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SCHRODINGER AND DIRAC OPERATORS WITH
SINGULAR POTENTIALS AND
HYPERBOLIC EQUATIONS

PaurL R. CHERNOFF

In an earlier paper we employed techniques from the
theory of hyperbolic partial differential equations to deduce
the self-adjointness of Dirac and Schridinger operators with
smooth potentials. The present paper applies these techniques
to operators with singular potentials.

1. Introduction. There is a physical idea in back of our argu-
ments which is especially clear in the case of operators of Dirac type.
The Dirac operator H = D + V, a first-order partial differential
operator, is the quantum Hamiltonian governing the dynamics of a
relativistic particle in an external electromagnetic field. Intuitively,
we expect that H (with domain C7) should be essentially self-adjoint
if the time evolution is determined by the formal differential expression
alone—that is, no boundary conditions are needed to tell the particle
how to be scattered when it hits a singularity. First of all, we
require that the underlying “physical space” be a complete Riemannian
manifold so that no finite points are missing. Moreover, in a rela-
tivistic system waves propagate at the speed of light; hence compactly
supported data are not propagated to infinity in a finite time, and
thus no boundary conditions at infinity are required. Finally, suppose
that the potential term V is locally well-behaved in a sense which
we will make precise later—roughly that everywhere V is locally
equal to a potential that requires no special boundary conditions.
Then we expect that H is essentially self-adjoint. That is, by ex-
ploiting the finite propagation speed of the Dirac equation, we can
patch together local good behavior to deduce global good behavior.
This is the main result of §2.

In §§3 and 4 we apply analogous ideas to second-order Schrodinger
operators, by considering the associated wave equations. Although
the underlying ideas are similar to the Dirac case, there are a number
of technical complications, some of which are dealt with in the
preliminary material in §3. The conclusion is, roughly, that a Schro-
dinger operator with a locally well-behaved potential, which does
not decrease too rapidly at infinity, is essentially self-adjoint; this
global condition on the potential is needed because the nonrelativistic
Schrodinger equation has infinite velocity of propagation.

(There is a large literature devoted to conditions which imply
the essential self-adjointness of formally symmetric partial differential
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operators. Some recent general references are the books by Schechter
[11], Faris [4], and Reed and Simon [10, vol. II].)

2. Dirac operators. We work in the setting of our paper [2].
Let M be a complete Riemannian manifold and & a Hermitian vector
bundle over M. Form the Hilbert space H = L*¢&) of square inte-
grable sections of £. Denote by C(&) the C~ sections of ¢ with compact
support. We want to discuss perturbations of a Dirac-type operator
D: Cy(8) — Cy(é), a first-order differential operator which we assume
is symmetric. For ze M let c¢(x) be the local propagation speed as-
sociated with D (for the precise definition see [2]; roughly, c(z) is
the largest eigenvalue of the symbol of D). Fix a point 0 M and
let B, be the ball in M with center 0 and radius . Define

¢(r) = sup {e(x): x € B,} .

Assume that the integral Sd?’/c('r) diverges. (This is certainly true
if ¢(r) is constant, as it is for the usual Dirac operator in physics.)
Then it was shown in [2, Theorems 1.3 and 2.2] that D, with domain
Cz(8), is essentially self-adjoint. Moreover, if f e C=(§) is given, then
the differential equation

(1) % = iDu(t), u(0) = f

has a global solution (namely u(t) = e*Zf) with u(t) € C(¢) for all .
Moreover influence in (1) propagates no faster than the “speed of
light.” That is, if supp f & B, S Bz, and ¢ = ¢(R), then supp u(t) &
B,.., solong as r+ct) = R.

We will deal with perturbations of D by zeroth-order operators
V. Such an operator maps sections of & to sections of ¢ and is of
the form (Vf)(x) = V(). f(x) where V(x) € Hom (&,, &,); in local coord-
inates, V is a matrix-valued function. We require that V(z) be
symmetric for all z, and that z+— V(x) be measurable. We say that
V is locally pth power integrable, and write V € L%,., provided that
[|V(z)||* is locally integrable.

Now we introduct three classes of perturbing potentials V:

1. 7°(D) is the class of all “D-good” potentials V:V e L}, and
D +V is essentially self-adjoint on Cy(&). (Note. we require that
Ve L%, in order that C (&) be contained in the domain of V' as an
operator on L*(g).)

2. 7%.(D) is the class of all V such that for each pe M, there
exists a member V,e 7°(D) with V(z) =V, (x) on some neighborhood
of p.

3. Z%e(D) is the class of all V such that, for every compact
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K € M, thereis a V€7 (D) with V =V, on some neighborhood of K.
Obviously 7°(D) & 75.(D) S 710e(D). Our main result says that
in fact these classes coincide.

THEOREM 2.1. With the above definitions, 7" (D) = 75.(D). (That
is, essential self-adjointness of D +V depends only on the local
behavior of V.)

Proof. Let Ve 75..(D) be given. We write L for D —l—Y with
domain (L) = C7(&), and L for the closure of L. Then L < L & L*;
L is symmetric. We shall show that L is self-adjoint.

LEMMA 2.2. If we 2(L) and ¢ Cy(M), then ¢-u e = (L); simi-
larly, of we 2(L*) then ¢-u € Z(L*).

