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MONOTONICITY AND ALTERNATIVE METHODS
FOR NONLINEAR BOUNDARY VALUE PROBLEMS

R. KENT NAGLE

Let X be a Hilbert space, E a linear operator with finite
dimensional null space, and N a nonlinear operator. In this
paper we study the nonlinear equation

(1) Ex=Nx xeX.

Equations of this form arise in the study of boundary value
problems for elliptic differential equations.

We use the alternative scheme of Bancroft, Hale, and
Sweet and results from monotone operator theory with suit-
able monotonicity assumptions on £ and N to reduce equa-
tion (1) to an alternative problem. We then use results
from monotone operator theory to solve the alternative
problem, hence prove the existence of solutions to equation
(1). This extends to nonselfadjoint operators the results of
Cesari and Kannan.

1. Introduction. The reduction of equation (1) to a finite
dimensional alternative problem has been done using the contraction
mapping principle by Cesari [4] for selfadjoint operators and by
Bancroft, Hale, and Sweet [1] for nonselfadjoint operators; and
using the theory of monotone operators by Gustafson and Sather
[8] for selfadjoint operators where K may have continuous spectrum,
by Cesari and Kannan [7] for selfadjoint operators with a complete
set of eigenfunctions and eigenvalues approaching — o, by Cesari
[6] for nonselfadjoint operators, and by Osborn and Sather [11] for
nonselfadjoint operators generated by a coercive bilinear form. Only
the papers of Gustafson and Sather [8] and Cesari [6] avoid using
a compactness argument such as assuming that E has a compact
resolvent (F — aI)™. For a survey of recent results see Cesari [5]
for selfadjoint problems and Cesari [6] for nonselfadjoint problems.

Since the alternative problem is now on a finite dimensional
subspace of X, it has been the practice to use either degree theory
or the implicit function theorem to solve the alternative problem.
An exception to this is the paper by Cesari and Kannan [7] which
uses monotone operator theory to solve the alternative problem’
hence obtain a solution to equation (1).

In §3 of this paper we use the alternative scheme of Bancroft,
Hale, and Sweet [1] but with the theory of monotone operators to
reduce equation (1) to a finite dimensional alternative problem
(Theorem 4). This reduction is a modification of the method used
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by Cesari [6] but only requires N to be quasimonotone instead of
monotone. The results we obtain apply to nonselfadjoint operators
and do not require any compactness arguments. Our assumption
that N be quasimonotone is weaker than the monotonicity assump-
tions of Osborn and Sather [11], but we must place a stronger
restriction on the domain of N.

In §4 we prove an existence theorem for equation (1) using
monotone operator theory which extends to nonselfadjoint operators
the results of Cesari and Kannan [7] for selfadjoint operators.
Again no compactness arguement is necessary.

Finally in §5 we apply our results to nonlinear boundary value
problems of elliptic differential equations.

We will consider the case when the linear operator E has a
continuous spectrum in a subsequent paper.

2. Basic concepts in monotone operator theory. Let H be a
real Hilbert space and let 27 be the set of all subsets of H. Let
T be a map T:D(T)— 2% such that for some constant ¢, (v — v,
x—1y)=clle—yl|? for all x,ye D(T), we Tz, and ve Ty. We say
T is monotone if ¢ = 0, strongly monotone with constant ¢ if ¢ >0,
and quasimonotone with constant —¢ if ¢ < 0. The map 7T is
coercive if there exists x,€ H such that (T2, v — x,) ||2||'— + o
as ||z]]— + o for we D(T) where T°z is the element of Tx with
minimal norm. If T is a single-valued strongly monotone map, then
T is coercive.

In addition to the standard results for monotone operators
(See Brézis [2] and Browder [3]), we will need the following result
concerning quasimonotone operators.

THEOREM 1 (Nagle [10]). Let A:D(A)— 2% and B: H—2% be
hemicontinuous. If A 1is stromgly monotone with constant p, A
maximal monotone, and B quasimonotone with constant 1, § < L,
then A + B is maximal monotone. Moreover, 1f A and B are
single-valued, then the range of A + B is all of H.

The concept of monotonicity may be extended to maps T: S—25*
where S is a reflexive Banach space and S* is the dual of S (see
Browder [3]).

