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UNIQUENESS OF LINEAR BOUNDARY VALUE
PROBLEMS FOR DIFFERENTIAL SYSTEMS

H. GINGOLD

A unified approach to “Uniqueness of Boundary Value
Problems for Linear and Nonlinear Differential Systems” is
expounded. New results are obtained and old one’s become
transparent.

1. Introduction. In this paper we expound a unified ap-
proach for determining whether a linear boundary value problem of a
non-linear differential system has a unique solution. The advantages of
our method are:

(i) It provides a unified approach to linear boundary value
problems of a general type.

(ii) It is applicable to linear and non-linear differential systems.

(i) It provides a tool for investigation of non-linear boundary
value problems for non-linear differential systems.

(iv) It makes many old results transparent.

An application of our standpoint to two-point boundary value
problems of second order differential systems and equations was demon-
strated in Gingold [16].

We will not treat in this paper the uniqueness problem of an n-th
order differential equation that includes the De la Vallée-Poussin bound-
ary value problem though our method aplies to that problem as well.

We observe from Gingold [16], that many boundary value problems
for n-th order differential equations exhibit ‘“some sort of
singularity.” Besides this, the importance of the uniqueness of a De la
Vallée-Poussin problem (e.g. see Bessmertnykh [6] for an existence
theorem, Levin [34-38] for wuniqueness) justifies a special
discussion. This will be carried out in Gingold and Gustafson [17].

In §2 we introduce assumptions and notations.

In §3 we write a necessary and sufficient condition for the boundary
value problems of linear differential systems to possess a unique
solution. We also point out how the domain of uniqueness of the
boundary value problem may be extended.

In §4 we modify the results of §3 to nonlinear differential systems.

In §5 we illuminate Kim’s result [28], and show how nonuniqueness
on the boundary dD of a simply connected domain D, is related to
uniqueness of the boundary value problem in D.

In §6 we discuss sufficient conditions for the uniqueness of a special
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108 H. GINGOLD

form of boundary conditions for “‘triangular” nonlinear systems. In §7
we make use of quadratic forms to obtain other sufficient conditions for
uniqueness of special boundary value problems.

In §8 we characterize “best possible constants” for uniqueness of
boundary value problems, and in §9 we estimate them.

In §10 we conclude with some historical remarks.

2. Preliminaries. Let

2.1) y'=f(ty)
be a nonlinear differential system where y(t) is an n-column vector
yi(t)
so= ¢ |,
()

and f(t, y) an n column vector function defined in a domain to be
introduced below.

NotaTiOoN 2.1. Let D be either the interval [a, b], or an open
simply connected domain in C with boundary D which is a piecewise-
smooth closed Jordan path. We also denote by D the closure of D.

AssumMPTION 2.1. The vector function f(z, §) is analytic in D x C”,
for D CC.

AssuMmpTION 2.2. The vector function f(¢,¥) is continuous in
(DuaD)xC" for D CC.

AssuMpPTION 2.3. The vector function f(t,¥) is a mapping from
[a,b] XR" into R" or from [a, b] X C" into C”, such that;

(i) for every fixed y, f(¢, y) is piecewise continuous in [a, b].

(ii) for every fixed ¢, f(t, y) and its Jacobian, f, (t, ¥) are continuous
in R" or C". ‘

NotaTiON 2.2. B.V.P. will be the abbreviation of Boundary Value
Problem.

NoTATION 2.3. A solution of (2.1) will be an analytic n-column
vector function y(¢) on D, continuously differentiable in D U dD which
satisfies (2.1) subject to assumptions 2.1, 2.2, or a piecewise smooth



UNIQUENESS OF LINEAR BOUNDARY VALUE PROBLEMS 109

n-column vector function y(¢) on [a, b] which satisfies (2.1) subject to
assumption 2.3.

NotaTioN 2.4. Let j(¢), y(¢) be two solutions of (2.1), we denote
by B(t,,y) the following matrix

@2) BG3.H= [ 16050+ - i)

NotaTiON 2.5. The nonhomogeneous linear system (2.3) will be

23) y'=fty)=A()y+§()
where A (¢) is an n X n matrix and g(¢) is an n-column vector.

NortATION 2.6. The homogeneous linear system (2.2) will be

(2.4) V' =Ft7)=A@Wy
where A (t) is an n X n matrix.

NotaTiON 2.7. We denote by E the n X n identity matrix.

)
NorATION 2.8. Whenever f encountered, for ¢, t, two points

belonging to a domain D, then; if D = [a, b] the integration path is taken
along a real segment.

t.

If D is a domain in the complex plane, f " will be assumed to be

t1
taken along a simple Jordan arc imbedded in D and which connects ¢,
and t,.

In order to bring out that the integration in the complex plane is

L)

taken along a specific simple Jordan arc I', we will use the notation j

i

NortaTioN 2.9. We denote by C(t,1t,) the solution of the matrix
integral equation

@.5) Co1)=E+[ B(s3,9)C(s ds

where t, t, belong to [a, b] or to D U 4D.
Similarly we denote by Q(t, t,) the solution of the integral equation
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2.6) Q1) =E + f A(5)Q(s, t,)ds.

We recall that C(t,t,), Q(t,¢,) are given by the infinite series
C(t,t0)=E+ﬁ B(s, 3,y )ds +f B(s, }Zﬁ)ﬁ: B(sy, ¥,y )ds.ds
2.7)

+f B(S,)i)f)f B(Sl,i,}?)flB(Sz,i,f)dszdslds+---

QGh=E+ f[ Als)ds + f[ A(S)fs A (s))ds,ds
(2.8) “ fo to
¥ j:‘ A(S)f,: A(SI)E A (s;)ds,ds,ds + - - -

We define the operator T", n =0,1,--- as follows

T°=E, T‘=f A (s)ds,
T" =j A(s)f A(sy), " -,f "~ A (Sa-1) ds,_1ds,_z, - -+, dsids, nz=l.