Proof. Suppose that uw e =2 (L*). This means that u e L*£) and
that as a distribution Du + Vu = L*u e L*¢). Now

(D +V)(ou) = D(gu) + ¢ Vu
= ¢Du + (D.¢)u + ¢ Vu ;

that is,
(2) D +V)gu) = ¢L*u + (D,g)-u

where D, is a certain first-order differential operator whose coefficients
are related to those of D. The right side of (2) is clearly a member
of L*¢), and hence ¢-u € Z(L*).

If in addition w € 2/(L), then there is a sequence {u,}” in (L)
with u, —u and Lu,— Lu. Then clearly ¢-u,c (L), ¢-u, — ¢-u,
and

(3) L(¢-u,) = ¢L(u,) + (D), .

The right side of (3) converges to ¢Lu + (D,g)-u = L*(¢u) € L¥8).
Hence, by the definition of the closure of an operator, ¢-u e (L)
and we have the formula L(gu) = ¢Lu = (D,¢)-u.

Note that we used only the local square-integrability of V in the
proof.

COROLLARY 2.3. If we (L) has compact support contained in
an open set 2, then there is a sequence {u,}y in (L) with supp u, S Q2
such that w, —u and Lu, — Lu.

Proof. Choose a C~ function ¢ with support in 2 and ¢ =1 on
a neighborhood of the support of . As in the proof of Lemma 2.2,
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take a sequence {v,}* in &(L) with v, —u and Lv, — Lu. Finally,
let %, = ¢-v,. Then u, e 2(L), supp u, < 2, and the proof of Lemma
2.2 shows that u, — ¢-u = u while Lu, — L(¢-u) = Lu.

LEMMA 2.4. Suppose We 7°(D). Define N=D +W. Then if
feZ(N) and f has compact support, the differential equation
(4) W iNu), w0) = f

dt
has a unique solution, namely wu(t) = e**f. Moreover for each
t, u(t) has compact support; if supp f S B, S By and ¢ = ¢(R) then
u(t) s supported in B,,.n for r + c¢(t) = R.

Proof. All the conclusions are immediate except for the assertion
about the support of u(t). For the latter we consider the Trotter
product formula:

(5) u(t) = lim (eitf)/neitwm),,f .

Because f is supported in B, and ¢*"/" is merely a multiplication
operator, it follows that e*"/»f is supported in B,. But then
¢tP/ngit"/n f s supported in B, .. Iterating this process = times,
we see that (¢/?/"¢"*"/*)f is supported in B,,..:/s = B,ic. Hence
so is the limit vector u(t).

We come next to the heart of argument: The proof of an ana-
logue of Lemma 2.4 for the given potential Ve 7. (D).

LEMMA 2.5. Fix Ve 7..(D). Let f be a compactly supported
member of D (L) = 2(D+V). Then the differential equation

(6) %’ti = iLu@), w0) =f

has a unique global solution wu(t), —co <t < o. Moreover u(t) is
compactly supported for all t.

Proof. The uniqueness follows in the usual way from the sym-
metry of L.

For the existence proof, we suppose that f is supported in B,.
We shall show that there exists a solution of (6) for 0 <t < 1/e(r + 2)
with support in B,,,. Proceeding inductively, we can then construct
a solution for all ¢ = 0 because the series 1/e(r + 2) + 1/e(r + 8) + ---
is divergent. Similarly we get a solution for all negative ¢.

We turn to the first step in the construction. Since B,,, is com-
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pact (by the completeness of M) and Ve 77,.(D) we may find a positive
number 2¢ with the following property: for each pe B, if 2,,. is
the 2e-ball with center p, there is a V, € 7°(D) which coincides with
V on 2,,. By compactness a finite number of the corresponding
e-balls {2,.}" cover B,,,.

Let {6,}r be a corresponding set of C; functions with 4, supported
in 2,.and >3\, 0,=1o0n B,,,.

Returning to the initial vector f, define f,=6,-f for 1< p=<m.
Note that f, is supported in 2,. and that f,e =2/(L) by Lemma 2.2.
Moreover, if we define L, = D +V,, we have the relations (in the
sense of distributions)

Efp:Dfp +pr:Dfp +fop:L:fp:I_J;ofp9

where the last equality follows from the self-adjointness of L,. In
particular, f, e Z(L,).
Now let = = ¢/e(r + 2). For 0 £t < 7, define

w(t) = ,,i: oitinf, — 2 OR

Then w(0) = 3, f, = f, u(t) is differentiable, and we have the formula
(7) Lu(t) = S iLulle) -
dt p=1

Moreover, Lemma 2.4 implies that u,(f) is supported in 2,, for 0 <
t < 7. It then follows from Corollary 2.3 that L,u,(t) = Lu,(t).
Reason: because u,(t) is supported in 2, .., there exist C~ functions v,
supported in 2, ,. with v, — u,(t) and L,v, — L,u,(t). But since v, is
supported in 2,, we have L,v, = Lv,. We can conclude that u,(t) €
(L) and that Lu,(t) = L,u,(t).

Thus, from (7), we have, for 0 <t < 7,

—dd?u(t) = Sy iLu,t) = iL 3 u,0) = iLu, () -

That is, the differential equation (6) is satisfied, 0 <¢ < z. Further-
more, u(7) € Z(L) and is obviously supported in B,... ¢ = c¢(r + 2).
This is so because, for all p, f, is supported in B,; hence by Lemma
2.4 (with W = V,)u,(t) is supported in B, ,;,, 0 =t =< 7. And so u(t) =
> u,(t) is supported in B,_.,.

