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A SOLUTION FOR SCATTERED ORDER TYPES
OF A PROBLEM OF HAGENDORF

JEAN A. LARSON

J. Hagendorf asked if every order type φ having the
following two properties of additively indecomposable ordinals
was the order type of an ordinal. Call φ Hagendorf if (i)
it is strictly indecomposable to the right, i.e., if φ = φ + θ,
then φ can be embedded in θ but not in ψ, and (ii) every
strictly smaller type can be embedded in an initial segment
of φ, i.e., if X can be embedded in φ but not vice versa, then
φ = φ + θ where θ Φ 0 and X can be embedded in φ. Recall
that scattered order types are those which do not embed the
order type of the rationale.

The paper provides a partial answer to Hagendorf's ques-
tion: Every scattered Hagendorf type is the order type of
an indecomposable ordinal.

Other subclasses of order types for which this question
seems particularly interesting are sub-types of the order type
of the real numbers, and the class of countable unions of
scattered types.

If φ and ψ are order types of linearly ordered sets, then say φ
is embeddable in ψ, and write φ ̂  ψ if for any representatives L
and M of φ and ψ respectively, there is an embedding (one-to-one
order-preserving function) of L into M. Write φ < ψ if φ <; ψ and
ψ ^ Φ

Above strictly indecomposable to the right is defined. The de-
finition of strictly indecomposable to the left is made analogously.
If φ is strictly indecomposable to the right, then call ψ a proper
segment of φ, if φ is strictly indecomposable to the right and φ =
ψ + θ where θ Φ 0 or if φ is strictly indecomposable to the left and
φ = θ + ψ where θ Φ 0. If φ is strictly indecomposable to the right
or left, then write ψ < θ if ψ is embeddable in a proper segment
of θ. With this notation, φ is Hagendorf, if φ is strictly indecom-
posable to the right, and for all ψ < φ, it is true that ψ <C φ. In
this case, write φ 6 JH.

Identify an ordinal with the set of its predecessors and with
the order type of that set under e. Then every additively indecom-
posable ordinal a is strictly indecomposable to the right, and has the
further property that if L Q a and a cannot be embedded in L, then
L can be embedded in a proper initial segment of a.

At the time he told me of Hagendorf's problem, F. Galvin
sketched for me the proof that all countable Hagendorf types are
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ordinals as follows. Suppose by way of contradiction that φ is a
countable Hagendorf type that is not an ordinal. Then φ embeds
every countable ordinal. (The proof is by induction. If a <* φ, then
a < φ so a < φ and a + 1 ^ φ. Similarly, if an <; φ for all n < ω,
then a = Σan <L 0.) However, if φ embeds all countable ordinals,
then either φ embeds η, the order type of the rationale, or φ embeds
ωx or ω*. The latter is clearly impossible because φ is countable.
And if Ύ] <; φ, then φ is not strictly indecomposable to the right,
because η embeds every countable order type. But φ is strictly inde-
composable to the right, since φ is Hagendorf. This contradiction
yields the claim that there is no countable Hagendorf type which is
not the order type of an ordinal.

The proof that there is no scattered Hagendorf type that is not
the order type of an ordinal is analogous in that it consists of
showing that such a type would embed all converse ordinals.

The embeding relation gives rise to an equivalence relation on
order types: φ = <f if and only if φ ̂  ψ and >f ̂  φ.

LEMMA. If φe JH and ψ = φ, then ψ e JH.

The proof is left as an exercise for the reader.

The set theoretic terminology of this paper is standard. As the
Axiom of Choice is assumed throughout, cardinals and initial ordinals
of that cardinality are identified. The cofinalίty of an ordinal a,
cf a, is the smallest cardinal v so that there is a set XQa with \X\=v
which is unbounded in a. Write On for the class of ordinals. If
for each β < μ, the linearly ordered set (Aβ, ^ ) is a representative
of φβf then Σhμφβ is the order type of the disjoint union \Jβ<μΆβ

ordered by the relation x <> y if and only if β > 7, or β = 7 and
x <S y in Aβ. This order type is the converse well-ordered sum of
the sequence φβ.