We observe that
(2.9) Q(t,t,) = ; T".

NoraTtioN 2.10. Let y(¢) be a solution of (2.1).

Lett €D,i=1,---,m (ort; E D U3JD), be m points, not necessar-
ily distinct. Let P, i=1,---,m, be m nXn matrices. Then the
boundary conditions will be given by the equation

Piy’(ti) = é,

M=

(2.10)

I
—

where C is a given n-column vector belonging to R" or C".
Throughout the paper, it will be assumed that (£, P;) is invertible.

NoraTiON 2.11. We denote by 7 the initial value taken by the
solution y(t¢) at the initial point ¢,.
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3. A uniqueness criteria. We are ready now to formulate a
necessary and sufficient condition for linear differential systems to
possess a unique solution to B.V.P. (2.1), (2.10).

ProrosiTiON 3.1. Given B.V.P. (2.1), (2.10) let Assumptions 2.1,
2.2 or Assumption 2.3 be satisfied then:
(i) The B.V.P. (2.1), (2.10) has a unique solution iff

(3.1) d(to, ti,tyy -+, t,) #0, where
(3.2)  dtoy by 1y -+ 1) = det (i P+3p[" Ao to)ds>
i=1 i=1 to

(i) Let L and R be n X n invertible matrices. Then B.V.P. (2.3),
(2.10), has a unique solution iff

(33)  det [L(i Pi)R + i LP,L" A(5)Q(s, tO)Rds] #0

(iti) Choose in (3.3) L =(Z,P,)" and R = E.

We denote by
(3.4) £=(3p) P
Then B.V.P. (2.1), (2.10) has a unique solution iff
(3.5) det [E + i B A(s)O(s, to)ds] £0.

Proof. With the Notation 2.11, let y(¢) and y (¢) be two solutions to
B.V.P. (2.3), (2.10). Then by

G6  Jw=owwi=i+([ Ac)aswds)
(3.7) $uy= ot wi =i+ ([ A wds) 4
Utilizing (3.6), (3.7) one obtains from (2.10) by subtraction

68 3r0-501=[3 R+ 3R] a0 wds| G -#)=0
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Formula (3.8) immediately yields the results (i) to (iii) of our
proposition. An inspection of formula (3.2) shows that if A =0 on D
then (3.2) is satisfied. This is a first justification to the assumption that
(., P,) is invertible. If we let , =¢ for i =1,2,---, m, then

det [}mj P +§: P A@)0C to)ds]
(3.9) ’

- [det (2 P,) ] [det (E +f A(s)Q(s, to)ds) ]

From formula (3.9) we get
(3.10) det (E +f A(s)Q(s, to)ds) #0 for t€D,

therefore if we would like our uniqueness criteria to include initial value
problems then assumption on the invertability of (27, P;) is
necessary. It is also easily observed from formula (3.2) that if A is
“small” then by (2.6), Q(t,, t,) is also small. Therefore if A (¢) is “‘small”
enough then

(2 P f, A($)Q(s, to)ds)

is small enough and this implies that the ‘“perturbation” of the invertible
matrix (22, P;) will be still invertible to guarantee a unique solution to
B.V.P. (2.1), (2.10). The uniqueness criteria for the Nicoletti problem
which appears in the literature under the term nonoscillation is a
particular case of our formulation.

PROPOSITION 3.2. Assume the systems (2.3) and (2.4) to satisfy
Assumptions 2.1, 2.2, or 2.3.

Then B.V.P. (2.3), (2.10) has a unique solution for every vector C
and every m points*t,- €D, i=1,2,---,m iff the only solution to the
B.V.P. 2, Py () = 0 of the system (2.4), for every m points t, € D, is the
zero solution.

Proof. The difference of two solutions of (2.3) is a solution of the
corresponding homogeneous system.

ProrposiTiON 3.3. Let (2.3), (2.4) satisfy Assumptions 2.1, 2.2,
or 2.3.
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Denote by Py, i =1,2,---,n the matrices which have all of their
entries zero, except the entry in the (i, i) place is 1.

-

[0, Tl

0

(3.11) Pu

E OJ

|
:}0 —>| 1
|
I

Then (2.4) is nonoscillatory on D iff for every n points , ED, i =
1,2,-

G.12) det [E +3 P f A(5)Q(s, to)ds]

Proof. This follows from the observation

[ yi(t) i
6.1 S psw= | "
i Y () |

and Proposition 3.1.
We observe from Proposition 3.1 part (ii) that the B.V.P. (2.10), and
the B.V.P. with

(3.13) > LPj(1)=C

are equivalent from the point of view of uniqueness.
We make another observation.

ProposiTION 3.4. Assume 2.1, 2.2 or 2.3 to hold in D and in a
larger domain D with DCD and D/D#J for the system
(2.3). Assume B.V.P. (2.3), (2.10) to possess a unique solution in
D. Then there exists a domain D, D CD CD such that D/D# J, and
is such that B.V.P. (2.3), (2.10) has a unique solution in D.
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Proof. Since d(t,t;,t,,- -, 1,) is a continuous function in all of its

variables for t ED and for, €D, i=0,1,---,n, it~follows by Proposi-
tion 3.1 that d(t,t,t, -, t,)#0 in a domain D with the desired

properties.