Now we start the process over again, assuming that 7 + ¢t <
r + 1, with u(r) as the new initial data. We thus extend the solution
w(t) throughout the interval = < ¢ < 2r. This may be continued for
n steps, until » + ner = » + 1 (the final step is modified by shortening
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T if necessary so as not to overshoot the mark). Of course the
crucial fact that makes this argument work is that ¢ does not depend
on the initial data.

Completion of the proof of Theorem 2.1. We can now deduce
that L is self-adjoint by means of the “invariance of domain” method
(cf. [2, Lemma 2.1]). Let <& consist of the compactly supported
members of = (L). We have just shown that for every f € & there
is a solution wu(t) of the differential equation (6) with %(0) = f and
w(t)e & for all t. Moreover ||u(t)|]? is constant because L is sym-
metric.

Denote by A the restriction of L to &. Suppose that A*y =
+i¢r. We claim that + must be 0. (This will establish that A is
essentially self-adjoint and hence that L is self-adjoint.) Consider
the case A*y = iy. Given fe < let u(t) be the corresponding
solution of (6). Define

F(t) = (u@), ¥) -
Then F(t) is bounded, — < t < o, and we have

F'(t) = GLu(t), ¥) = (u(t), A*p) = (@), iy) = F(t) .

Hence F(t) = F(0)e'. Since F is bounded we must have F(0) = 0;
that is, (f, ¥) = 0. Since & is dense, 4 must be 0. A similar
argument takes care of the case: A*y = —iq.

Since Theorem 2.1 shows that only the local behavior of V affects
the essential self-adjoitness of D + V, it follows immediately that if
Ve (D) and W is locally bounded, then V +W e 7 (D). For explicit
local conditions that guarantee that V belongs to 7°(D) see [5] or [6].

3. Abstract wave equations. In this section we collect some
results on second-order operator differential equations which we will
later apply to study Schrodinger operators by means of the allied
wave equations.

We begin by recalling some standard facts. If S=a >0 is a
semibounded self-adjoint operator on a Hilbert space 5%, we can solve
the second-order equation d*u/dt* = —Su(t) by transforming it into
a first-order system: du/dt = v, dv/dt = —Su. More precisely, we
form the Hilbert space H = & (SY%) @ &%, with norm ||(u, v)|* =
[1S¥*,|? + ||v]||*, and the operator

01
(D Az[—s o}
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with domain Z2(4) = 2(S)P =2 (S"?*). Then A is a skew-adjoint
operator on H and generates the one-parameter unitary group

sin ¢tV S
(2) o = {“’S A
—1V S sintV' S costt/ S

If (t) = e**4(0) has components (u(t), v(t)) then wu(t) = costV/'Sf +
sin tV'S/V'Sg, where f = w(0), g = v(0); if fe =2(S) and ge 2 (S¥?)
then u(t) satisfies the second-order equation #%(¢) = —Su(f) with initial
data u(0) = f, w(0) = g.

More generally, for any real number «, let 52, be the completion
of &7 in the norm || S*f]||. Note that 5%, is just =(S"?) with the
graph norm. We have the inclusions

Fipn S S Ty

and S extends by continuity to an isometry of £#7, with 9#2,,. Let
K be the Hilbert space 5 @ 5#,,,. Then the matrix formula (1)
defines a skew-adjoint operator 4, on K, with &(4,) = 2(SY*) P &%
and the group generated by A4, is given by formula (2). This alterna-
tive conversion of the second-order equation into a first-order system
will be useful later for technical reasons.

Now let C be another operator on % which is bounded relative
to S with relative bound less than 1: that is, =2(S) < 2(C) and
there are constants ¥ <1 and k< o with ||[Cf|| = 7||SfI| + k|||
for all fe =2(S). Consider the differential equation

(3) #t) = —Su(t) — Cu(t) .
We write this as a first-order system on H = (S @ S as follows:

n =0

v=—Su — Cu.
That is, if = (u, v),

@ _ Ay + B

7 P + by

where A is defined by (1) and B = [_ ((;)' 8} Unfortunately B is a

rather bad perturbation of A even though C is a good perturbation
of S; for instance, B does not generate a semigroup on H. Never-
theless, the following result is true.

ProPOSITION 3.1. Let S be a positive self-adjoint operator on
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&% Let C be a closed symmetric operator on S# which is bounded
relative to S with relative bound less than 1. Then the operator L
defined by the relation

0 0
(4) L:[—S—C IJ’

with domain 2 (L) = 2(S) P 2 (SV?), generates a (C,) group on
H= 28"

Proof. First, note that by the Kato-Rellich theorem the operator
T=8+C is self-adjoint with domain &2(T) = =(S). In addition, T
is semibounded. Indeed, since C has relative bound < v < 1, there
is a constant %k such that

(5) HCFIl = YIS + B)f ]

for all f e &7(S). Hence, by the monotonicity of the square root on
operators (cf. [7, Th. V. 4.12] we have

(6) (ICIf, N =S + k), f)

for all f e 2(S). Hence we have the inequalities

(7) S+Cz=zS—-|Cl=Q—NS+¥yS—-|C|= 7.

Also, the operator g 8 , where a is any constant, is a bounded
perturbation on H. Accordingly, by adding a suitable constant a =
1+ 7k to C, we may arrange that S + C be = 1 without affecting
the issue of whether L is a generator.

But then our preliminary remarks show that equation (3) (4= — Twu)
can be solved on the space 2(TV%) @ &7, and that L is a generator
on this space with domain Z(T) @ 2(T"%). So all we have to do
is prove that Z2(T"*) @ 5# coincides with H—i.e., that 2(TV?) =
2(S*%). (The graph norms will then automatically be equivalent,
by the closed graph theorem.)

