map {: S™"'— BO,,_, may be
chosen which projects to €”*', and (gop,v{)°q is the desired
lifting. M. Mahowald has personally assured us the existence of { in the
case m = 11 also; thus 7 acts trivially for all m = 11. (It is not actually
necessary to make use of this unpublished fact; a modification of the
argument using quaternionic bundles in the proof of [10, 3.8] suffices for
all m =3(8).) The only remaining case is m = 7; by naturality, s,7 must
then be an element of order 8. Since there is a certain freedom in the
choice of generators, it is possible to insist that s,7 = (0, 1).



ENUMERATING NORMAL BUNDLES OF IMMERSIONS AND EMBEDDINGS 213

We now look at the action of 4. The ¥ (Z)-Adams resolution of
BO,,_, over BO yields the tower (where all spaces are over BO, and
k.= BO X K(Z,,r), the Eilenberg-Maclane space in the category of
BO-sectioned spaces):

k, — E;
lm
k,, 2 X ky, —> Es— k.,
iﬂ:

kmflx km —A—)El_i) km X km*l

lm

Wi 1:Wm +1

P BO Sk X Ky

where E; is an m-approximation of BO,,,, and where

Wit = Wa + wiw,, + (wo+ whw,,

A*a* (b, @1) = (Sq°tm-z + Walm_2) 1

A*a* (1@ tm1) = (S¢°Sq 12 + (W3 + Wow))1, ) @1+ 1R Sq e,
A* B i1 = (S tn-1+ Wat )X 1+ 1R Sq 'L,

Let g be a lifting of f to BO,,-,, and let g, be the projection of g down to
E,. Then we have affine morphisms:

(m)* (7m3) %

[P7; Esly——[P™; Es)y = A, (P v)— [P7S EY;

By using the results of [12], we can calculate that [P™; E,|{ = Z,8 Z, and
[P™; E);, = Z, Z,; and then, by the results of [10], the action of ¢ on
both of those groups can be established. The stated results are the only
ones (up to choice of generators) which agree with these calculations. We
omit the details.

Comparison with previous results. We remark that the choices of
generators in Theorems 1 and 2 of this paper, and the same choices in
Theorem 0.1 of [11], can be made identical.

3. For any complex X, p € KO™'(X) may be defined to be the
element classified by a constant map to a point in 0 which is not in
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SO. For any stable bundle ¢ over X, let s: A, (X; €)= Ava(X; €) be
suspension, i.e., Whitney sum with a trivial line bundle.

LeEmmA 3.1. For any stable bundle ¢ over a complex X, and for any
X € A(X;€), psx = spx = sx.

Proof. Since i: BO, — BO,., is a map of spaces over BO, ps =
sp. Let f: X — BO classify & and let g: X — BO; classify x. Then the

composition X X S‘—gﬁl-)BOk X BO,— BO,., (where €' represents the
generator of 7, (BO))) is a lifting of F,, which agrees with iog on
X. Thus p acts trivially on sx.

CoroLLARrY 3.2. If f: V— R" is any immersion, where V is any
manifold, then pd,[f]= $.[fl€E[V CR"].

We say that a space F has homotopy width k if for some n, F is
n-connected and has no homotopy above dimension n + k.

Lemma 3.3. Let w: E — B be a fibration with fiber a stable space F
(all spaces having the homotopy type of CW complexes), and let f: X — B
be a map, where X is a CW complex. Let vy:m(B* f)X
[X; E);—[X; E]; be the left action as given in [9]; where [X; E]; is the
Abelian affine group of vertical homotopy classes of liftings of f to
E. Suppose that a € (B, f) is trivial on the (k — 1)-skeleton of X, i.e.,
is represented by a homotopy f,: X X I— B such that f,=f =f and
flX*'=fIX*" for all t: then y(a,): [X;E],—[X;E]); is a pure
translation;; i.e., there exists sa € [X; E|§ such that y(a,x)= x + sa for all
x €[X; E]

Proof. By [14], there exists a sectioned fibration BF € J Y (fib),
where Y is of the homotopy type of a CW complex, such that PyBF— BF
is the universal example of fibrations with fiber the homotopy type of F
and with base the homotopy type of a CW complex. Furthermore, BF
can be delooped in the category JY(fib); and by [4], QY ~ &%, the
H-space of all base-point preserving self-homotopy equivalences of
F. A classifying map 6 can then be chosen, and we have a diagram
(essentially diagram (1-1) of [9]):

F—> E —> P,BF
VRSN
x-LB-L5BF

Y
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By a straightforward obstruction theory argument, 7. (¥) =0 for i = k,
thus 7,(Y)=0for all i > k. Another obstruction theory argument then
shows that B,: (B>, f)— m(B",B°f) sends « to the identity. Thus,
by [9, 3.1], y(e, ) is a pure translation.

CoroLLARY 3.4. If ¢ is a stable bundle over a complex X .of
dimension m =2k —2, and if « € KO™(X) is trivial on the (m — k)-
skeleton of X, i.e., lies in the kernel of KO™'(X)— KO '(X"™*), then
a: Au(X; €)= A(X; &) is a pure translation.

