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A CHARACTERIZATION OF NON-NEGATIVE MATRIX
OPERATORS ON [ TO [* WITH w>p =q>1

M. KOSKELA

Ladyzenskii’s characterization of nonnegative matrix
operators on [? to [? (»>p =g >1) is extended to the case
©>p=q>1. A solution is also given to a conjecture of
Vere-Jones concerning nonnegative matrix operators on [°.

1. Introduction. A scalar matrix A = (a;);;-; is called non-
negative if a;, =0 for all i,j. If A determines a matrix operator on [?
(I1=p <x) to l” (1=q <x), we denote the operator norm of A by

A e = sup{ Ax ;- f|x |, = 1}.

The infinite unit matrix is denoted by E.

In [4] LadyZenskii proved the following theorem: An infinite
nonnegative matrix A = (a;) maps /7 (1 < p <) into itself if and only if
there exist positive numbers C and s, s,,- -+ such that

o

L) -1
Z a,,<2 aiksk)p =Cs'' (=),
1=1

k=1
and then |A ||,, = C'.
We shall extend the above result to the case where A maps [? into
[, o>p=q>1 (Theorem 1). Finally, a simple application of
Ladyzenskii’s theorem gives an affirmative answer to a conjecture of
Vere-Jones (§3).

2. The main result. Our aim is to prove the following

THEOREM 1. Let ©>p=q>1. Then an infinite nonnegative
matrix A = (a;) maps I? into 1° if and only if there exist a positive constant
C and a sequence u = (u;);-, of nonnegative numbers with the following
properties .

(i) u; =0 if and only if a, =0 for every i;

i) ful,=1if p>ag;

(ii) for each j=1,2,---,

® @ -1
(1) 2 a,~,(2 aikuk)q = Cu?®™.

1=1 k=1
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The best value of C in (1) for which such a sequence u can be found is

(1A g ).

Proof. Sufficiency. Assume that C and u, (j=1) are positive
numbers satisfying (ii) and (iii). We will show that

@) lAx], =C*x], xe&l”

Let x = (x;) € [” be given. By Holder’s inequality,

o q © -] q-1
Z ax,| = (2 au; | x 'q> (kzl aik“k) .
i= j= =

i=1,2,---. Combining this result with (1) we get
lAxlls = C ut x|
j=1
If p >q, a second application of Holder’s inequality yields

Z u? ™ [ =l ffx e,

and thus (2) is established. (For p = q see [4, p. 140].)

Necessity. Let A =(a,) be a nonnegative matrix taking I? into
[*. Assume first that A is positive (i.e. a;, >0 for all i,j) and put
C=(|Al,q)- Foreachn=1,2, - we can then find a positive n-tuple
u™ = (u™) with ||u™], =1 such that

n q-1

-1
> ai,(i ank“i")) = Cu™y,
1=1 k=1

j=1,+-n (seef3, §9] and [6, pp. 223-224]).
Define, for j =1,2,---,

w = lim, (uf”) or u =lim, (u;”/uf’)

according to whether p >q orp =q. Itiseasytoseethatu = (y;),isa
sequence of positive numbers such that (ii) and (iii) are satisfied.

Finally, if some elements of A are zero, we can apply the above
result to A + eB (e >0), where B is a fixed positive matrix mapping [?
into I%. A simple continuity argument (e — 0) completes the proof of
the theorem.
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CorOLLARY 1. Let 1 <p <. Then an infinite nonnegative ma-

trix A = (a,) maps I? into itself if and only if there exist positive numbers C
and u;, u,, - - such that

2 a;y,
j=1

(A

Cu, =12,

and

1A

Cur™,  j=1,2,-

> au!”
i=1
If this is the case, then ||A|,, = C.

Proof. The ““if” part is clear by Theorem 1, and the ““only if”’ part
follows by applying Theorem 1 to A + E.

REMARK 1. The statement of Theorem.1 does not hold for1=p <
q <. (Consider a diagonal matrix A with diagonal elements a, =
uj(rq)/q, u, l 0_)

REMARK 2. The case p =2 of Corollary 1 is essentially due to
LadyZenskii [4, Remark 2]. The “if”’ part for p = 2 (with u, = 1 for all j)
is a result of Schur [5] (see also [1, p. 126], [2, Problem 37], [6, Theorem
6.12-A)).

3. Solution to a conjecture of Vere—Jones. In [7, p.
614}, Vere-Jones formulated the following

Conjecture. (i) An infinite nonnegative matrix A = (a;) acts as a
bounded linear operator on [ (1<p <) if and only if there exist a
positive vector (u,) and a positive number p such that

Zoap=pult, i=1,2,
=
and

;a.,ﬂ‘.”"épﬂi”", i=12,

where p'=p/(p — 1).
(ii) Moreover, the norm of the operator can be identified with the
least number p for which such a vector (u,) can be found.
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We note first that Part (i) of the conjecture is valid by Corollary
1. Part (ii), however, fails in general, as may be seen by means of the
next two propositions. We denote the operator norm |- |,, by |-/,
ProOPOSITION 1. Let 1 <p <wx. Assume that A =(a;) is an in-
finite nonnegative matrix operator on 1* such that Conjecture (ii) holds for
A+E. Then

lA+El, =[Al,+1.

Proof. Apply Corollary 1 to A + E.

PROPOSITION 2. Let 1<p <o and let E, denote the unit n X n
matrix. Given a nonnegative n X n matrix A, we have

€) IA+E.|, =llAl,+1
if and only if | A ||, = A4, the greatest nonnegative eigenvalue of A.

Proof. Choose a nonnegative n-tuple x such that |x|, =1 and
|A+E,|,=||Ax + x|, Then (3) implies

lAx + x|, =[|Ax[, +1=[lA, +1,
whence Ax = Ax for some A =0. Now
lAl, =lAx], =r = A =[ Al
from which |A ||, = A.. The “if”’ part follows from
MtIS[A+E |, =|A, +1.
In conclusion, we remark that Conjecture (ii) is true when p = 2 and
A is symmetric. (Apply Theorem 1 to n"A +E,n=1,2,--))
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