Since Z(S) = 2(T) and T = 1, there is a constant ¢ such that,
for all fe 2(T) = «(S),

ISfI =0l TSl .
Then by another application of [7, Th. V. 4.12] we have
(S, /) = «TF, f)
for all such vectors f. Similarly there is a constant §" such that

(Tf, ) = 0"(8F, f) -
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Hence the two inner products (Sf, g) and (Tf, g) are equivalent on
28) = 2(T). But &/(S'?) is just the completion with respect to
the first inner product, while =2(T"?) is the completion with respect
to the second inner product. This proves that = (Sv%) = Z(TV?).

We also have a result about approximation of solutions to (8).

COROLLARY 3.2. Let S and C be operators as in Proposition 3.1.
Define x,(\) =N if [N = n, = 0 otherwise; and consider the “cutoff”
perturbations C, = ¥,(C).

On H= 28V @ 27, let ¢+ be the (C,) group generated by

the operator
0 1
L, = ,
=|-s-a. o]

and let L be as in equation (4). Then as n— oo

gtln > o'l

in the strong operator topology on H.

Proof. Since ||C,f|| < ||Cf|| for all fe =2(S), the estimates (5),
(6), and (7) of Proposition 3.1 all hold with C, replacing C. Thus if
we add the constant @ = vk + 1 to all C,’s and C, we may assume

without loss of generality that S+ C =1 and S + C, =1 for all ».

Write T=S+C and T,=8S +C,. Then L:[_% (I)], and

L, = [g, (I)] By Proposition 3.1, we know that =(L,) = 2(L) =
2(S) @ng(S‘“). Moreover it is trivial that L,y — L+ for any
e 2(L). Hence the Trotter-Kato theorem [7, Th. IX. 2.16] will
show that et — ¢ provided that we verify that these groups are
uniformly bounded on H with a bound independent of .

We know that e'’» is a group of isometries relative to the norm
induced from =2(T.*) @ £#. We denote this norm by | -|,, while
we denote the norm from < (SY*) @ & by ||-||. The proof will be
finished if we can show that there are constants «, 8 in (0, ) such

that
(8) all-ll=ll-ll.=8l-1;

for then we will have the estimate ||e!*»|| < B/a for all real ¢ and
al n=1,2, «--.

Because of our normalization, it follows from (7), with C replaced
by C,, that

»,=8S+C,z0—-7S+1.
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Similarly, if A is large enough, we have

C,=\S
for all n. Hence there are constants «, B independent of » such that
(9) aS=T,=pBS.

Now (8) is an immediate consequence of (9).
We turn next to some simple facts about time-dependent equations.

PROPOSITION 3.3. Let ¢4 be a (C,) group on the Hilbert space
H, and let B(t) be a norm-continuous function from the reals to the
bounded operators on H. Assume also that, for each t, the operator
B(t) maps Z(A) into itself, and that t— B(t) is continuous as a
map from the reals into the bounded operators on Z(A) (equipped
with the graph norm).

Then, for each fe Z(A), the differential equation

(10) L — Av(®) + BOw(e), ¥(O) = f
has a unique solution ~(t).

Proof. If +(t) satisfies (10) then it satisfies the integral equation
(11) Wit = e4f + | BEywee

Uniqueness of solutions to (11) follows in the usual way (Gronwall’s
inequality). As for existence: The additional hypothesis on B(t) shows
that (11) makes sense as an integral equation on =2 (4), and the usual
iteration method shows that it has a solution +(t) € 2(4).

Since () satisfies (11) and () € 2 (A), we have B(t)y(t) € Z(4)
and so we may differentiate under the integral sign in (11) to deduce
that +(t) is a solution of the original differential equation (10).

The next proposition deals with second-order equations.

PROPOSITION 3.4. Suppose now that S is a semibounded self-
adjoint operator on a Hilbert space 57, and that B(t) is a differentiable
real-valued function on the real line. Comsider the time-dependent
wave equation

d*u/dt? = —Su(t) — Bt)u(t)

12) u(0) = fez(S), w(0) =0.
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This equation has a global solution wu(t). Moreover we have the
“energy” formula

13) dit{lld(t) I+ (S + B®)u®), u®)} = B'®) [ u@)* .

Proof. By adding a constant to S and subtracting it from A(¢),
we may assume that S = 1. Then we know that the operator A =

[_g (1):' is skew-adjonit on the Hilbert space H = <7 (S'%) @ o%, with

domain Z2/(A)==2(S)PD =2 (S*). A generates a (C,) group of operators
¢* on H. Next, consider the operator B(t) on H defined by

0 0
B(t) = .
2 Le(t) 0]

Obviously ¢+ B(t) is continuous in operator norm. Moreover, it is
straightforward to verify that B(t) maps <7(A4) into itself and t—
B(t) is norm-continuous on the space =Z(4).

By Proposition 3.3 it follows that the equation

(14 Y- ay+m0v, v0 =] |

has a unique solution. If we write (t) = [Zgﬂ then u(t) satisfies

the wave equation (10).
Moreover, we have the relation

[[2@)[* + (Su(t), w(®) = |[y(@) |
by the definition of the norm in H. Hence

gg{nuw B+ (S + BEuE), ut))

(15) - %{ww + B8) || u®) |’

= 2Re(y, ) + 28()Re(u, %) + B'@)|[[u@)|* .

