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COMMUTATIVE NON-ARCHIMEDEAN
C*-ALGEBRAS

GERARD J. MURPHY

Commutative non-archimedean C*-algebras are defined,
their properties established, and a representation theory is
developed for them. Their closed ideals are completely
analyzed in terms of the closed subsets of the spectrum
where they ‘vanish.” A large class of C*-algebras is ex-
hibited. A Stone-Weierstrass theorem generalizing a result
of Kaplansky is proved.

Introduction. In this paper F' denotes a complete non-archi-
medean valued field, and it is assumed that the valuation is non-
trivial. A non-archimedean normed vector space over F is a vector
space X with a norm satisfying the strong triangle inequality
e + vl < max (Jlz]l, |lyll) for all z, ye X. If X is complete, X is
called a Banach space over F.

Let A be an associative algebra over F, and suppose that ||-]|
is a norm on A making A a non-archimedean normed space. If for
all 2, ye A4, |lzyl] < lzll, Iyl (and if A is unital, [|]1]] = 1), then we
call A a nom-archimedean algebra. If, further, A is a Banach space,
then we call A a Banach algebra. In this paper a Banach algebra
will be understood to be commutative and unital unless the contrary
is explicitly assumed in a particular context.

If A is a unital commutative C*-algebra over the complex
numbers C, then the Gelfand-Naimark theorem shows that if T is
the spectrum of A, then A is isometrically isomorphic to C(T, C),
the algebra of continuous functions on 7 with values in C. In this
paper we define a class of algebras, called L-algebras, which play
an analogous role in the non-archimedean theory to that played by
the algebras C(T, C) in the theory over C. We prove a Stone-
Weierstrass theorem concerning these algebras, and we establish
their properties. In the second section we give an abstract defini-
tion of a non-archimedean commutative C*-algebra. Such a defini-
tion has been sought for a number of years. We show that every
C*-algebra can be represented by an L-algebra. We derive a number
of interesting properties of these C*-algebras, and in the third sec-
tion we give some examples of C*-algebras.

1. The Stone-Weierstrass theorem.

DEFINITION 1.1. A bundle is a family (X,),.,, of Banach algebras
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over I indexed by a topological space 7. @,., X, denotes the set
of all elements = of the Cartesian product of the X, which have
lell = tsup {|lx(®))]: t € T} < «=. Under the pointwise operations and
this norm, @,., X, is a Banach algebra. If A is a subalgebra of
@D... X, with L€ 4, and if for all x€ A the maps ;. T - R t | z(t)||
are upper semi-continuous (USC), then we call A an algebra on the
bundle. (R denotes the set of real numbers.)

If A is an algebra on the bundle, x e @,., X,, and t,€¢ T, we say
that © 7s im A locally at t, if for all 6 > 0, there is an open set U
in T with ¢t,e U, and there is an element % in A, such that for all
teU, |x(t) —yt)| <0. We call A an L-algebra on the bundle if A
contains all the elements of @,., X, which are in A locally at all
points of T.

A simple example of an L-algebra is the following: Let 8 =
(Xitery, where T is any topological space, and X, = F for allte T.
Let C,(T, F') denote the algebra of bounded continuous functions on
T with values in F. Then C(T, F') is an L-algebra on the bundle
B. (See the observations following Corollary 1.5.)

THEOREM 1.1. If A is an L-algebra on the bundle (X,)<r, then
A is a Banach algebra.

Proof. If x, is a Cauchy sequence in A, then for each te T,
x,(t) is a Cauchy sequence in the Banach algebra X,, so there is an
element x(¢) in X, to which z,(¢) converges. Let z = (2(¢)),. and
0 > 0. There is an integer N such that for all », m > N, and all
teT, lu,(t) — 2, )| < 06/2. Letting m - o, we get |z, () — x@)| =
0/2, so ||z, — x|l <, for » > N. Thus we see that xc@®,., X;, and
x is in A locally, so x€ A. Hence A is complete.

THEOREM 1.2. If A is any algebra on the bundle 8 = : (X)) er,
then v[B, Al = :{x e@..r X;:x is in A locally} is the smallest L-
algebra containing A.

Proof. Suppose x 7|8, A], and 6 > 0. If {jz(t,)|| < J, there is
yed such that |la(t) — y(t)|| < 6 near ¢, (i.e., in a neighborhood of
t, in T). But [z@®)]] = max ([[a(t) — y@)l|, [[¥@)[), so [[z@)]| <o near
t,. This shows the map +,: T — Rt — ||x(t)]| is USC for all x € 7|8, Al.