3. Reduction to an alternative problem. Let us consider the
equation

(1) Ez = Nux

where K is a linear operator whose domain D(E) is a subspace of
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a real Hilbert space X and whose range R(E) lies in X. Here N is
an operator, not necessarily linear, with D(N)c X, and R(N)cC X.
Moreover, we assume D(E)C D(N).

We will use the alternative scheme of Bancroft, Hale, and
Sweet [1] to split equation (1) into a system of two equations. We
assume there are bounded projection operators P: X — X and Q: X—
X and a linear operator H: D(H)— X, D(H)C X, such that for all
e D(H):

(A) HI— QFEx=({— P)x
(Ap) QEx = EPx
(Ay) EH(I — Q)Nx = (I — Q)Nz

and where R(P)CD(E), R(H)Cc D(E), R(E)=D(H), and (I—-Q)R(E)=
D(H).

In view of (A,) and (A;), we may think of H as a partial inverse
for E. It follows from (A,) that ker (F) c PX. Since D(H)CR(E),
this implies (I — QR(E)C R(E) N {(I — @)X} and since I — @ is the
identity on (I — @)X, we must have [—-Q)R(E)=R(E) N {I—-Q)X]}.

In the rest of the paper we will use the following notation:
X,=PXand X,=J— P)X hence X=X,+ X;; Y,=QX and Y,=
(I— @)X hence X=Y,+ Y,.

THEOREM 2. If (A,.:) are satisfied, then Ex = Nz for some
x e D) if and only tf

(2) = Px + H(I — @Nxzx
(3) QEx — Nz) =0.

Proof. For a proof see Cesari [6] or Bancroft, Hale, and Sweet
[1].
Since by (A,) PH(I — Q) Nx = 0, we may write equation (2) as

(4) x=2,+ HI — Q)N

where z,¢€ X,.

"We will now show that with suitable monotonicity assumptions
on E and N and a technical assumption on P and @, that equation
(4) is uniquely solvable for each z,¢ X,. We then reformulate equa-
tion (1) as an alternative problem in X,.

(A,)  There is a constant z > 0 such that for x € D(E) N X;;
(—Ez, %) z p||2|]* or for yeY,; (y, —Hy) = || Hy|]"



200 R. KENT NAGLE

(Ay) Let P and @ be chosen so that (y, ) = 0 for every
yeY,and z€ X, .

It follows from the Fredholm Alternative that if P is the pro-
jection onto the ker E and @ is the projection onto the ker E*,
then assumption (A;) is satisfied.

Assumption (A,) is often satisfied for elliptic partial (or ordinary)
differential operators. In particular, Osborn and Sather [11] prove
a stronger result for a certain class of operators generated by a
coercive bilinear form.

The next theorem is a generalization to quasimonotone operators
of a theorem due to Cesari [6]. The method of proof is a slight
modification of the proof given in Cesari [6].

THEOREM 3. Let conditions (A, ;) be satisfied. Let N:D(N) =
X — X be hemicontinuous and quasimonotone with constant 7 > 0,
N < . Then equation (4) has a unique solution for each x,€ X,.

Proof. We write equation (4) in the form z—x,— HI—Q)Nx=0
and since 0 e[—H(I — Q)]"'0, we have

(5) [-HUI - QI (@ —x,) + Nz30
zewx, + (X, N D)) .

Conversely, by applying —H(I — @) to both sides we get x» — 2, —
H(I — QNx = —H(I — Q)0 =0. So the two equations are equiva-
lent.

Equation (5) is of the form Ax + Bx>50 where Ax =[—-H(I—
Q] (x — x,) and Bx = Nz. By our assumptions on N we find that
B satisfies the hypothesis of Theorem 1. We will now show that 4
is strongly monotone with monotonicity constant g > % and A is
maximal monotone.