?:l/ 1
definition of the inner product in H, we get the relation

From the differential equation (14), the formula + = [u:' and the

(v, ) = (8Y*u, SV*k) + (%, —Su — B(t)u)
= (SV*u, 8V*i) — (S"*4, S*u) — B(t)(w, w) .

Here we have used the fact that #(t) e & (SY?). It follows that
Re(+pr, i) = —B(t)Re(w, u), so that the right-hand side of (15) reduces
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to A'(t)||u(®)|>. That is, equation (138) holds.
Finally, we have a strong uniqueness theorem.

ProOPOSITION 3.5. Let T be a semibounded symmetric operator
on S#. Let B(t) be a continuous real-valued function on the real
line. Suppose that u(t), 0 <t < t,, s a solution of the differential
equation

du/dt* = —Tu(f) — Bt)u(t)

(16) .
u(0) = #(0) =0.

Then w(t) is identically 0.

Proof. As in Proposition 3.4, we may assume without loss of
generality that T=1. Let S be the Friedrichs extension of 7. Form

the Hilbert space K = 57 @ 57, ,, as discussed in the third paragraph

of this section, and consider on K the operator A, = !:_ g I :l and the

corresponding one-parameter group e¢’‘.. Also define an operator B,(t)
on K by the formula

0 0
B(t) = .
® [—mt) OJ

Then ¢+ B,(t) is a norm-continuous operator-valued function on K.

Consider the curve (t) = [Zgg . It is easy to see that +(t) is
a differentiable curve in K which satisfies the differential equation

P (t) = Apr(t) + BE)y(t) , 4(0) =0.

The usual uniqueness proof (reduction to an integral equation plus
Gronwall’s inequality) then shows that +(¢) is identically 0.

Note. In Proposition 8.5 it was necessary to introduce the space
K because it is not evident a priori that ~(¢) is differentiable as a
curve in the space H = (SV?) P &4

4, Schrodinger operators. We begin by recalling some of the
results of [2] concerning second-order operators with smooth coefficients.
Suppose that M is a complete Riemannian manifold and that 4 is a
symmetric, negative, second-order elliptic operator on M. Let c¢(x)
denote the local propagation speed associated with 4; roughly, c(x)
is the square root of the largest eigenvalue of the symbol of 4. For
example, if 4=4, the Laplace-Beltrami operator, then ¢(x) is identically
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1. Fix a point 0e M, and let B, denote the ball of radius » and
center 0. Note that B, is compact because M is complete. Define
¢(r) = sup{e®): x€ B,}. As with the Dirac-type operators discussed

in §2, we assume that the integral Swdr/c('r) diverges. Then it was

shown in [2] that 4, with domain Cy(M), is essentially self-adjoint.
Moreover—the point of greatest interest here—the wave equation
#(t) = Au(t) has the following propagation property: if the initial
data u(0), %4(0) have compact support then so does u(t) for all .

We shall state a fairly precise form of this result, which says that
data supported in B, propagates with instantaneous velocity at most

e(r). For r =0 we define 6(r) = Srds/c(s). The assumption about
0

the divergence of the integral to o shows that 6 is a diffeomorphism
of [0, ) with itself. Moreover, if B < r then 6(r) — 8(R) = ¢ gives
a lower bound for the time during which the influence of data sup-
ported in B, remains inside B,. Hence, given ¢ > 0 and R, if «(0)
and (0) are supported in B, then wu(¢) will be supported in B,,
where r = 07'(t + 0(R)). Let us write t«R for 67'(t + 6(R)). Thus
data supported in B generates a solution supported at time ¢ within
B,,z. (Note the identity ¢x(¢,xR) = (¢, + ,)*R, whose interpretation
in terms of support propagation is obvious.)

We are concerned with the Schrodinger equation 1/7(0u/ot) =
—Au + Vu, where V is a potential on M which may be rather singular.
We assume henceforth that in local coordinates 4 has the form Adu =
i 0(a;0;m), i.e., Au = div (¢ grad u), where a is a smooth matrix-
valued function. (This means that we are neglecting “magnetic fields”
which would appear as lower-order lerms in 4. Actually, at the cost
of some technical complication, our arguments could cope with arbi-
trary smooth magnetic fields, but we shall stick to the simpler case
in writing out the proofs.) We seek conditions on V which guarantee
that the operator —4 +V is essentially self-adjoint on the domain
Cy(M) We shall use the strategy of [2]; namely, we shall relate
the self-adjointness question for the operator T = —4 +V to that
of existence of solutions to the wave equation %(t) = —Twu(t). (A
related approach has been explored by Berezanskii [1], who relies
upon a uniqueness theorem for the adjoint wave equation () =
— T*u(t) rather than an existence theorem for the original equation.
Our method seems to yield stronger results.) We will impose local
conditions on the potential V' to guarantee that —4 + V is “locally”
essentially self-adjoint, together with a global semiboundedness con-
dition, of the form —A4 +V = —(a + b0(r)?), which is the analogue
of a classical condition that insures that particle trajectories do not
reach infinity in a finite time. Here » is the function »(z) = d(=, 0),
the distance to the “origin” 0 € M. Note that in case 4 = 4 we have
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¢(r) = 1 so that () = » and our condition reduces to the well known
condition —4 +V = —(a + br®.

We turn first to the local problem. There are a number of
techniques in the literature which we might use. We shall employ
the following three known theorems, which we list for the reader’s
convenience.