Now suppose z, ¥y €7[8, A], a€F, 6 >0, and t,€T. Then for
some ', y' € A, we have

lwy(t) — @'y’ O = le@)y) — x@)y'©) + 2Oy’ @) — 'Oy’ @)

< max (|lz®)|l- [ly@) — ¥’ Oll, lx@) — '@ - 1ly'OI)
= max (1 + Jat)DIy@) — v Ol o) — «'ONL + iy'@E)0) -
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These inequalities hold for ¢ near t, because by the USC property,
le@)l] = 1 + |jz(t,)|| near ¢, and [[¥'(t)|| =1 + [[9'(t,)l] near ¢,. Now
we can choose ¥y’ to have ||y(t) — ¥ ()| < (1 + ||x(t,)|])™* near ¢,, and
then z' so that [lx(t) — 2'(®)|] = o1 + ||¥'(t)|])™ near t,. This gives
us |lzy(t) — 2'y'(t)|| £ 6 near t,. So as x'y’ €A, xy is in A locally at
each point ¢, of T. Hence zye[B, A]. It is easy to see that x + ¥y
and ax are also in 7[B, A]. Thus 7[B, A] is an algebra on B, and it
clearly contains A.

If x is in v[B, A] locally, then for each t,e T, and 6 > 0, there
is ' e[B, A] with [|2'(t) — «(t)|| £ 6 for t near t,. But then there
is ye A with |j2'(t) — y(t)|| £ 0 for t near t,. So |jxt) —y@®)|| <o
for t near ¢,, Hence xev[B, A]. Thus 7[B, 4] is an L-algebra.

If v’ is any other L-algebra containing A, then any element
x€v[B, A] is in A locally, so x is in 7' locally, as A is contained in
7', and so x €7, as v’ is an L-algebra. Hence v[8, A] is contained
in v. '

DEFINITION 1.2. If A is an algebra on a bundle 8 = (X,)iems
and if for all distinet points s, ¢ of T there is x ¢ A with |jz]] £ 1,
x(s) = 0(s), and x(t) = 1(¢), then we say A is separating on .

If E is any clopen set of T, define ¢, by @.(t) = 1) if t€E,
and @,(t) =00t) if teT— E. If A is any L-algebra on B, then
clearly @,€ A. Hence if T is a Boolean space (i.e., a compact,
Hausdorff, totally disconnected space)—in this case we call 8 a
Boolean bundle—then every L-algebra on 8 is a separating algebra.
The converse of this statement is our generalization of the Stone-
Weierstrass theorem. First we need a lemma whose proof is a
simple induction.

Lemma 1.3. If A is a mormed (non-archimedean) algebra,
By ey wae A, and 0< 5 <1, and o <1, L= 2| <, (i =1, -+, n),
them |1 —, -+ a,|| <0 and ||z| = 1.

THEOREM 1.4 (Stome- Weierstrass). Let A be a separating Banach
algebra on a Boolean bundle. Then A is an L-algebra on the
bundle.

Proof. Let B = (X,)cr be the bundle, and v = v[B8, A]. First
we show that if F is a clopen set in T, then pyeA. For let
scE°=T—FE, and teE. As s+t, there is a y*€ A such that
lw']l £ 1, 9'(s) = 1(s), and #'(t) = 0(). If 0 <& <1, then by the
USC property, there is a clopen set V, in T with ¢te V, such that
for all t'eV,, |ly't")|| < 6. Thus E is contained in U,. V., and so
as E is compact, there is a finite number V,, ---, V, covering E.



436 GERARD J. MURPHY

Define y, =y -+- y'». Then y,e A, and |jy,]| =1, y.(s) =1(s) and
lly(t)]| <& for all te E. But h,=1—1y, Then h,cA and |h] <1,
h,(s) = 0(s). Moreover, for all te E, ||1(f) — h,(t)|] < 6. Once again,
by the USC property, there is a clopen set W, in T with se W, such
that for all s’e W,, ||h(s")]] < 8. So E° is covered by the sets W,,
scE°, and as E° is closed in T and so compact, a finite number
w,, -, W, cover E°. Define h = h,---h, . Then he A, |h]| =1,
and for all s'e E°, ||h(s')]| < 6. Now by the lemma, for any te K,
1) — h@®)|| = [|1L(E) — hoy(8) - + « b, (D] <6. Thus for all te T, |l@g(¢)—
()l < 0, so |lpz — h|| =< 6. But A is closed in @,., X,, and ke A.
Therefore as ¢ was arbitrarily small, ¢, € A.