With assumptions (A,;) we have for all y € X,

(6) (y, —HI — Q) = (I — Qy, —HI — Q)y)
2 ¢l —HI - Qylf

so —H(I — Q) is monotone. Since —H(I — @) is bounded linear
operator defined on all of X, —H(I — @) is continuous over X, hence
—H(I — Q) is maximal monotone. Since z, is fixed, —H{ — Q)+2,
is maximal monotone. Now A is just the inverse of the map Ky=
—H(I — Qy + x, so it follows that A is maximal monotone. To
show A is strongly monotone, let =z, y € D(A) = =, + (X, N D(H)).
Then ¢ —2z,€ X, N D(E) and y—2,€ X, N D(®F). For z*c Az, 2 —x,=
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—H(I — @2* and for y*e Ay, y — 2, = H(I — Q)y*. Using equation
(6), we have :

@ —ySe—y) =@ —y* —HI - Q" + HI — Q")
=({I-Q*—I—-Qyw*, —HI-Qz"+HI—-Qy")
zpl|l-H(I - Qz* + HI — Qu*|I
= e —yl*.

So A is strongly monotone with monotonicity constant ge.

To show that A + B is coercive we use the fact that —H(I—Q)
is a one to one map from Y, onto X, N D(&). Thus for y, € Y, there
is a unique z,€ X, N D(E) such that 2, = — H(I — Q)y,. Thus,
[-HI-Q]'w,=% +Y, Let z=2a,+2, x,¢X NDE), then
Az = [-HI - Q'@ — ) = [- HI - QI"'w, =y, + Y,. Let A’%x=
Y, + y¥, yreY, (in fact since Y, L X, we have A% = y,). Using
equation (6) and condition (A;) we have (A%, z — x,) = (A%, x,) =
(1/1 + ’!/3(', x1) = (yu x1)+(y(§f: x1) = (yu x1) = (yu ’—H(I—Q)@h) g/"” _H(I""
Q. lIP = pll2,|? = plle — x,]|*. Since =z, is fixed, this implies A is
coercive. Since B is single-valued and monotone, A + B is coercive.

Now A 4 B is maximal monotone and coercive thus R(A+ B) =
X. The equation Az + Bx>0 has a solution, hence equation (4) has
a solution for each z,¢ X,.

To prove uniqueness, let z, and x, both be solutions to equation
(4) for a fixed z,€ X,, then », — s, = HI — Q)Nz,; x, — x, = H{I —
Q)Nw,; and 2z, — 2, = HUI — Q)Nz, — H{I — Q)Nz,. By assumption
(A,), equation (6), and the hypothesis of N we have — 9 ||z, —x,|<
(Nx, — N, @, — %) = —(Nw, — Nw,, — H(I — Q Nu,+H(I— Q)Nw,) =
— ¢||— HI — QNz, + H(I — Q)Nu,| = — pf|2, — x,[. That is 0=
(m — ) ||@, — x,|]>. Since g > 7, we must have x, = @,. This com-
pletes the proof of the theorem.

For each z,€ X,, the unique solution to (4) can be expressed by
x=[I — H(I — QN] 'z, Substituting into equation (3) we find
that solving our original equation (1) is equivalent to solving the
alternative problem: QN|[I— H(I — Q)N] 'z, — QEz = 0. Since
QEx = EPx = E=x,, the alternative problem becomes QNI[I — H(I —
Q)N 'z, — Ex, = 0, where z,¢€ X,.

4. An existence theorem. The main result of this paper is
the following existence theorem which extends to nonselfadjoint
problems the results of Cesari and Kannan [7]. We will need an
additional assumption; however, the remark concerning assumption
(A;) also applies here.

(Ap) (y,2) =0 for ye¢ Y, and zeX,.
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THEOREM 4. Let X, and Y, be finite dimensional subspaces of
X, and assume dim X, = dim Y,. Under assumptions (A,_):

(a) If X,=Xand Y, =17, i.e., (—Ez, z) = pl|z|]® for all z¢
D(E); and N: DIN) = X — X 1s hemicontinuous and quasimonotone
with constant =0 and 7 < i, then Ex = Nx has a unique solution.

(b) If (—Ez,2) = —al|z|? for all xe D(E), a >0, and if N:
D(N)— X 1is hemicontinuous, bounded mapping, that is strongly
monotone with comstant 7) > 0, then the equation Ex = Nz has at
least one solution provided 7 > a||P|* or » = a =0 and N 1is coer-
crve.