THEOREM A ((Faris) [3, Thm. 4.1], [4, Thm. 8.3]). Let & =
L¥m, pt). Let ec 57, ¢ > 0a.e. Let H, = 0 be a self-adjoint operator
acting in & with He =0 Assume that (H, + ¢)™ is positivity-
preserving for all ¢ > 0. Let U = 0 be a real function in L*(M, éte).

Let H= H,+U. Then H is essentially self-adjoint on Z(H) =
H)N2(U). Moreover (H + ¢)'L.(e) is a domain of essential
self-adjointness (a “core”) for H.

THEOREM B ((Davies-Faris) [3, Thm. 4.4], [10, Thm. X. 31]). Let
H, be a positive self-adjoint operator on L*(M, pt) such that (H, + ¢)™
18 positivity-preserving. Let U =0 be a multiplication operator.
Suppose that H = Hy, + U 1is essentially self-adjoint. Let W be
multiplication operator which is bounded relative to H,, Then W
18 also H-bounded. Indeed, tf we have

Wl < al|(Hy + b)v]l, e Z(H,)
then we have the estimate
Wl < al[(H + by, e Z(H)

with the same constants a, b.

THEOREM C. Let M be compact Riemannian manifold. Let /A
be a second-order elliptic operator on M. Let d be the dimension of
M. Following [12], we say that p is “d-canonical”’ if p =2 for
d<8p>2ifd=4;p=4d/2 if d =5.

Suppose p is d-canonical and W e L*(M). Then the multipli-
cation operator W is bounded relative to A with relative bound 0.

Proof. In case 4 = 4 on R¢, this follows from Sobolev inequalities
(cf. [10, Thms. X. 16, X. 30, X. 21]; the case p = 2, d = 3 is a famous
result of Kato).

In the manifold case the conclusion follows from the “flat” case
by a straightforward argument using a partition of unity to patch
together inequalities in local charts.

PROPOSITION 4.1. Let M be a compact Riemannian manifold,
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dimension d. Let A be a second-order elliptic operator on M: Au =
div (@ grad ), @ smooth. Let U = 0 belong to L M), and let W =0
belong to L*(M), where p is d-camonical. Write V=U —W. Let
H= —4+V. Then H is semibounded and essentially self-adjoint
on C=(M).

Proof. We shall apply Theorem A, with H, = —A4. The first
step is to check that if ¢ > 0 then (—4 + ¢)™' is positivity-preserving.
This follows from the classical maximum principle. (Indeed, suppose
that ¢ € C~(M), 4 = 0, and (—A4 + ¢)r = 6. We must show + = 0.
By elliptic regularity, « is C=. If 4 is negative anywhere then
attains a negative minimum at some point pe M. Then (p) <0
but Ay (p) =0, so ¢(p) = —Ay(p) + cy(p) < 0, a contradiction. Thus
(—4 + ¢)™' is positivity-preserving on the positive cone in C=(M),
which is dense in the positive cone of LX(M).)

Now define e(x) =1. Then ¢ >0 everywhere, ¢c L*(M), and
de = 0. Moreover U € L*(M, ¢*tt) = L*(M). Hence, by Theorem A, it
follows that —4 +U = H, + U is essentially self-adjoint on =2(J1) N
(U).

By Theorem C, the multiplication operator W is bounded relative
to H, with relative bound 0. Hence, by Theorem B, W is bounded
relative to H, = H, + U with relative bound 0. It follows that
H, —W =H, +U — W is semibounded and essentially self-adjoint on
(H) N Z2(W). Moreover any core for H, is a core for H, — W.

The proof will be finished if we show that C~(M) is a core for
H,. Now, by Theorem A, (H, + ¢)"'L*(M) is a core for H, Hence
the larger space .Z = L*(M)N =2 (—A4) is a core for H,. To prove
that C=(M) is a core for H,, we have to show that a given fe.#Z
may be approximated by a sequence f, e C~(M) so that H,f,— H.f,
at least weakly. In fact we shall construct such a sequence with
1fslle < /]l and Af, — Af, Uf, = UF.

We simply take f, = ¢""f. Then [|f,|l. < |/f|l by the maximum
principle; f, e C*(M) by the smoothing properties of the heat equation;
fo—f in L% and Af, —Af in L. As for Uf,, note that ||Uf,], <
Ul fulle = Ul flle; so {Uf,} is a bounded sequence in L~
Moreover it is obvious that Uf, —Uf in measure, so Uf is the unique

adherent point in L* of the sequence {Uf,}. Accordingly Uf, —w+Uf.

COROLLARY 4.2. Let M be a compact Riemannion mantifold.
Let A and V be as in Proposition 4.1. Write H= —A4 +V. Suppose
that f e 2 (H) has support in the ball B,. If s> r there is a sequence
of C* functions f, with supports im B, such that f,— f and
(=4 +V)f,— Hf in L.
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Proof. By Proposition 4.1, C=(M) is a core for H, as well as for
H, =[—4 +U]"; moreover, since W is H,-bounded, 2(H,) = 2 (H).
Accordingly, there is a sequence of C~ functions {g,}7 such that
g, —f, (—4+U)g,— H,f,and Wg,—W; in particular (—4 + V)g,—
Hf.

Choose a C>~ function ¢ such that ¢ is supported in the ball B,
and ¢ is identically 1 in a neighborhood of the support of f: thus
¢f = f and ¢gHf = Hf. Define f, = ¢g,. Clearly f, is C*, supported
in B,, and f, — f. It remains to show that (—4 + V)f, — Hf.
(Actually we will show only weak convergence; but then suitable
convex combinations of the Hf, will converge strongly.)