Proof. A.(X;¢&)=[X;E,], where f: X — BO classifies ¢ and
m: E, — BO is obtained by killing all homotopy groups of the fiber of
BO, — BO above m. The fiber of = is then a stable space of homotopy
width m —k +1. Apply 3.3, and we are done.

4. Appendix. Comparing three classification
theorems for immersions. In [6], Hirsch proved the following
classification theorem for immersions. Let 7 be the tangent bundle of
the m-dimensional manifold V, and let L"(7) be the bundle over V
whose fiber over x € V is the space of linear injective maps
7.— R". The differential of an immersion f: V— R" determines a
cross-section L(f) of L"(r). Hirsch proved that the map
[VCR"]—=[V;L"()}] (where 1 is the identity map on V) which maps
the regular homotopy class [f] to [L(f)] is a bijection for n > m.

In [5], Haefliger and Hirsch proved a second classification theorem
for immersions in the metastable range. Give 7 a metric and let 7, and
P(r) denote the sphere bundle and projective bundle respectively, of
7. A cross section g of L"(r) determines a Z,equivariant map
g: 7o— 8" where Z, acts via the antipodal map, and g determines a
cross-section of the S$"°' bundle (7)""' associated to the double cover
77—~ P(r). In [§], it is proved that the induced map
[V;L"(7)]i—=[P(7);(7)""], is a bijection for 2n >3m + 1.

Finally, in [8], James and Thomas proved that [M C R"] is in
one-to-one correspondence with A,_,(V;vy) if n—m >1. The bijec-
tion can be obtained as follows. Let » be a vector bundle in the stable
class of vy and let ¥ denote the bundle of orthonormal [/-frames of
v. Then, if I=dimv—n+m, we can identify A,_.(V;v,) with
[V;%],. There are natural maps L(7)—L"'(r@e€') and
v — L™ (1 @ €') where the first map is the obvious one and the second
map takes an [-frame R'— », to the composite 7, XR'— 7, X
v, — R""". (The second map comes from a trivialization of 7@ ».) The
induced maps
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[ViL (ML= [V; L (r D€
[Viali—= VL™ (rDe),

are bijections for n —m >1.

Assume from now on that 2n >3m + 1. Then, if M immerses in
R", each of the above classification theorems induces an affine group
structure on [M C R"]. The difference groups (in the notation of [13])
are, respectively:

{V; SuL" ()
{P(7); Seal(m) DN
{v; Sv(m)h

where Sy and S, denote fiberwise unreduced suspension. By [13], for
each spectrum & satisfying the conditions of [13, §2], there are spectral
sequences

{E.(V, Sy (L*(7)); €}
{E.(P(7), Sbeo((7)"); €}
{E.(V,Sv(#); €)}

converging to quotients of

{vi SuL(mn
{P(7); Sho((7) 1
Vs Sv(h

respectively.

The purpose of this appendix is to show that these difference groups
and the portions of the above Adams spectral sequences converging to
them are isomorphic (by isomorphisms consistent with the bijections
discussed in the first three paragraphs of this section). These isomor-
phisms will be made explicit for € = ¥ (Z,), the Eilenberg-MacLane
spectrum for Z,.

By naturality of the spectral sequences and the existence of the maps
L' (r)> L""'(r@Pe€') and »— L' (rPe€'), it suffices to show that
{E,(V, SIL"(7)); $)} and {E,(P(r), S ((7)""); &)} are isomorphic.

Let h be the canonical line bundle over P(7). Then in the notation
of [11], {P(7); Si((7)" ' = 75 '(P(7)). By the Thom isomorphism
theorem 7, '(P(7)) = wiioW(D (th), (lh),) where D (lh) and (lh), are the
disc and sphere bundles of h, respectively [3]. Since the stable vector
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bundle determined by a line bundle over a finite-dimensional CW
complex has order a power of 2, we can choose [ so that (n+[)h is
trivial. By choosing a trivialization of (n+[l)h, we can identify
milo(D (), (Ih),) with {T'(Ih); S**'}"" where T'(lh) is the Thom complex
of [h. Let Ty(lh) be obtained from D (lh) by identifying the portion of
(Ih), lying over x € V to a point for each x € V, so that Ty(lh) becomes a
V-sectioned space with Ty(lh)/V = T(lh). Then {T(lh);,S"'}'=
{Ty(lh); V x S"*'};} where { ; }, denotes stable homotopy in the category
of V-sectioned spaces (see [2]).

- The fiber of Ty(lh) over any x € V can be viewed as P, =
PP (see [7, p. 205] and, in fact, we can identify Ty(lh) with
P, (1) if | = m, where Py, (1) is obtained from P(7 & €') by identify-
ing each fiber of P(r@Pe' ")CP(rPe') to a point. Assume that V
immerses in R" and take » to be an (n — m)-plane bundle in the stable
class v. By [2], if [ + n is a large power of 2, there is a duality map

Ty(Ih) Ay Sy(P,. (7))~ V X S'*

in the category of V-sectioned spaces which induces isomorphisms
{Tv(lh); VXS ={V XS, P, (»)' " ={V; P (9)k"""
Now it is not difficult to show that the Thom isomorphism
7P (7)) = wiaion(D (th), (th)o) = {Tv(lh); V x S}

preserves the Adams spectral sequence; a routine argument using the
following lemma then establishes that the above duality map induces an
isomorphism of the €-Adams spectral sequence for {Ty (lh); V x S°%%
with {E,(V, P,,.(?); €),} when each space of & is compact.