4. Uniqueness and non-linear systems. We point out in
this section the modified results of §3 which carry over to nonlinear
systems.

ProPOSITION 4.1.  Let y(t), y(t), be two solutions of the system (2.1)
which satisfies Assumptions 2.1, 2.2 or Assumption 2.3.

Then their difference 7 (¢),
(4.1) Z(t)=y()- (),
satisfies the linear differentiat system
4.2) Z'=B(1,Y)Z

and the integral equation
(43) F0=2)+ [ Bs3.9)26)ds

Proof. Since ¥(t), y(t) are solutions of (2.1) we obtain by subtrac-
tion

(4.4) V()= y'(1)=B(5,9)F ) -5 (1)
using Notation 2.4. Formula (4.1) yields immediately (4.2) and (4.3).

ProposITION 4.2.  With the assumptions of Proposition 4.1 we have
(i) The B.V.P. (2.1), (2.10) has a unique solution if

(4.5) d(to,ts, "+ 1, 3,§) # 0

where

(4.6)  d(to,ts, ", tm J,y) = det [Z P+> P B(s7,9)C(s to)dS]-
1=1 i=1 to

(ii) Let L and R be n X n invertible matrices, then B.V.P. (2.1),
(2.10) has a unique solution if



UNIQUENESS OF LINEAR BOUNDARY VALUE PROBLEMS 115

@7 det [L (i R) R+ i LP, B(s,§,$)CGs, to)Rds] #0

(ili) Choosein (4.7) L = (27, P,)" and R = E using the notation of
(3.4), we have that B.V.P. (2.1), (2.10) has a unique solution if

(4.8) det [E +3 5[ By 5)Cs to)ds] £0.
i=1 to

Proof. By use of Proposition 4.1 we deduce that if y(¢), y(¢), are
two solutions which satisfy (2.1), (2.10), then their difference satisfies the
linear differential system (4.2). We deduce further that

(4.9) (2 P+3 P [ B(s3,9)CGs to)ds) (5 — 3)=0.

Formula (4.9) implies that if (4.5) holds then % —#% =0. Since our
system is locally Lipschitzian, 7 = 7 implies y(¢) = y(¢) for every t € D
and parts (i) to (iii) follow.

We turn now to an analog of Proposition 3.4.

PROPOSITION 4.3. Let Assumptions 2.1,2.2 or 2.3 hold on a domain
D and D.

Let D CD and D/D # .

Let d(to, t1,"* *, tmy 3,9)#0 for any two solutions of (2.1), for all
LED,i=0,1,---,m, (including y(t) =y (t)).

Assume B.V.P. (2.1), (2.10) to possess a unique solution in D for
t€D,i=D,1, -, m.

Assume that from the family of pairs of distinct solutions of B.V P.
(2.1), (2.10) in D it is always possible to choose a uniformly convergent
subsequence of pairs of solutions. Then B.V.P. (2.1), (2.10) has a unique
solution for all t €D, i=0,1,---,m where D is a domain such that
DcDcCD and D/D# Q.

Proof. Assume on the contrary that there does not exist a D with

the required properties.

Let D, be a sequence of connected domains such that N, D, = D,
Dc,---,cD,- -, CD;CD,CD, and D,/D# &. Then there exist m
tuples (t.,, " * *, tw ), r = 1,2, - - -, with at least one coordinate in D,/D, and
there exist pairs of distinct solutions (,(¢), y,(¢)) in D, such that

(.10 d(ty, s by P 9,) =0
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and such that

(4.11) lim y,(¢)=y(t) and lim y,(¢)=y(¢).

Choose now in (4.10) a subsequence of r = 1,2, - namely r, —>
with k — o such that t, —t, and t, € D. This yields a contradiction to
our assumption.

5. Nonuniqueness.

ProposITION 5.1. Let Assumptions 2.1, 2.2 hold for the system
(2.3).

Assume B.V.P. (2.3), (2.10) has a unique solution for all 4 € D,
i=1,---,m, and all C € C", but does not have a unique solution for all
teDUID,i=1,--,m, and all CEC".

Then there exist two distinct solutions to B.V.P. (2.3), (2.10), with
teID, i=1,---, m.

Proof. This theorem is a corollary of the maximum
principle. Consider d(t, t;, t, " - -, t,.) as a function of m variables in the
closed domain (D U dD)™ and also as a function of m variables in the
open domain D".

Consider now a sequence of simply connected open domains D,

r=1,2,---

DICD2CD3, ey, CD, CD

Denote their boundaries by dD, and let dD; N dD; = & for i # j and
dD,NdD =. Let also Uz, D, = D.

By Proposition 3.1, d(t,t, ", t.)#0 for tE€D, r=1,2, -
Therefore by the maximum principle

(5.1)  min|d(to,ts, s tn )| = | d (o, tin Lo " * * br) | t, €D, UdD,

where t, €dD,, i =1,2,---, m.

This follows from the fact that our function d(t, ¢, - - -, t,,) is analytic
in (D, U dD,)".

Let (t,--,t.) be an m-tuple in (D Ua4D)" such that
d(t,t, "+, t.) = 0 and such that at least one of the coordinates # belongs
to aD.

Choose a sequence (t,""*,t,) of m-tuples which converges to
(t,,* -, tn) for r—> + o, such that ¢, € D, U 4D,

By (5.1) we have
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(52) ,d(tln'"7tmr)‘g,d(£ln”'afmr)

, t,e€D,UdD, t,€dD.