Now suppose that x€v, 0 >0, and ¢{,€ T. Then there is z,, € 4
such that ||x(t) — 2z,,(t)]| =0 for all ¢ near ¢, i.e., for all ¢ in some
clopen set U,, with ¢t,€ U,,. Thus T is a union of such sets, and so
by compactness there is a finite number U,, ---, U, covering T.
Put B, = U,, and for ¢ =2, ---, p, B, = U,, — (U;j«: U;;). Then the
the E, form a pairwise disjoint family of clopen sets covering 7.
The element y = @z 2, + +-+ + @p,2, is in A. Also |jx(t) — (@)l =
llx(t) — 2,,(0)]| if te K, and this is less than or equal to 4, so
[le®) — y(@)|| <06, for all ¢ in T, i.e., |jlx —y|]|=<06. Thus x€A, as
A is closed in @;.r X;. Therefore v is contained in A, and so v = A.
Thus A is an L-algebra on 5.

COROLLARY 1.5. Let 8 = (X,)erm be a Boolean bundle, and £ =
{re@er Xiiapo: T— R t — ||2(t)|| 28 USC}. If I is any subset of
@D:r X, let I, = {x@t):xel} for each teT. If A is a separating
Banach algebra on B, then

A={xep:x@t)ecA, for all teT, x —yepB for all yeA}.

Proof. Let the set on the R.H.S. of the equation be denoted
by B. Then clearly A is contained in B. So suppose that xe¢B
and t,€ T. Then there is an element x, € A such that x(t,) = w,,(t,)-
Let 6 > 0. Since the map o is USC, there is a clopen set U,

with ¢,€ U,, such that for all teU,, |lx(t) — x,(t)]| < 0. These sets
cover T, so by the compactness of T there is a finite number of
them U,,---,U,, covering T. As in the proof of the Stone-Weierstrass
theorem we can replace these sets by a pairwise disjoint family
(E)i=1,....ny Of clopen sets covering T and such that E, is contained
inU, for i =1, ---,n. Now ¢, €A for each 4, from Theorem 1.4,
SO Y = 1@pX, + +++ + @px,, is in A, and |lx — y|| < 0. Butas A is
closed, this implies € A. Thus A = B.

Suppose X is a Banach algebra over F', and T is any topological
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space. For each teT, let X, =X. Let K denote the algebra of
constant functions from T to X. Then K is clearly an algebra on
the bundle 8 = (X,)4erm. So ¥[8, K| is an L-algebra on 8. Suppose
2E@.cr X;, and t,€ T. Then « is in K locally at ¢, iff for all 6 > 0,
for all ¢ near &, |ja(t) — 2(ty)|| < 6. Thus « is in K locally at ¢, iff
x is continuous at t,. Hence 7[B, K] = C(T, X), the algebra of all
bounded continuous functions defined on T with values in X. When
T is compact this is of course C(T, X), the algebra of continuous
functions on 7T with values in X. We can now state the Stone-
Weierstrass theorem for these algebras.

COROLLARY 1.6. Let X be a Banach algebra, and T a compact
space. If A is a closed separating subalgebra of C(T, X) and A
contains the constants X, then A = C(T, X).

Proof. This follows immediately from Corollary 1.5 if we show
T is a Boolean space.

Suppose s, t are distinet points of 7. Then there is an element
x ¢ A such that 2(s) = 0 and z(t) = 1. Hence s is an element of the
clopen set {ue T:|lz(u)|| <1}, and ¢ is not. Thus 7T is Hausdorff.
Moreover the connected component of s is contained in the above
clopen set, and that of ¢ is contained in its complement. So s and
t are disconnected. Thus T is totally disconnected. Hence T is a
Boolean space.

COROLLARY 1.7. Let T be a compact space and A a closed

separating subalgebra of C(T, F) containing the constants. Then
A =C(T, F).

Proof. Trivial. Just take X = F' in Corollary 1.6.
This is Kaplansky’s non-archimedean Stone-Weierstrass theorem.

We now investigate the closed ideals of L-algebras. For this
the following theorem is fundamental.

THEOREM 1.8. Let A be an L-algebra on a Boolean bundle
(XDwer, and I be a closed ideal in A. Then if x€ A, xel if and
only if x(t)el, for all teT.

Proof. The “only if” part of the equivalence is obvious. Suppose
then x(t)e I, for all teT. Then for each te€ T, there is some y, €[
such that x(t) = y,(t). If 6 > 0, then by the USC property there is
a clopen set U, with ¢ € U, such that for all ¢' e U,, ||z(t') — y.(&)|| < .
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By a familiar argument we can replace the covering (U,)yer, 0f T
by a finite covering of pairwise disjoint clopen sets E, contained in
U,, say, (i=1,--+,m) and U, U---UU, =T. Let y=oqp¥y, +
++ + @z.Y;,- Then as all the ¢, €A, and the y, e I,soyel. Also
lla(t) — y(@I = [la@) — 9., ()| <o if teE,. Thus [x —yl|<0. But
as I is closed, this implies z € I.