Proof. (a) Since Y, = X, @ is the zero operator on X, hence
equation (8) is always satisfied. Part (a) of the theorem now follows
from Theorem 3.

(b) Since the dimension of X, and Y, are equal and finite, we
may identify X with Y,. The identification may be made as
follows: let ye Y, C X, for z,€ X, let y,2,) = (%, ®,), Where on the
right hand side we view y, as an element of X and z, as an element
of X. This identification defines a continuous, linear mapping of
Y, into X *. Our identification of Y, with X is complete if we
can show that this map is one to one and onto. Since the dimen-
sion is finite we need only show the map is one to one or the kernel
of the map is just the zero element of Y,. For this let y, be an
element of Y,. If (y, 2, =0 for all x,€ X, then by (A;), (¥, #,) =0
for all 2, € X, hence (y,, ) =0 for all x€ X hence y, must be the
zero element of X and Y,.

Since the assumptions of Theorem 3 hold, the equation Exz= Nz
is reduced to the alternative problem QN[I — H(I — Q)] %, — Ex,=0
for z,€X,. Since QEx = EPx = Ez, and Y,= X;*, —F maps X,
into X,*, and T = QN[I — H(I — QN]™* maps X, into X;*, so T—F
maps X, into X;*.

We will now show that 7 — E is monotone, continuous, and
coercive. Then, since T — E is defined on all X,, R(T — E) = X*
and the alternative problem will be solved.

Let 2,y X, and let u=[I— H{I — QN] 2, v=[[— HI—
Q)N]'y. Thenw — H(I — Q) Nu = z and v — H(I — Q) Nv = 4. Since
Pu—-v)=z—y, [lo—yll<I[P|lu—w2]. So

(T — Ty, x — y) = (@Nu — QNv, z — y) = (Nu — Nv, 2 — ¥)
=(Nu — Nv,u —v) + (Nu — Nv, —H{I — QNu + HI — Q) Nv)
=(Nu — Nv,u —v) + (I — QNu — (I — QNv, —H(I — QNu

+ H(I — Q)Nv)
= (Nu — Nv,uw —v) =2 7|[u — |}
= ([ Pl[7) || — g .
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Now by hypothesis, ¢, ye X,, (—E@x —y),x —y) = —allz — y|
Thus (T — E)x — (T — E)y, x —y) =2 || P|I”* — @) ||z — y|P. This
proves T — E is monotone. If 7| P||™® > «, then it follows that
T — E is also coercive since T and E are single-valued maps.

If » = a =0, then we must show that N coercive implies that
T is coercive. Let z,eX, and = =[I — HI — Q)N] 'z; Px =,
thus |[lo,|| < [|P|/||»]l, and [[%]|— + o implies |[[z||— + . We
now have (T, 2,) = (QN[I — H(I — Q)N] &, z,) = (Nz, z,) = (N,
v — HI — QNz) = (Nx,2) + (Nz, — H(I — Q)Nzx) = (Nz, ). So
1@, |[ (T2, @) Z ||2,||(Nw, @) = || P||7*||2||"(Nw, »). Since N is coer-
cive, T must be coercive. Since —F is linear and monotone, T — F
is coercive.