Choose a subsequence from r = 1,2, - - - such that (£, -, f,,) tends to
some point (¢,,- -+, t,) for k >, t,€ dD.

Since
(5'3) !(i_IE ’d(t(]’tl"k’.. '7tmn<)'=0

we obtain d(fl, SRR fm) = (0 and the result follows.
We thus obtain Kim’s result [28].

ProprOSITION 5.2. Let (2.4) satisfy assumptions of Proposition 5.1.
Let (2.4) be oscillatory on D U 3D but non-oscillatory on D. Then
(2.4) is oscillatory on dD.

Proof. Choose in Proposition 5.1 the matrices Py, given by (3.11),
m = n, and observe by Proposition 3.3 the equivalence of nonoscillation
and the uniqueness of B.V.P. (2.4), (2.10).

6. A sufficient condition for uniqueness. In this section
we show that a special form of the matrices in (2.10) combined with a
proper form of the vector function f(t, ¥) leads to uniqueness of B.V.P.
(2.1), (2.10).

PROPOSITION 6.1.  Let Assumptions 2.1, 2.2 or 2.3 be satisfied.
Let f(t,y) be such that

(61) ﬁ(t,f)=ﬁ(t,)’u"‘,)’i), =12, m,

namely that f.(t,7) depends on y,,---,y, but not on y; + 1, y,.

Let the matrices P, which appear in (2.10) be such that;

P, are lower triangular matrices having all elements of the diagonals of
P; zero except the element in the (i,i) place.

In each P; the first i — 1 rows have zero elements. Also, taken = m
in (2.10).

(6°1) R =(p;’<)= 0,,0, ’O

pi#0, pi=0for k=j, k#j=1i
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Let y(t), y(t) be two solutions of B.V.P. (2.1), (2.10). Then
> 3
y(®)=y(@).

Proof. Because of the structure of f(t,¥) it is easily verified that
B(s, ¥, ) is a lower triangular matrix and therefore C(s, t;) is also lower
triangular. Inspection of the formula (4.6) reveals that condition (4.5)
will be satisfied if the elements on the diagonal of the lower triangular
matrix

(6.2) (i P+ i P, f ' B(s, ¥,y)C(s, to)ds>, are nonzero.
i=1 i=1 to

But this is true since the elements of the diagonal of the above
matrix have the form

piexp ([ (s 5, 9)as)

where b;(s,y,y) are the corresponding elements on the diagonal of
B(s,%,¥).

A more direct proof of this theorem proceeds as follows.

By the structure of the P, i = 1,2, -+, n one obtains that y,(¢) and
yi(t) satisfy a first order differential equation and y,(¢,) = y,(¢;) which
implies y,(¢) = y,(¢) on D.

Assume by induction that y;(¢t) = §;(¢) on D for j < n and proceed to
prove y;.i(t) = y;.1(t) on D.

This is true since y;.,(¢) and y,,,(t) are solutions of the same first
order differential equation y'= f..(2, yi(¢), -, y;(t),y) and satisfy the
same initial condition at #,.

7. A positivity criterion for uniqueness. Let us borrow
a definition which is a variant of a common concept in the theory of
quadratic forms.

DEerINITION 7.1.  An n X n real matrix A will be called positive
definite (positive semi-definite) if the quadratic form x‘Ax is positive
definite (positive semi-definite). By this definition A need not be a
symmetric matrix.

We denote by x, a real n column vector, and by x' its transpose.

DErINITION 7.2. An n X n complex matrix A will be called posi-
tive definite (positive semi-definite) if for every n-column vector x, the
form ¥'Ax is “positive definite’’ (‘“‘positive semi-definite’’). X is the
conjugate of x.
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PropoSITION 7.1. Let A(t) be a real nXn matrix function
piecewise -continuous on [a, b].

Let g(t) be an n-column vector function piecewise-continuous on
[a, b].

LetA(t),L,R,P,i=1,2,--+,mben X nreal matrices such that;

L(Z%, P)R is positive definite,

LP,(II;-, A (t))R are positive semi-definite matrices fori = 1,2, -, m,
n=1,2---

Then B.V.P. (2.3), (2.10) has a unique solution. (We consider only
real solutions).

Proof. We use Proposition 3.1, formula (3.2). Multiply the matrix
in (3.3) on the right by x and on the left by x".
Then (3.2) holds iff for any nonzero vector x the quadratic form

(7.1) x'L (i P,.) Rx+ 3 x'LP, f " A(s)Q(s, to)Rxds

is positive.
Since by assumption x'‘L (2%, P,)Rx is positive it suffices to show
that for every i =1,2,---,m

(7.2) V. =x'LP, f A(5)Q(s, to)Rxds,
is nonnegative. By use of the infinite series (2.9) we get
(7.3) Vi=xP f A()S T'Ruds
Our result will follow if V;, given by
(7.4) V, = x’LP,J:: A(s)T"Rxds, i=1,---mn=01, -,

is nonnegative.
We choose t, = a and proceed to prove that V,, given by

as) Vo= [ [ [0 [T wLRAG) (ITAw)) Redzs, -, dt.ds,

is nonnegative. (The formula (7.5) is valid for n > 1; its modification for
n =0,1, is obvious). But this is true since ¢, = ¢, and the integrand is a
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nonnegative function, and the result follows. A similar result holds for
complex-valued systems.
We state the result as a proposition without proof.

PROPOSITION 7.2. Assume the n X n matrix function A (t) and the
n-column vector function g(t) to be piecewise-continuous on [a, b].