COROLLARY 1.9. If I, J are closed ideals in A, the I = J if and
only of I, = J, for all teT.

Proof. This is obvious from Theorem 1.8.

DEFINITION 1.8. Let A be an algebra on a bundle (X))uer-
We say A is full if A, = X, for all teT.
If all the X, are fields, we call the bundle a field bundle.

THEOREM 1.10. Let A be a full separating Banach algebra on
o Boolean field bundle B = (X,))yer. For each teT, let M' =
{xe A: x(t) = 0(t)}. Then M'is a maximal ideal in A, and the map
T— TA) t— M' is a homeomorphism. (Here T(A) is the maximal
ideal space of A endowed with the Hull-Kernel topology.)

Proof. 1If s,teT, then (M?), =X, if s+ ¢, and (M?), =0 if
s = t. The second equation is obvious, so let us prove the first. If
a € X,, then there is x € A such that x(s) = a, since A is full. Also
there is a y€ A such that y(¢t) = 0(t) and y(s) = 1(s). Let z = xy.
Then z€ M, and 2(s) = a. Hence a e (M?’),. Thus (M?), = X,.

Suppose now that I is a closed ideal in A containing M?. Then
if s==t, M),=1,=X,. Also I, =0 or X,. Hence I, = X, for all
seT,andso I = A, or I, = (M, for all se T, and so I = M!. Thus
M* is a maximal ideal in A.

Now suppose that M is any maximal ideal in A. Then M is
closed and M = A, so there is t € T such that M, == X,. Therefore
M, =0, and so M is contained in M? and hence M = Mt:. Thus
T(A) = {M"te T}.

Let @ denote the map ¢t — M’. It has just been shown that ¢
is surjective, and if M* = M* and s # t, there is y € A such that
y(s) = 0(s) and y(¢t) = 1(¢). Hence yeM*® and y¢ M!. But this is
impossible, so s =¢t. Hence @ is injective. To prove ¢ is a home-
omorphism it is sufficient to show @™ is continuous, because 7T(4)
is compact and T is Hausdorff. Let E be a clopen set in T. Then
as e 4, o(B) = (M (L — ,)(t) = 0(t)} = (M* @5 ¢ MY). Thus o(E)
is the complement in T(A) of the closed set V(Ap;) = {Mec T(A): M
contains Agp;}. This shows ¢ is continuous.
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LEMMA 1.11. Let A be a full separating Banach algebra on o
Boolean field bundle (X,)yer. If S is any subset of T, let 1d(S) =
{x e A: x(s) = 0(s) for all s€S}.

(a) d(S) 1s a closed ideal in A.

(b) If S, S, are subsets of T with S, contained in S,, then
1d(S,) comtains 1d(S,).

(e) For all S contained in T, 1d(S) = id(cl (8S)).

(d) If S, S, are closed subsets of T, then id(S,) = id(S,) if and
only if S, = S,.

(e) If Sisany subset of T, then id(S) is a maximal ideal in
A if and only if S is a singleton.

Proof. (a) and (b) are obvious, so consider (c). Clearly
id(cl (S)) € 1d(S), so suppose x € id(S) and x ¢ d(cl(S)). Then there
is an element s of ¢l (S) with x(s) # 0(s). Now V(Ax) = {Mec T(A):
M2 Ax} = {M*: «(t) = 0(¢)} is closed in T(A), so using the home-
omorphism of Theorem 1.10, {t e T: ||x(t)|| = 0} is a closed set in T,
and so U = {te T: ||x(t)|| > 0} is open in T. Therefore as se U, the
intersection of S and U is nonempty. But this is clearly a contra-
diction. So 1d(S) = id(el (S)).

To prove (d), suppose that 1d(S,) = 1d(S,), and S, is not contained
in S,. Then there is s€S,, s¢S,. But as T — S, is open in T,
there is a clopen set E contained in T — S, such that scHE. So
pre A, and @i(t) = 0(t) for all teS,. Hence @, <cid(S,) = 1d(S,). So
@x(s) = 0(s), implying s¢ E. This contradiction shows that S, = S,.

Finally consider (e). Clearly d({t}) = M*, which is a maximal
ideal. Suppose now that 7d(S) is a maximal ideal, and s, t € S. Then
id(S) & M¢, M*, so id(S) = M* = M'. Hence s =t¢, and S = {t} (if S
were empty, then d(S) = A).