We have the formula

(1) (=4 +V)fo =6(—4 +V)g, — 9,49 — 2(aV$)-Vg., .

The first two terms on the right converge in norm to ¢Hf = Hf
and —f4¢ = 0 respectively. We must show that the remaining term
converges to 0 at least weakly. It obviously converges to 0 in the
sense of distributions, so it is enough to show that the sequence of
L* norms ||(aV'¢)-Vg, | is uniformly bounded. This amounts to showing
that the sequence ||Vg,]|| is bounded.

Now, because of the inequality —4 < const. —4, we have

WP gall? = (—4Gn 9a) = ¢(—Agy 9)

(2) < (=4 +U)gn, g,) -

The right side of (2) converges to c¢(H,f, f). Hence the sequence
I|7g,]| is bounded.

We now consider the wave equation

(3) ‘jlt“ =4~V — BE)u) .

Our aim is to show that under suitable hypotheses on V, equation
(8) has global solutions. We first turn to the case of compact mani-
folds M, where existence of solutions is immediate from our earlier
work on essential self-adjointness of —/4 + V. Here our intent is to
establish support properties of solutions to (8). We treat the time-
independent case first.

PROPOSITION 4.3. Let M be compact Riemannian manifold. Let
A and V be as in Proposition 4.1. Wwrite H for —A +V. Consider
the differential equation

(4) d*u/dt* = —Hu(t) , u(0), #(0)e C~>(M) .
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By the results of §3 we know that (4) has a global solution u(t).

Claim: This solution has the same support properties as the
“free” equation (V = 0). That is, if the initial data are supported
in the ball B,, then, for all t =0, u(t) is supported in the ball B,,.

Proof. Basically this follows from the Trotter product formula
as in the analogous case of Dirac operators in §2. First, suppose
that V is bounded. Without loss of generality we may assume
—A>=1. Consider, on the space H = 2/ —1) @ 5%, the operators

0 I 0 0
A= _ B = .
1) By o
Note that B is a bounded operator on H. If () = [Zgg] where %

is the unique solution to (4) we have r(t) = ¢!“"®4r(0). Moreover,
by the Trotter product formula,

(5) P(t) = lim (e"n*6"/»")"4(0) .

Now e!/»* does not expand support, while if ¢ is supported in B,,
¢'/»4¢ is supported in B,,,... Hence the right side of (5) is supported
in By/n.....t/ns = Bire The same is true of the limit +r(t).

Now consider the general case: V=U —W,», W=0, Uec L*M),
WeL*(M). Then H= —/A +V is semibounded, and the solution to
(4) is given by

sin (¢V'H)
V'H

Consider the cut-off potentials: V,(x)= V(») if | V()| =n,V ,(x)=0 other-

wise. Let H,= —4 +V,. The operators H, are uniformly bounded

below, and H,— H pointwise on 2(UA)N=Z(V), a core for H. Hence
by [10, Th. VIII. 20] it follows that cos tV/H, — cos t\H and

u(t) = cos (tv/ H)u(0) + w(0) .

sin ¢V H,))VH, — sin ¢V H/VH

in the strong operator topology. That is, if u,(¢t) is the solution to
(4) with H replaced by H,, then w,(t) — u(t) for all t£. By the first
part of the proof we know that w,(t) is supported in B,,. Hence
u(t) is supported in B,,,.

Next we establish the same result for the time-dependent case.

PROPOSITION 4.4. Let M be a compact Riemannian manifold.
Let A and V be as in Proposition 4.1. Let B(t) be a differentiable
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real function of t. Write H= —A +V. Then the equation
(6) d*u/dt* = — Hu(t) — B@)u) , u(0), w(0)e C~(M)

has a unique global solution u(t). This solution satisfies the energy
equation

(7) djdi{|| @)l + (H + BE)w), u@)} = @[ u@|F .

Moreover if the initial data are supported in the ball B,, then, for
t =0, u(t) is supported in B,,,.

Proof. Existence and uniqueness of the solution u(t), as well as
the energy equation (7), all follow from the results of §3. We must
establish the support properties of u(t).

Without loss of generality we may assume H = 1. Then consider,
on the space H = Z(HY*) @ 5#, the operators

0 I 0 0
4| o] = m0=] gy o)

If (t) = Bﬁgg] we know that + satisfies the integral equation

(8) V(B) = e4p(0) + | e By .

Moreover, the series expansion from iterating (8) converges because
[|B(z)|| is bounded on any bounded interval, so that we have the
formula

(9) a/'/‘(t) = etA’llf‘(O) + i SA e(t-—rl)AB(Tl)e(rl——cg)A e GT"”AQII‘(O)d‘C'l e d’Z'%

where 4, is the region 07, <7,, < --- <7, <t. It is straight-
forward to check that each term in this series is supported in B,,
if (0) is supported in B,. This follows from the fact that the
operators B(7) do not expand support, while, by Proposition 4.3, the
operators ¢ "4 expand support from B, to B;_.,,.

We can now extend the above results to the case of a complete
(not necessarily compact) Riemannian manifold M.

THEOREM 4.5. Let M be a complete Riemannian mantifold, dimen-
ston d. Let A be a second-order elliptic differential operator on M
of the form Au=V-(aFu). Define the propagation speed c(r) associated

with M as indicated above, and assume that the integral rd’r/c(r)

diverges.
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Let V be a real function on M of the form V =U —W where
U W=0,UeLi.(M), VeLl,(M), and p ts M-canonical.