Let A(t), L, R, P, i=1,2,---,m be n X n matrices such that:

L2, P)R is a positive definite matrix,

LP,(2/Z1 A(t))R are positive semi-definite matrices fori = 1,2, -- -, m,
r=1,2,---.

Then B.V.P. (2.3), (2.10) has a unique solution.
We turn to a variant of Proposition 7.1 and 7.2.

PROPOSITION 7.3. Assume the n X n function matrix A (t) and the n
column vector function g(t) to be piecewise -continuous on [a, b].

Let A(t), L, R, P, i =1,2,---,m, be n X n matrices such that;

L(ZL, P)R is a positive definite matrix,

LEPHYAL,A(G))R, forv=1,2,---,m —1,r=1,2,--- are posi-
tive semi-definite matrices.

Then B.V.P. (2.3), (2.10) has a unique solution if t,=t,, -, = t,.

Proof. The proof follows by rearranging the terms that appear in
the matrix considered in (3.3).
Since

a6 3P A(5)Q(s, th)ds = "'}‘6 (_il P) f A(5)Q(s, t)ds.

v= i=v+

We obtain by Proposition 3.1,

(717 det [i P+ '"20 ( S P,.) f A(5)QCs, to)ds] #0

i=v+1

implies that B.V.P. (2.3), (2.10) has a unique solution.

We choose in (7.7) t, = t; and repeat the argument of Proposition 7.1
to obtain the desired result.

Our theorem requires that a product of matrices be positive
definite. We may expect in some circumstances to use the well known
theorems where the signs of minors of a symmetric matrix are used to
determine whether it is positive definite. With this in mind, we mention
the following lemma.

LEMMA 7.1. Let A and B be two n X n totally positive matrices (See
Karlin [25] Ch. 1), then AB is a totally positive matrix.
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Proof. See Karlin [25] Ch. 1, 2.
We thus have obtained the following proposition.

PROPOSITION 7.4. Let A(t) be an n X n matrix function and g(t) an
n vector -function both piecewise continuous on [a,b]. Let the matrices
L R P i=12--m, 2" P, A(t) be totally positive.

Let L(Z%,P)R, LP(LZIA({))R be symmetric matrices. Then
B.V.P. (2.3), (2.10) has a unique solution.

Proof. By lemma 7.1 all the principal minors of the symmetric
matrices that are involved in V, and V,, (7.3), (7.5), are
nonnegative. This implies by Gantmacher [15] Ch. X, that V, are
nonnegative definite.

Similarly, L(Z, P,)R is symmetric and has all its principal minors
positive. Thus, all conditions of Proposition 7.1 are fulfilled; and the
result follows.

AN ExampLE. Let P, i=1,2, -, m, be totally positive symmetric
matrices which commute with the totally positive symmetric matrix
A. Let z(t) be a nonnegative, piecewise continuous function on [a, b].

Let the eigenvalues of (22, P;) be positive. Then the B.V.P.

y'= a()Ay,

2 Py
has a unique solution. This is true by choosing in Proposition 7.4
L=R=E.

8. Characterization of best constants. We are going to
determine the existence of best constants p such that

(8.1) [1a@ia<s,

will imply that B.V.P. (2.3), (2.10) has a unique solution. First, consider
a couple of lemmas borrowed from Schwarz [53].

LemMA 8.1. With every simply connected domain D which has at
least two boundary points, there exists a family of nonintersecting, smooth,
closed Jordan arcs 0D, depending continuously on the parameter r,
0<r<1, such that the interiors of dD, are bounded simply-connected
domains D.,.

Moreover;
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(8.2) D,.CD,, for rn<r

(8.3) oD, NaéD, =, for n#r

(8.4) lim 4D, = 4D

(8.5) U aD,= U D.=DuUaD.
0<r<1 0<r<1

Proof. The lemma is a corollary of Riemann’s mapping
theorem. If ¢(z) is the univalent function in |z | <1 which maps the
unit circle onto D, then aD, are the level curves corresponding to [z |=r,
and D, are the images of |z | <r under ¢(z).

LEmMA 8.2. Let A(z) be an analytic matrix function in D, continu -
ous in D U3D. Define I(r) for 0=r <1 to be

6 10=]_1a@ld)
and set
(8.7) I(1) = lim I(r),

whenever the limit exists.

(If I(1)<», A(z) is said to belong to H,). Then |A(z)] is a
continuous subharmonic function in D; and I(r) is a nondecreasing
function of r. Moreover, if I(1) <, then there exists a constant ¢ such

that

68) [ 1aemasise]  1a@lids=erq.

where t,= ¢(0), t = ¢ (Re”) € D, and I',, the path of integration, is the
image of the segment s =re”, 0=r =R.

Proof. This lemma is a restatement of Lemmas 2 and 3 in Schwarz
[53].

DerINITION 8.1. Let || || be any norm defined in the set of n X k
matrices, and such that
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(8.9 lAB||=a|Al|B],

where A, B are n X k and k X v matrices respectively. The number a
may depend on A and B but a given by

(8.10) a@=supa <o

is independent of A and B. Such a norm will be referred to as an
algebra norm.

PropPOSITION 8.1. Let || || be an algebra norm.
(i) Let (2.1), (2.3) satisfy Assumptions 2.3.
Then there exists a best possible constant p, 0 < p; = such that

b
@.11) [ 1865 9ds <,
implies B.V.P. (2.1), (2.10) has a unique solution.
b
(8.12) pr = inff |A(s)||ds =supr

where the inf is taken over all matrices A (t) piecewise continuous on [a, b]
and satisfying

det (i, P+ il Pj A(5)Q(s, to)ds) =0

(8.13)
te€D, i=01,---,m.