If φ is an order type with representative {A, <;), then ^* is the
order type determined by (A, < *̂) = (A, ^ ) , i.e., a 5^*6 if and only
if b ^ a. An order type φ is additively indecomposable if whenever
φ = ψ + θ, either φ ̂  ψ or φ ̂  θ.

Denote by &* the class of all scattered order types, that is, those
which do not embed TJ, the order type of the rationale. Hausdorf
introduced a hierarchy of the scattered order types.

THEOREM (F. Hausdorf [2]).
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where
S^% = the set of order types {0, 1}, and for β > 0,
£fβ = {φ: φ is a well-ordered or converse well-ordered sum of

members of \Jr<β ^r}.

THEOREM 1. Every scattered Hagendorf type is the order type
of an ordinal.

Proof. The next few paragraphs outline the proof.

Assume by way of contradiction that φ e Sf Π JH and φ g On. Let
7 be the limit of all ordinals which are embeddable in φ. Prove in
Lemma 2, that 7 is a limit ordinal and 7 g£ φ. Write 7 = Σj^'fy
where λ = cf 7, and let θ = Σ*<*'fy. Prove that ^ ̂  ^ by proving
an embedding lemma (Lemma 3) which says that for certain well-
ordered sequences, called regular segmented sequences, if all the
members of the sequence are embeddable in φ, then so is either the
well-ordered sum or the converse well-ordered sum of the sequence.

Next define !2f as the closure of {0,1} under multiplication by
indecomposable ordinals and converse ordinals, and under well-ordered
sums and converse well-ordered sums of regular segmented sequences.
In Lemma 8, show for δ e 3f with | δ | < λ and for certain π, that
order types of the form θ π δ g JH.

Using that result and the embedding lemma, show that for every
a 6 On, (λα)* *£ # (λα)* ̂  φ, the contradiction that proves the theorem.

Now the details of the proof are given starting from the as-
sumption that φ e Sf Π JH and φ $ On.

LEMMA 2. Let 7 be the limit of all ordinals embeddable in φ.
Then Ύ ̂  φ, Ύ is a limit, and λ = cf 7 > ω.

Proof. If β is an ordinal, then φ g£ β since φ is not an ordinal,
and every order type embeddable in β is that of an ordinal. If
β ^ Φ9 then β < φ, so β < φ, so β + 1 ̂  φ. Thus there is no largest
ordinal embeddable in φ, and the limit 7 of all ordinals embeddable
in φ is a limit ordinal. (Notice that the ordinals embeddable in φ
are bounded above by |^ | + = \L\+ where L is a representative of φ.)
Further cf 7 = λ > ω, since if cf 7 = ω, then 7 <; φ.

DEFINITION. A sequence <ψv. a < μ) of order types is a regular
segmented sequence if and only if μ is a regular cardinal, each ψa

is strictly indecomposable to the right or to the left, and for all
a, β with a < β < μ, <f* < ψβ.
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LEMMA 3 (Embedding Lemma). If χ e £f and (ψa: a < μ) is a
regular segmented sequence and for all a < μ, ψa ^ χ, then either
Σa<μ ψa^X Or Σ?<^ Ψa ̂  X'

Proof. Fix some regular segmented sequence (ψa: a < μ). Let
J7~QS^ be the collection of scattered order types for which the lemma
is true.

Since 0 and 1 are vacuously in ^ it suffices to show that ^~
is closed under well-ordered and converse well-ordered sums. The
proof proceeds by induction on the ordinal used in indexing the sum.

Any sum with zero or one term from ^ is in _̂ 7 Suppose
τ > 1 is an ordinal and every well-ordered sum and converse well-
ordered sum of fewer than τ terms from S~ is in ^ 7 Assume
χ = Σe<r Xξ is a well-ordered sum of τ terms from JΠ The case of
a converse well-ordered sum is handled analogously. If for some
a < μ, ψaSl> then χ is in ^ T So assume for all a < μ, ψa ^ χ.

Suppose τ — t + 1. Since each ψa is additively indecomposable
and embeddable in all ψβ with β > a, either for all a < μ, ψa <̂
Σf<ί Xξ o r f° r a ^ a < f** Ψcc ^ Xt- In either case, we are done by
the induction hypothesis.