It remains to show that T — E is continuous. We begin by
showing that [ — H(I — Q)N]' is bounded. Let u, v be such that
 — H(I — @QNu = v, then plju — v|f=p¢| - HUI—-Q)Nu|'=(—-H(I-
Q)Nu, (I — Nw) = (— HI — Q)Nu, Nu) = (v — u, Nu) = (v — u,
Nu—Nv+Nv)=—(wuw—v, Nu— Nv)+ v —u, No)< (v — u, Nv)<
[lv — || || Nv| hence ||u —v|| < g *||Nv|. Thus if ||v|| £ R, then
|| Nv|| < R for some R’ depending only on R since N is bounded,
and |ju|| = ||| + £ [[Nv||= R+ ¢'R'. Thus [I - H(I - QN]*
is bounded. For z,y in X we have || + y|]* + ||y|? = 1/4]||z|?. To
prove this consider the two cases [|z|| = 1/2]||y| and [|z||=1/2]y]|.
To show [I — H(I — Q)N]™" is continuous let v — H(I — Q) Nu = u*
and v — HI — @Nv =v* then w* —v*=u—v — H{I — Q) Nu +
H(I — Q@Nv. Now p||—H(I — QNu + H(I — QNv|* < (Nu — Nu,
u — v) + (Nu — Nv, —H(I — Q)Nu + H(I — Q)Nv) = (Nu — Nv,
u— HI— QNu—v+ H(I— QNv) =(Nu— Nv, u* — v*) < ||Nu —
Nov|| ||u* — v*|]. Now let x =v —u and y = w* — v* in the equa-
tion [jo + gyl + [ly|* = /4[|, then 1/4[lu — v} — [[w* — v*[P<
fu* —v* +v—wlf=[-HI—-QNu+ HI - QNv|’= || Nu—
No|| [lu* — v*|]. If [Ju*|], ||v*|| < R, then since [I — H(I — QN]*
is bounded, we have [[u]], [[v]| = R’ and |[Nul|, |[Nv|| = R" since N
is bounded. Thus ||u — »|] = 4||u* — v*|]® + 4¢7*|| Nu — No|| |[|u* —
v*|| < (8R + 8u¢'R”) [|u* — v*||. Hence [I — H(I — QN]* is conti-
nuous.

Before proving the continuity of 7', recall a map S is demicon-
tinuous if z,— 2 strongly in X implies Sz,— Stz weakly in X*,
Kato [9] has shown that for monotone operators defined on a
Banach space X with range in X*, then hemicontinuity and demi-
continuity agree. Hence, since [[ — H(I — Q)N]™* is continuous,
N[I — H(I — QN]* is demicontinuous and @N[I — H(I — QN]™ is
demicontinuous. Since the dimension of X * is finite, weak conver-
gence in X;* is the same as strong convergence. Hence T=QN[I—
H(I-Q)N]*is continuous. This completes the proof of Theorem 4.
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5. Applications. In this section we demonstrate how Theorem
4 applies to boundary value problems for nonlinear elliptic differen-
tial equations.

ExAMPLE 1. Let us consider the existence of solutions to the
partial differential equation

du + aw, + dbu, — g@, y)u = f(®, y) + Sin (u)

for x,y in D with Dirichlet boundary conditions % = 0 on 6D, where
D =10, 7] x [0, 7], @ and b are constants, geC(D), g(x, y) =0, and
fe LyD).

Let Eu = 4u + au, + bu, — g(x, y)u, and let D(E) = {u e L,(D):
EuwcL,D) and w =0 on 0D}. Now E is a one to one, invertible,
nonselfadjoint operator so let H be the bounded inverse for E. Let
P = Q be the zero, operator. It is easy to show that assumptions
(A,_s;6) are all satisﬁed.’r To prove (A,) is satisfied, let ue D(E).
Then, (— au,, %) = —a S:Soa/ax(uzm)dxdy — 0 since u = 0 on 4D, Simi-
larly (—bu,, w) = 0. It is easy to show that (gu, u) = 0. Now —4u
has a series of eigenvalues increasing from 2 toward + <. So by
the spectral theorem, (—4u, w) = 2||w|’. Hence (— Eu, u) = 2||u|]?
so (A, is satisfied with p¢ = 2. ’

Since fe Ly(D) and Sin () is a bounded function, then Nu= f+
Sin (u) is a continuous map from X = L, D) into X. Using the
Mean Value Theorem it is easy to show that (Nu — Nv, u — v) = —
[l — v|]? so N is quasimonotone with constant 7 = 1.

Since all the assumptions of Theorem 4 part (a) are satisfied, it
follows that our problem has a unique solution for each f e L,(D).

ExAMPLE 2. Let us now consider the partial differential equa-
tion

(7) du + au, + du, = f(x, y) + w/(1 + u*)

for (z,y) in D = [0, 2] x [0, 2r] where @ and b are constants and
feL (D). We want solutions to equation (7) which are doubly
periodic; i.e., w 27-periodic in both z and y. We assume also that
f is doubly periodic.