The sup is taken over all r such that
b
(8.14) f 1A (s)|lds <r

implies B.V.P. (2.3), (2.10) has a unique solution.

REMARK. If A(t)is a matrix function on [a, b], and y (¢), y (¢), of
(8.11), are real valued solutions of (2.1), (2.10), we will obtain some p,
which will be denoted by pjx.

If A (¢) is a complex valued matrix function on [a, b], and y(¢), y (¢),
of (8.11) are complex valued vector solutions of (2.1), (2.10), we will
obtain some p; that will be denoted by pc.

Cleafly, Prc = PIr.
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(ii) Let (2.1) and (2.3) satisfy Assumption 2.1.
Then there exists a best possible constant pp, 0 < p, = ® such that for
fixed t, € D and every t € D connected to t, by a Jordan path ' CD, the

inequality

(5.15) [ 18G5 D<o

top.

implies B.V.P. (2.1), (2.10) has a unique solution.

(8.16) oo =inffm'r A (s)]|ds| = supr

where the inf is taken over all A (t) which satisfy Assumptions 2.1, and are
such that

(8.17) det <2 P, + g I’;J:: A(s)O(s, to)ds> =0,

fort €D, i=0,1, -, m and for every set of paths of integration, I', in D,
such that (8.17) is true.
The sup is taken over all r such that

©.19 . 1A <

for t, fixed in D, and t € D, (8.18) implies the B.V.P. (2.3), (2.10) has a
unique solution. T is some path of integration imbedded in D which

connects t and t,.
(iii) Let (2.1) and (2.3) satisfy Assumptions 2.1, 2.2.
Then there exists a best possible constant p,p, 0 < p,p =® such that

(8.19) | 1B Dllds|<w

implies B.V.P. (2.1), (2.10) possesses a unique solution for t, € D U 6D,
i=0,1,---, m.

(8.20) pop = inf LD |A(s)|l|ds|=supr

where the inf is taken over all A (t) such that
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det (2 P+3 P,.f' A(s)Q(s, to)ds> =0,
i=1 =1 to
8.21)
teED, i=0,1,---m.

The sup is taken over all r such that

(8.22) LD 1A ()| ds|<r

implies B.V.P. (2.3), (2.10) has a unique solution.

Proof. 1In view of Proposition 4.1 it is enough to consider linear
homogeneous differential systems.

We observe that a best possible constant may be + « in the case
where P, =0, i =2,3,- -, m, since then our problem is equivalent to an
initial value problem.

From the equation (2.6) one obtains after multiplying it on the left by
A (t) and integrating:

(8.23) f " A(s)Q(s, to)ds = j " A(s)ds + j " AGs) j " A(0)Q(L 1)dids.

By a norm estimation

(8.24) " f A(s)Q(s, to)ds
= [ Haollasi+ [ alasl

to

|ds |.

[ a0owwa
By Gronwall’s inequality (see Hille {23}, Ch. 1)

|[[ awoewas|s | 1awiias

(8.25)
+[ ataon ([ 1a@iia) [exo ([ ala@iia)] ot

Applying integration by parts to the right hand side of (8.25) one obtains

= [ 1Al [exp (| wla@liaz])] as

“ f A(5)Q(s to)ds
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= [ 1aoi[ew (¢ 1a@na)]1as)

(8.26) ,
g&-l{—nexpafm MA(s)IHdsl}.

Set

(8.27) max j CNAG)|ds|=r.

Combining (8.26), formula (3.5), and demanding

(8.28) ” 3P f A(5)Q(s, t)ds || < 1

one obtains that
m R -1
(8.29) r<an [1+(2 ”p,.”) ]
1=1

is sufficient to guarantee (3.5).

(1) The inequality (8.14) guarantees the existence of a p; <0 such
that (8.11) implies uniqueness for B.V.P. (2.1), (2.10). (Choose for
instance t,= a). The proof for the inf sup characterization of the best
possible p; follows from its definition. Consider the norm | |, to be
that induced on a matrix A by two vector norms || ||, | [l. by defining

(8.30) 4 1hs = sup LATE

In the case m =n, Py, =P, | | =]l |l. defined above, we see that ppg
coincides with

3D o 5o

where the inf is taken over y(t)# 0 and y;(1)=0.

The result (8.31) is due to Friedland [14]. By his definition of the p,,
it is not clear that p, >0 and that there exists a best possible p,c. Our
approach yields this information immediately.

(ii) It follows from (8.29) that if for every t € D, there exists a

Jordan path I'C D such that f | B(s, ¥, y)ll|ds| <r holds, then B.V.P.
tor
(2.1), (2.10) has a unique solution. By definition, pp, is the best possible.
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(i) By Proposition 5.1 we are guaranteed that B.V.P. (2.3), (2.10)
has a unique solution for ¢, € D U D iff B.V.P. (2.3), (2.10) with t, € 4D,
i=0,1,---,m, for every r, 0<r =1, has a unique solution. Recall
Lemmas 8.1, 8.2. By the inequality (8.29) we are guaranteed that there
exists p,p such that (8.19) implies B.V.P. (2.1), (2.10) has a unique
solution, for t, €4D, i =0,1,---,m. By Lemma 8.2 this implies that
also

[ 1aeasi<po for 0<r=1,

which implies that B.V.P. has a unique solution for t € D UdD, i =
0,1,---,m. This argument shows that p,, given by (8.20) is the best
possible.