So suppose τ is a limit. Notice that for all a < μ, since ψa <
ψa+i ^ X> there is a smallest ordinal s(α) < τ so that ψa ^ Σe< («> %f •
The function s:μ—+τ is nondecreasing. If it is bounded above by
some v < r, then the induction hypothesis insures χ 6 J7~.

If s is not bounded above, then cf τ = μf and for all t < τ, for
all a < μ, ψa is embeddable in an initial segment of Σ«e<r Zo since
for some β > a, ψβ S Σe<t Z? a n d ^ is additively indecomposable.
In this case define a function t: μ —* τ by recursion so that for all
a< μ} ψa^ Σί(α)̂ <ί(«+D Xt Use this function to see χ

COROLLARY 4. L^ί λ = cf 7 and let <Ta: a < λ> 6e a strictly in-
creasing sequence of ordinals with limit Ύ. Then θ = Σ?<^ %* ̂  Φ-

Recall that £& is the closure of {0, 1} under multiplication by
additively indecomposable ordinals and converse ordinals and under
well-ordered sums and converse well-ordered sums of regular seg-
mented sequences. The next few lemmas summarize the properties
of 3f.

LEMMA 5. For all de&, d is additively indecomposable.

Proof. First notice that 0 and 1 are additively indecomposable.
Next check that if α e y , 6 > 1, and b is indecomposable, so is a δ,
particularly in the case b an ordinal or converse ordinal. Finally
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check that the well-ordered sum and the converse well-ordered sum of
a regular segmented sequence are always additively indecomposable.

LEMMA 6. If a, b e Sf, b is additively indecomposable, and a < b,
then for all d e S$, a d <C b d.

Proof. Let a, b be given. Let £T = {d e 3f\ a b < b d}. The
lemma is clearly true for d = 0 and d = 1, so {0, 1} C 8".

Claim 1. g7 is closed under multiplication by additively inde-
composable ordinals and converse ordinals.

The proof of Claim 1 proceeds by induction on the additively
indecomposable ordinals. Assume de if. Then d l = d — d-Ve^.
Let β be a given additively indecomposable ordinal and suppose for
all p < β with p additively indecomposable, a- d- p <ζb-d p and
a> d- p* <ζb d p*. Suppose a d /S < & d /3. Then for some 7} <β9

a>d β <>b-d-η. The ordinal 77 can be decomposed as a finite sum
of additively indecomposable ordinals. This decomposition induces a
decomposition of b d-η into the sum of finitely many additively in-
decomposable ordinals. Since a d- β is additively indecomposable,
for some member b d p of the sum which makes up b d η, the
inequality a-d β ^b> d- p holds. Thus the contradiction a d p <
b' d p is reached. A similar argument shows that the assumption
a d /3* < b * d β* leads to a contradiction.

Claim 2. g7 = {d 6 ^ : α c£ < 6 d} is closed under well-ordered
sums and converse well-ordered sums of regular segmented sequences.

Let {dη: rj < v) be a regular segmented sequence, and suppose
dη e g? for 7) <v. Let d = Σ?<y d9. Assume by way of contradiction,
that a - d < b d. That is, for some p < v, a d <; δ Σ?<<* ̂ >?

If v = ω, then for some n < ω, a d <a δ dnf so a >dn <ζ.b dnf a
contradiction to dne g\ So assume v > ω. Since de&, d and α c?
are additively indecomposable. Thus without loss of generality, p
may be assumed to be additively indecomposable. Note that a dp p <
a-d^b* ΣV<P dη ^b dp- p, since <d9:27 < v> is a regular segmented
sequence. Thus a d^ p < δ dp |O, a contradiction to the facts that
ί ^ e g 3 and i? is closed under multiplication by additively indecom-
posable ordinals. Thus i? is closed under well-ordered sums of
regular segmented sequences. The proof for converse well-ordered
sums is analogous.

Claims 1 and 2 show that g7 has the closure properties of 3f,
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SO gf = Sf.

LEMMA 7. λ* < θ.

Recall θ = Σ%<λ Ύa where 7 = Σ*<χ 7α and λ is the cofinality of 7.
The proof is a straightforward induction on ordinals less than λ.

LEMMA 8. If π is an additively indecomposable converse ordinal
or a well-ordered sum of a regular segmented sequence of fewer than
λ converse ordinals, then for all d e £3? with \d\ < λ, θ it d i JH.