LEMMA 4.1. Let € be a spectrum of B-sectioned bundles with
compact CW fibers, where B is a compact CW complex and let
U: Wag W*— B X S* be a k-duality in the category of B-sectioned
bundles. (See [2] for definitions.) Then U induces an isomorphism

{B xS Whg€ly—{W*;S* npE}5

Proof. The lemma is easily proved using the methods of [2, §3 and

$4].

Let Z be the V-sectioned bundle whose fiber over x € V is the
space of basepoint preserving maps from the fiber T(lh.) of Ty (lh) to
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S*". The duality map
Tv(lh) Ay Sy(Pom(P))— V X SH"

induces a map of V-sectioned spaces a: Sy(P,.(?))— Z which is a
(2n —2m + 1)-equivalence on fibers.

We now define a map of V-sectioned spaces B: Sv(L"(7))—Z
which is a (2n —2m )-equivalence on fibers. Given an injective linear
map g.: 7. — R", the Z,-equivariant map g,: (7,), = S"' determined by
g. defines a cross-section of (7)7~' which we denote by g, also. In turn,
g. determines a specific cross-section g, of the restriction of the sphere
bundle ((n + [)h), to the fiber D (lh,) of D (lh) such that g, |(lh,), is the
diagonal map (lh, )o— (lh,), Xy (lh,),. Composition of g, with a trivializa-
tion of ((n + l)h), yields a map gi: D(lh,)— S'**"'. We may assume
that the trivialization has been chosen so that g.((lh,),) is the South pole
of $"*""'. Define B by B([g. t])(y)=[g«(y), t]fort €[0,1], y € D(lh,);
where S"*" is identified with the reduced suspension of S$'*""".

a and B induce isomorphisms of the relevant portions of the spectral
sequences {E,(V, SV(P..(7)); €)i} and {E.(V, Sy (L"(7)); €)i}.

Let # = #(Z,). We now examine the case € =X in greater
detail. The Thom isomorphism gives an isomorphism

{P(1); Sbe((T)"™") Amn 1" = H' (P(7); Z))
}e
{Ty(lh); VXK'= H(Ty(lh), V; Z,)
and duality gives an isomorphism
{Tv(lh); V<KW
i b
{V5 SUPum (P AV
In the notation of [13],
{V5 SUPum (D) Ay H "= [V Q5 (S (Hy (S UPwm (PN

where j—k =i—n.

THEOREM 4.2. There is a fiber-homotopy equivalence of V-
sectioned spaces Hv(Sv(P..(9))— 'V XII'_,_...K(Z,,j) such that
boa: H (P(r); Z,)—> @Prs H(V; Z,) maps i3l u'x; to Pra'x; for
x, € H7(V; Z,); where u = w(h)€ H'(P(7); Z,).
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Proof. (bea)(u') is represented by a map
fi: VX8 = SU(Pn(P)) AvK(Z,, 5)
of V-sectioned spaces for large s. Let f. be the composite

VX8 AK(Z,,1r))—= SU(Pom(P)) Av(K(Z,, s) A K(Z,,1))
= SUPum () AvK(Zy 1 +5)

where the first map is obtained by smashing with K(Z,, r) and the second
map is 1 Ayu. (where p is the product map.) Taking the adjoint map,
applying v, and passing to the limit yields f: VX
K(Z,,n—j)—=> Hyv(Sv(P,.(?)). Since K, (Sv(P,..(7))) is a fiberwise
infinite loop space, we can add the f; to obtain

Frvx [T K(Zuwj)= %o (S o(Pun(9)))

j=n-m+l

It is readily checked that f is a fiber homotopy equivalence of V-
sectioned spaces and that the inverse of f is the desired map.

In the notation of [13], let & be the spectrum with ith space
€((S');). Then

EY(P(7), Spo(7)"); €)1 ={P(7); Sbr(T" ) Apin &1
EY(V,SUPun(P)); €)1 ={V; SUPun(#) AvEN™

When € = ¥ (Z,) or #(Z), &, for s >0 is equivalent to a product of
X (Z,)’s; hence Theorem 4.2 determines the isomorphism explicitly in
either of these two cases. Moreover, a description of the relations
associated with the differentials in {E,(P(7), Sr((7)"™"); )}, determines
a description of the relations associated with the differentials in
{E,(P(7), Shn((7)"""; €)}, determines a description of the relations as-
sociated with the differentials in {E,(V,S UP,. (?)); €)},. The reader
should be aware that the relations thus obtained are not, in general, the
relations which appear in other treatments of similar resolutions of # or

P..(?) (e.g., in [10]).
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