ProposITION 8.2. With the assumptions of Proposition 8.1, with
m=2,

(8.32) 2pIC = Psp-

Proof. Because of the Riemann mapping theorem and Lemma 8.1
it is enough to consider the case D ={t||t|<1}. Let expif,, expib,,
0<6,=6,<2m, be two points belonging to [t|= 1.

Then,

27

20c > [AWIde[= [ |Atexpit)]do

jtj=1

(8.33) - f A (")) do =2 f " || A (exp i0)] d6
=2 f " | A (exp i8)|| 8

for some 6y, 0, <6,<2m +86,.
By (8.11), B.V.P. (2.10) for the system

(8.34) % = [A (expi6)i exp i8]§

must have a unique solution on each of the intervals [8,, 6], [6,, 6, + 27].
(Remark, the best constants p;z or p,c do not depend on the endpoints a,
b, of an interval.)
Since 6, must be either in [8,, 6,] or in [, 6, + 277] our result follows.
The relationship among p,, pp, psp seem to be of a very interesting
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nature. However a general theory linking their magnitudes seems to be
lacking.

For the Nicoletti problem there are results indicating that pp, = 2pjg
for certain norms.

Compare, for instance, Lasota and Olech [32] and Nehari [45] (who
found p;r = /2, for the norm induced on A (¢) by the Euclidean vector
norm) with Schwartz [55] and Nehari [47], who found p,, = 7.

9. Estimation of best constants.

PropPOSITION 9.1. Let assumptions of Proposition 8.1 hold.
(i) If | || is an algebra norm, then

9.1) pir Z pic Z247'In [1 + (il 1P H>_l]
©2) P =26'In [1 + (il IP, H)_l]

9.3) oo ="'l [1 + (2 IP, u)_l].

(i) Let L be a matrix in a block partitioned form

L,
r= | | =12k
9.4) ;'
L,
(95) L = (Ll, LZ’ Tt Lk)’

then if || || is an algebra norm such that

©.4) L 1= max L.
9.7) P Z pre 2267 In[1+]|(Py - - -, P[]
(98) Psp 22&_1111[1‘*‘”(P1, o ',Prn)“_I]

(9.9) po Z & In[1+ (P -, P[],
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Proof. (i) We demand that (8.28) will hold, so as to guarantee
(3.5). A fortiori, if

=S IRI " AwQGs wds

|58 awowmas

f A(s)Q(s, to)ds

(9.10) (2 |8, ||) max

then (8.28) is satisfied.
If D is the interval [a, b], choose t, such that

u'M;

[—1+expcifm' A@)|lds|<1

o1 ;[ 1a®las = [ 1aelds=["1awasiz [Tacas!
Since (8.26) implies
(9.12) f‘: [A(s)]|ds|<é'In [1+leﬁ”]

we obtain (9.1) and (9.3).
In order to prove (9.2) we choose on dD a point ¢, such that

©13) 3 nawliasiz [ 1ae)ias|

and (9.2) follows.
(i) We proceed as in part (i) and exploit the norm property to

obtain

|2 2] a0 ws
(9.14)
§”(Pla 132, MR ﬁm)“ max

f " A(s)Q(s, to)ds .

We use (9.12) and repeat the same arguments as in part (i) to obtain our
result.

In particular, choose m = n and Py, = P, given by (3.11). If we also
take our norm to be the maximal row norm, then the condition of our
proposition part (ii) holds with & =1. Then ||(P,---, P,.)| =1 and we
obtain, Schwartz [53],
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(915) Pir = Pic =2In2.
It was shown by Friedland [14] that actually p,c =21In2.

By Proposition 3.1 it follows that any hypothesis on A (tf) which
makes the eigenvalues of

(9.16) S f " A(5)Q(s, 1o)ds

lie in the interior of the unit disk serves our purposes. Let us introduce
a few notations for the next proposition.

NoraTioN 9.1. Given a matrix A =(a,), i=1,---,n,j=1,---,k,
we denote by |A | the matrix [A | = (|a, ).

NortaTtioN 9.2. Given the matrices A and M of the same dimen-
sions, |A |= M means that for every i and j, |a,|=m,.

NotaTioN 9.3. We denote by | A [(A) the maximum of the absolute
values of the eigenvalues of A.

PROPOSITION 9.2. Let the assumptions of Proposition 8.1
hold. Then:

Q) If
9.17) |B(t,7,9)|=M for t€EJa,b]
and
(9.18) 1 (3 181) ttexple - M1 - B} <1
or if
(9.19) Lbe(s,y’,ﬁ)ldséM
and
(9.20) minlAl{(M),((Z[ﬁ])M(E—M)“)}<1

then B.V.P. (2.1), (2.10) has a unique solution.
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In particular, if 31,|P;| = E, condition (9.18) is replaced by
(9.21) IA[(M)<2(b-a)" In2

and condition (9.20) is replaced by
(9.22) [A (M) <3.

(i) Let D be asimply connected domain in the complex plane such
that for any m points in D, t, € D, there are m simple Jordan arcs I,
i =1,---,m, connecting those points to a point #, in D such that the
length of each Jordan arc does not exceed I. Then if

(9.23) |B(t,y,y)|=M for tED

and

(9.24) A ((i} P, ;) {exp lM-E}><1

or

©:29) | 1B 5)lds <M,

and

9:26) min|A [ {v), (35 12.1)M(E - M)")} <1

then B.V.P. (2.1), (2.10) has a unique solution.

Proof. The proof is based on majorizing the infinite series
(2.7). By (2.7) it follows that condition (9.17) implies

=(3120) (2 *5)

k=1

3 8] B3 )Cs s
i=1 ' Jw

t

(9.27) = (2 18.1) {lexp&(b - a)M)] - E}.