Let H= —4+V.

Let B(t) be a real differentiable function of t.

Then the differential equation

(10) dw/dt* = —Hu(t) — B)u®) , u(0), #(0) e C(M)

has a global solution w(t). This solution satisfies the energy equation
(7) above. Moreover, u(t) is compactly supported for all t; if the
wnitial data are supported im the ball B,, thenm u(t) is supported
wn B,,,.

Finally, let H, denote the closure of the restriction of H to C3(M).
Then, for all t, the solutiom w(t) belongs to <(H,) (and of course
Hu(t) = Hu(t)).

Proof. The idea of the proof is to use the preceding theorems
to construct local solutions of (10) on an increasing sequence of compact
subsets of M. The finite propagation speed guarantees that these
fit together to define a global solution. The details follow.

Suppose that u(0), #(0) are C~ functions supported in the ball B,.
For each positive integer = let 2, be a compact subset of M with
smooth boundary which contains B,,, in its interior. Finally, let M,
be a compact Riemannian manifold (without boundary) in which 2,
is isometrically embedded. (For example, let M, be the double
covering of a neighborhood of 2,; it is easy to see via a partition
of unity argument that the Riemannian metric on 2, extends to a
Riemannian metric on M,. The precise choice of M, is immaterial.)

We extend the operator 4 on 2, to be elliptic on M,; call the
extension 4,. The functions U, W, and V may be extended to M,
by defining them to be 0 outside £,. Since 2, has compact closure,
we have U,e L*M,), W,e L*(M,). Finally the functions u(0), %(0)
are extended by setting them equal to 0 outside 2,.

We define H, = —4, +V,. It follows from Proposition 4.4 that
the wave equation (10), with H, replacing H, has a unique global
solution wu,(t) in L*(M,), and the energy equation (7) is satisfied.
Moreover, for |t| < m, u,(t) is supported in the ball B,,,, so for this
range of ¢t we identify wu,(¢) with a function in L*(M). It follows
from Corollary 4.2 that, for |t| < n, w,(t)e 2 (H,), and Hmu,(t) =
H,u,(t).

Now suppose m < n, and |t| < m. From the uniqueness of solu-
tions to the wave equation on M, it is clear that w,(t) = u,(t), || <
m. Hence the functions {u,}3., fit together to define a global function
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w(t) € L*(M) which has all the asserted properties.

We now come to the main theorem.

THEOREM 4.6. Let M be a complete Riemannian manifold. Let
A be a second-order elliptic differential operator as im Theorem 4.5.

We assume the integral rd'r/c('r) diverges. Then define r: M — R*
JO
by r(z) = d(=, 0), where 0 is the fized origin in M, and set 6(r) =
r(x)
0 (r(x)) =g ds/c(s). Suppose that V=U —W as in Theorem 4.5.

0
Define H = —A +V on the domain C3(M). Assume that for some
constants a, b we have the inequality

(11) H o= —A+V=—(a+ bi(r)) .

Then H, 1s essentially self-adjoint.

Proof. We shall employ a simplified version of an argument of
Kato [9].

First note that by using a change of scale if necessary, we can
assume that the constant b in (11) equals 1. Also, the constant a can
be absorbed into the potential V, so we may assume that ¢ = 0.

We have to show that, for some positive A, the equations H+ =
+ixyr have no nonzero solutions. It turns out that » =18 is a
convenient value. So suppose Hiyr = —¢-184r.

Given feCy(M), we know by Theorem 4.5 with B(t) = 4¢* that
there is a global solution u(t) of the equation

(12) dujdt* = —(H, + 4tP)u(t), w0 =f, w0)=0.

Moreover, this solution obeys the energy equation
a3 L)+ (H, + ), we) = sl
Hence we have, for t > r,
14 aBIF + (H + ), we) = C, + | 8sllue)|rds

where C, is the value of the left side when ¢t =r. Now suppose
that the initial value f is supported in the ball B. Then we know
that w(t) is supported in the ball B,, where t+«R = 07'(t + 0(R)).
Accordingly, by (11) (with ¢ = 0, b = 1) we have
((H, + 4)u(t), u(t)) = [48® — 0@t=R)’] || w(®) |
(15) = [4¢ — (¢ + O(R)’]I[u@®) |
= t*lu@)|
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provided that ¢t = r = 20(R).
Equations (14) and (15) give the inequality

#llu@®) | < C, + Si&sllu(s)“zds . t=1r=20(R)

from which it follows, by Gronwall’s method, that ||u(¢)|| = 0(¢°).
Now return to our + with Hj+y = —18iy and define

F(t) = (3, u(?)) .
Then F(0) = (v, f), F(0) = 0, and

F(t) = (v, i(t) = (¥, —Huu(t)) — 48y, u(t))
= —(Hi, u(t)) — 480y, u®)) ,

or
(16) F(t) = (18i — 4)F(¢) .

Since F' is a solution of (16) with F"(O) = 0, it follows that F(t) =
E(t* — (3/2)it* — (8/16))e™” for some constant k. But since ||u(t)|| =
0(t*) we must have F(t) = 0(¢®), and thus £ = 0. In particular F(0) =
(¥, f) = 0. Hence + is orthogonal to Cy(M) and + = 0.

A similar argument works with —187 replaced by 18:. This
concludes the proof.
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