Proof. Let ψ = θ π d, and let χ = λ* π d. If π is a well-
ordered sum of a regular segmented sequence of fewer than λ con-
verse ordinals, let {πa: a < p) be such a sequence.

Clearly χ^ψ. The previous two lemmas imply that %4.ψ- To
show that ψ & JH, it suffices to show that %<ψ, i.e., ψ ^ χ.

Assume by way of contradiction that ψ <; χ. Then θ <^χ, so
every ordinal f embeddable in 7 is embeddable in χ. However every
ordinal which can be embedded in χ can be embedded in ω d if π
is a converse ordinal, or in ω p-d if π — Σ««t>^« Now the em-
bedding lemma either implies that (7 <; ω d or θ <^ ω d) or implies
that (7 ̂  ω p d or θ ̂  ω-p-d). Thus either λ <; |7| = |0| ̂  |α> d| < λ
or λ 5 * | 7 | = |0|ίS|ft> /0 d | < λ . In both cases, the contradiction
λ < λ yields the desired conclusion ψ ^ χ.

LEMMA 9. Z/βέ π be an additively indecomposable ordinal or the
well-ordered sum of a regular segmented sequence of fewer than λ
converse ordinals. If θ -π <* φ, then θ π λ* <; φ.

Proof. Define by recursion, a sequence (da: a < λ) of members
of 2& each of cardinality <λ. Set d0 = ω. If eZΛ has been defined,
set da+1 = da- ω. If a is a limit ordinal and for β <a, dβ has been
defined, select a cofinal set I £ α: of ordinals so that I has the order
type of a regular cardinal, and set da = Σβeidβ if that sum is em-
beddable in φ, and set da — Σfeidβ otherwise.

Prove by induction that (da: a < λ> is a regular segmented se-
quence. Also by induction prove that for all a < λ, θ π da ^ 0,
using the embedding lemma at limit stages, and another induction
argument at successor stages. For if θ π dβ ^ φ, since by Lemma
8, θ π-dβ$JH, it follows that θ-π dβ<φ. So θ π dβ is embeddable
in a proper initial segment of ^. Prove by induction that for all
neω, θ -π -dβ-n is embeddable in a proper initial segment of φ.
T h e n θ π-dβ ω — θ-π dβ+ι ^ φ.

Let d = ΣJ< ;. dα and β = Σ«<2 d* By the embedding lemma,



A SOLUTION FOR SCATTERED ORDER TYPES 379

either θ π d ^ φ or θ π e ^ ψ. Since Ί ^ θ λ :g θ π β, and 7 SΦ>
it follows that θ *π> d ^ φ. But # 7r λ * ^ 0 π eZ<^, so the lemma
follows.

LEMMA 10. For βwsr?/ ordinal a, (λα)* ^ ^.

Proof. Prove by induction on the ordinals that θ (λα)* ^ ^. If
α = 0, then θ (λ*)* = # which is embeddable in φ by Lemma 4. If
a = /S + 1, then 0 (λ*)* = 0 (λ')* λ*, which is embeddable in φ by
the previous lemma and the induction hypothesis.

So suppose a is a limit ordinal, and for all β < a, θ (λθ* ^ ^.
Let J ί α be a cofinal set of ordinals whose type is a regular car-
dinal v. Then (λα)* is the converse well-ordered sum of the regular
segmented sequence <(V)*:/3eJ>. Let χ be the well-ordered sum of
this sequence. By the embeddability lemma, either θ (λα)* ^ φ or
θ 1 = 0 Σ^βi (λθ* = Σ^ez θ - (λθ* ^ ^ The former is the conclusion
of the lemma. So suppose the latter holds. If v ^ λ, then 7 <; 0 λ ^
θ -v <^ θ -χ<^ φ, which contradicts the fact that Ύ S Φ Thus v < λ.
So by the previous two lemmas, tf χ λ* ^ ^. But # (λ*)* ^ 0 χ λ*,
0 (λα)* ^ ^, and the lemma follows.

This lemma contradicts the fact that the converse ordinals
embeddable in φ are bounded above by \φ\+ = \L\+ where L is a
representative of φ. Thus the original assumption of the existence
of a scattered Hagendorf order type other than the order type of
an ordinal is false, and Theorem 1 is proved.
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