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THE QUADRATIC AND QUARTIC CHARACTER
OF CERTAIN QUADRATIC UNITS I

PHILIP A. LEONARD AND KENNETH S. WILLIAMS

Let ¢,, denote the fundamental unit of the real quadratic
field Q(v'm). It is our purpose to evaluate the rational
quadratic and biquadratic residue symbols of ¢, modulo a
prime p for certain values of m.

We use the notation (¢,/p) and (e,/p), throughout this paper as
rational quadratic and biquadratic residue symbols, interpreting 1/m
as an integer modulo p. In 1969 Barrucand and Cohn [1] proved,
using the arithmetic of Q(v/—1, v/ 2), that if p = 8n + 1 is prime,
so that p = ¢® + 8d?, then

<%>= <1 +;/_2_>=(_1)d.

Since then a number of similar results have been obtained for
certain other quadratic and quartic symbols using such tools as
cyclotomy, rational biquadratic reciprocity laws, etc. (see Brandler
[2], Lehmer [4], [5], [6]).

In this paper we apply the ideas of Barrucand and Cohn [1] in
other biquadratic fields with unique factorization, thereby reproving
some known results, proving some conjectures of E. Lehmer [6]
and obtaining some additional new results. The method succeeds
in the 21 imaginary bicyclic biquadratic fields having class number
1 and which contain Q(V'—1), Q(V'—2) or Q(1V'2) as a subfield. It
would be interesting to know if similar techniques can be used in
the remaining 26 imaginary bieyclic biquadratic fields with class
number 1 or to determine octic symbols. (For a complete list of
the imaginary bicyclic biquadratic fields with class number 1 see
Brown and Parry [3].)

We now sketch the method used. First the quadratic or quartic
symbol under consideration is expressed in terms of the representa-
tion of » by the indefinite form associated with the real quadratic
subfield of the biquadratic field. This is accomplished using Jacobi’s
form of the law of quadratic reciprocity, and the results are given
in the table below. In the case of those results involving quartic
symbols it is first necessary to observe that 2¢, is a square in the
quadratic subfield, and this brings in the symbol (2/p), whose value
is well known, viz., if » = 8» + 1 is prime so that » = a* + 16b* =
¢® + 84* then (2/p), = (—1)* = (—1)"*%, Next we consider a prime
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factor of p in the biquadratic field under consideration and by com-
puting partial norms we obtain representations of » by the three
quadratic forms associated with the three quadratic subfields. This
information is then used to derive appropriate congruence relations
between the representations. Finally this information is combined
to obtain the quadratic or quartic symbol solely in terms of repre-
sentations by the positive definite quadratic forms.

If &, has norm-1 we require (—1/p) = + 1 in order that (¢./p)
be unambiguously defined.

Our results are given in the accompanying table.

As the method of proof is the same for each field we just give
the details for Q1 =2, 1/ —7). We have

2, = 2(15 + 4V 14) = (4 + V14)y,

so that (¢./p) = 1. Next as u = +21/14v (mod p) with u, v > 0 we
have

(1) = (2)(5™)

p (o (2) = (2) =1)

Now let = be a prime factor of p in Qv —2, V—7) so that
there are integers A, B, C, D such that

7= —21—(A + BV =T + CV =2 + DVTd)

with
A =B (mod 2), C =D (mod 2),

see for example [7]. Forming relative norms of 7 in the three
quadratic subfields of Q(1'—2, —=7) (as in [1]) we can specify:

e, d) = <%(A2 + TB® — 2C* — 1419, %(AC — 7BD) ) ,
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(u, v) = (Z(A + TB* + 20° + 14D, (4D + BO) ) ,
@, m) = (_%(Az — 1B + 2C* — 14D, AB — 2017)) ,

where | and m are integers such that
12+ Tm* = 4p, | = m(mod?2).
Clearly ! and m are not both odd so that A=B=0 (mod2). Hence

o= -i_(Az —TB* 4+ 20— 14D, y = -;—(AB — 2CD),

and so C =D = 0 (mod 2). Setting
A=2A,, B=2B, C=2C,, D=2D,,
we obtain

u = A} + TB? + 2C% + 14D?,
d=AC, - 1TBD,,

y=25 - cp,.

Hence as u is odd exactly one of A, B, is even. We just treat
the case 4, even, B, odd, say A, = 24,, B, = 2B, + 1, as the other
case is exactly similar. We have

u=4A; + 7+ 2C? + 6D (mod 8),
d=D, (mod2),
y=A4,+ CD, (mod2).

It now easily follows from the following table that ¢ + y = 0 (mod
2) if and only if v = £ 1 (mod 8).

A;(mod2) C(mod2) D(mod2) d + y(mod2) wu(mod 8)

0 0 0 0 -1

0 1 1 -3
0 1 0 0 +1
0 1 1 0 -1
1 0 0 1 +3
1 0 1 0 +1
1 1 0 1 -3
1 1 1 1 +3
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Since <E_> = (=1)** and (_g_) — {‘l"l, if u=+1 (mod8),
b w —1, if w = +3 (mod8),

the proof of the result is complete.

In some of the other fields certain complexities arose. For
example if either Q(1/—1) or Q(1V—3) is one of the subfields care
had to be taken in identifying the solutions of the corresponding
representation because of the presence of units # + 1. Whenever
the question of whether p or 4p is represented by the appropriate
form there was an increase in the number of cases to be considered.
In those cases in which the parity of % is needed it was handled
by relating it to an appropriate representation, for example if p =
o'+ 166> = 8n + 1 then n = (a* — 1)/8 (mod2) was used. Finally
we mention that whenever the number of cases to consider became
excessive we used Carleton University’s Sigma 9 computer to treat
them.

In a forthcoming paper we will discuss generalizations of these
results as well as other results of a similar nature.
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