Conditions (9.19) and (9.20) imply by the use of (2.7), that
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S B f " B(s,$,$)C(s, tn)ds
iz

to

62 = (il 1%) M(E - M)™.

We recall from Gantmacher [15] Vol. 2, Ch. 2, that |A |= M implies
(9:29) A [(A)=]A|(M).

Since for a function f and an n X n matrix A, we have A(f(A))=
f(A(A)), it follows that (9.21) and (9.22) hold. A similar discussion leads
to the results (9.24), (9.26).

10. Some historical remarks. In 1897 Nicoletti [49], consi-
dered the existence and uniqueness of the boundary value problem (2.1),
(2.10), with Py, = P, m = n given by (3.11). His main result may be
reformulated as follows:

Given the differential system (2.1) subject to the Assumption 2.3
there exists an interval [a,c], a <c = b, such that for every n-tuple
(t,t2y 1), a=t=c, i=1,---,n, there exists a unique continuously
differentiable solution which satisfies (2.1), (2.10).

Since then, this B.V.P. has been known as the Nicoletti
problem. Various generalizations of this B.V.P. have been considered.

For the existence problem, and for the existence and uniqueness for
general B.V.P. the reader may consult Antosiewicz [1,2], Conti [8, 10],
Grandolfi [19], Lasota and Opial [30,31], Lasota and Olech [32], and
their references.

Assuming that a solution to the Nicoletti problem exists, the
question of its uniqueness gave rise to a wide literature which uses the
key word nonoscillation. If the matrix in (2.4) is the companion matrix
of an nth order differential equation and the Nicoletti problem has a
unique solution for every t, €D, i =1, - -, n, and every C in (2.10), then
the corresponding homogeneous nth order linear equation is said to be
disfocal in D.

For sufficient conditions for a system (2.4) to be nonoscillatory on
[a, b], the reader is referred to Lasota and Olech [32], Nehari [45, 46],
and Friedland [13,14]. For sufficient conditions for (2.4) to be nonoscil-
latory in a complex domain D when A (t) is analytic in D the reader is
referred to Nehari [47], Schwartz [52-55], London and Schwarz [39], and
their references. It is possible to distinguish three directions in the
investigation of nonoscillation of (2.4).

(I) Formulation of necessary and sufficient conditions for (2.4) to
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be nonoscillatory in D. For example, Proposition 3.1 satisfies such a
criterion. In general the necessary and sufficient conditions are formu-
lated on derived functions of the coefficient matrix A (¢) rather then
directly on the matrix A (¢). This is many steps before the criteria are
applicable and practical.

(II) Sufficient conditions on functionals defined on A (¢), to guaran-
tee the nonoscillation of (2.4) for all systems (2.4) were formulated. The
main theme which appears in them is as follows.

b
Let || | be an algebra norm. If f A (s)ds is less then p, where p is

some positive constant, then (2.4) is nonoscillatory. The subject of
finding the appropriate p when || || is @ norm induced on A (t) by vector
norms took two courses;

(i) By direct estimation. The main tune in this trend is as
follows. If y(t) is a nonzero vector solution of (2.4) which satisfies
yi(t)=0,i=1, -, n, then by direct estimation one shows that

b >/ t -
I Mﬂy(t)ll dizp

b
for some p >0. By using an ad-absurdum argument, j |A(s)|ds=p

is found to guarantee the nonoscillation of (2.4). Lasota and Olech [32],
used this geometrical argument to find for || |, (the norm induced on A
by the vector Euclidean norm) that p = /2 is the best constant. This
result was reestablished later by Nehari [45]. Ad-absurdum arguments
to derive (8.1) as a sufficient condition for nonoscillation in case D is the
interval [a, b] or D a domain in the complex plane, were used by Nehari
[47]1, Kim [28], Schwarz [52-55].

(i) By direct use of calculus of variations for real systems. See
Friedland [13, 14].

(1) Simplification of the problem. Given a specific norm | |,
induced on A by a vector norm it may happen that the best constant p in
(8.1) which guarantees nonoscillation of (2.4) does not depend on the
dimension n of the system (2.4). Indeed, this was hinted by Lasota and
Olech’s work [32], verified by calculus of variations by Friedland [14] for
various norms, and established by Nehari [48], for || ||,, 1 = p, where || ||,
are the norms induced on A by the Holder vector norms. By Friedland
[14] it is not true that the best constant p is independent of n for every
norm.

Another simplification in the search for best constants p in (8.1) to
imply nonoscillation is due to Nehari [46], who showed that it is enough
to consider a ‘‘degenerate Nicoletti” B.V.P., namely that t € [a,b],
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i=1,---,n, may be chosen such that # coincides either with a or with
b. (A similar phenomenon occurs in the De la Vallée-Poussin problem
whose uniqueness is investigated under the name of disconjugacy of nth
order linear homogeneous differential equations. See Levin [35]. A
third type of simplification for nonoscillation problems in a closed
domain D in the complex plane was supplied by Kim [28], who made it
possible to substitute the question of nonoscillation of a system (2.4) in D,
by a question of nonoscillation of the system (2.4) on a closed Jordan arc
imbedded in D.

(IV) Conditions on the form of the matrix A(t) or on special
relations among its elements to imply nonoscillation of (2.4). Not much
in this direction seems to exist in the literature.

(V) Necessary conditions on A () if A (¢) is analytic in D and (2.4)
is nonoscillatory. In this direction consult Lavie [33].
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