Let X be the Hilbert space of functions in L,(D) which are
doubly periodic. Let Euw = 4u + au, + bu, and let D(E) = {ue X:
Euec X}. Now E is a nonselfadjoint elliptic operator whose kernel
consists of only the constant functions. Let P be the projection
onto the constants and let @ = P. On (ker E)‘, E has a bounded
right inverse H. The adjoint of E is E*w = du — au, — bu, with
D(E*) = D(E). It now follows from the Fredholm Alternative



MONOTONICITY AND ALTERNATIVE METHODS 205

Theorem that D(H) = RE)=I—-P)X=U — @Q)X. It is easy to
show that (A, _;;. are satisfied.
Let we D(E), since w is doubly periodic, then

(—aw,, w) = (—aj4m)| | (o, v)ula, v)dsdy
= (a8 e, w)rdy = 0 .
Similarly, (— bu,, u) = 0. Now (— du, u) = ||u,|*+]||u,|[*’=0. Hence
(—FEu,u)=0. Let a=0.

Now the operator Lu = duD(L) = D(K) has eigenvalues 0, 1, - --.
Hence by the Spectral Theorem, (Lu,u)= ||u|® for we(l — P)XN
D(L). Now since (— au,, u) = (— bu,, u) = 0 for all we D(E), (A,)
is satisfied with ¢ = 1.

Now Nu = w’/(1 + u*) + f(wx, y) is certainly a continuous map
from X into X, and N maps bounded sets into bounded sets. Since
the derivative of #*/(1 + t*) is positive, it follows that N is a mono-
tone map. In fact, N is coercive since for u e X

(Nu, ) = (4n2)—1gz”§” W dndy + (47:2)“SMS2”fudmdy
0Jo 1 4+ u? 0 Jo

= (47:2)‘1§:z8:zu2dxdy — (4n2)“gztgztl fuz dxdy
= 1Al
= [wlf =1 = FIlu]l.

Thus all the conditions of Theorem 4 part (b) are satisfied with
¢ =1and @ = 7 = 0 and hence equation (7) has at least one solution
for each fe X.

ExaMpPLE 3. Finally we consider the partial differential equation
(8) fu + au, + bu, + %u = g(w) + F(&, y)

for (x,y) in D = [0, 2x] x [0, 27]. Again we are interested in doubly
periodic solutions. We assume a and b are constants, F e L,(D) is
doubly periodic and

o(u) = S exp (L/(L + t2)dt .

Let X be the Hilbert space of functions in L, D) which are
doubly periodic. Let P be the projection onto the constants and let
@ = P. With this choice of P and @ assumptions (A, ;) are satisfied.

Let Eu = du + au, + bu, + (1/2)u with D(E) = {u € X: Euc X}.
Now E*u = du — au, — bu, + (1/2)u and D(E*) = D(E). Consider
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Lu=(E—Q1/2))u, D(L)=D(E). The adjoint of L is L*u=(E*—(1/2))u
with D(L*) = D(E*) = D(E). The operator L is the operator con-
sidered in Example 2 and it follows from our calculations in Example
2 that if we choose ¢ =1/2 and g = 1/2 then assumption (A, is
satisfied. Again from the calculations in Example 2, ker (& —
(1/2)I) = ker (E—(1/2)I)= constants and R(E—(1/2)])=R(E—(1/2)I) =
(I —P)X. We now have (E — (1/2)I)P = Q(E — (1/2)I), and since
P=Q, EP — (1/2)P = QE — (1/2)Q or EP = QE. Hence assumption
(A,) is satisfied. Now on (I — P)X, E is bounded below and if E:
(I—-P)X—(I— P)X then E has a bounded linear inverse H and
assumptions (A, ;) will be satisfied. Again from our calculations in
Example 2 we know E — (1/2)I: (I — P)X — (I — P)X, which implies
E.(I-P)X—(I— P)X.

We now consider the nonlinear operator Nu = g(u) + F(z, y). N
is a continuous map from X into X and maps bounded sets into
bounded sets. Since 1= ¢'(u) <e, N is strongly monotone with
constant n = 1.

Thus the conditions of Theorem 4 part (b) are satisfied with
r=12, a=1/2, =1, and ||P|| =1, hence equation (8) has at
least one doubly periodic solution for each F(z,y) in X.
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