LEMMA 1.12. Let T be a Boolean space, U an open subset, and
C a closed subset, with C contained in U. Then there is a clopen
set B in T such that CS ECU.

Proof. For each x € C there is a clopen set U, with xc¢ U, C U.
Hence the family U, cover the compact set C, so there is a finite
number so that C is contained in their union FE, say. Clearly E is
clopen, contains C, and is contained in U.

The following theorem is a structure theorem for the closed
ideals of certain L-algebras.

THEOREM 1.13. Let A be a full separating Banach algebra on
a Boolean field bundle (X,)em. If I is a closed ideal in A, let
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EI)={teT: for all xel, x(t) =00)}. Then k(I) is closed in T,
and I = wd(k(I)).

Proof. Suppose that tececl(k(l)). Then there is a net (¢,), in
k(I) converging to ¢. Hence if xz €I, then ¢, is in the closed set
E = {se T:.x(s) = 0(s)} for all indices . So te E. Therefore x(t) =
0(t). This implies that ¢ € k(I). Thus k() is closed in 7.

Suppose now z€ A4, and G is an open set in T containing k(I),
and that 2 =0 on G. Then teT — G implies t¢ k), so I, # 0.
Hence there is x, €I with x,(t) = 0(¢). There is therefore a clopen
set U, with ¢e U, such that x, is nonzero on U,. Now T — G <
U:.c¢ U,. But as T — G is closed in 7T, it is compact, and so we
can cover T'— G by a finite number U,, ---, U, , say. Let E, = U,,
and for ¢ =2, -+, n let E, = U, — (Uj«; Uy;). Then the family of
sets (H,);, form a pairwise disjoint covering by clopen sets of T — G.
Let P = @y zu..ur,n- Then @g, <+, @z, P are all in A. Define
Y =@g%, + -+ + @, + P. Then yeA, and for all te T, y(t) #
0(t). Hence y is invertible in A. Let z = (1 — P)@zx, + -+ +
P, %)Y . Again ze€A; also z(t) =1(t) if teE,U---UE,, and
2(t) = 0(t) otherwise. So z(t)z(f) = x(¢) for all teT. Il.e. zz=z.
But because all the x,, €1, so ze€l. Hence x¢l.

Suppose now x €id(k(I)), and 6 > 0. Then as x is zero on k(I),
so k(I) S {te T: ||x(®)|] < 6}. Hence by Lemma 1.12, there is a clopen
set FE containing k(I) and contained in {te T:||x(t)|| < 6}. Then
@r_z €I, from the above argument, because @, , =0 on E. Also
[l — 2@ge]| = supser ||2(t) — x(E)pr_x(t)|| = 6, and since I is closed,
this gives x ¢ I. Hence id(k(I)) < I.

The reverse inclusion is trivial, so these ideals are equal.

2. C*-Algebras.

DEFINITION 2.1. Let A be a Banach algebra satisfying the
following two conditions:

(a) If te T(A), xt, and 0 > 0, then there is an idempotent
p €t such that [lx — xp|| < .

(b) For all idempotents p€ A, ||p|| = 1.

Then we call A a C*-algebra.

For example, if T is a compact space, then C(T, F) is a C*-
algebra, the idempotents being characteristic functions of clopen
sets in T.

The above conditions on a Banach algebra will be seen to be
necessary and sufficient conditions to ensure that the algebra is an
isometric isomorph of an L-algebra on a Boolean field bundle. This
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is precisely the class of algebras we want the term “C*-algebra” to
cover.

If A is any Banach algebra we define |||, by ||zl =
sup {||lx + t||: t € T(4)} for all xe A. Here ||z + t|| is the quotient
norm of x + ¢ in Aft, ||z + t|] = inf {|jx + y||: yet}. Thus ||-|ls, is
a norm on A if A is semisimple.

Before proving the next theorem, let us just make some remarks
here relating the C* concept to the V*-algebras defined in [3].
Using Theorem 2.1 below, and Theorem 4, p. 149 of [3], we easily
see that a C*-algebra is a V*-algebra. Conversely, from [3] p. 165,
Cor. 2, a V*-Gelfand algebra with compact maximal ideal space (in
the Gelfand topology) is a C*-algebra.

THEOREM 2.1. If A is a C*-algebra, then |||y = ||+]|

Proof. Suppose xc A, te T(4), and |z + t|]| < ||z||. Now it is
easy to see that because of condition (a) in Definition 2.1, ¢ =
cl({pa: p = p*and pet, a € A}). Hence ||z + t|| = inf {|jr — xp|: p = p*
and pet}. So there is an idempotent pet¢ such that |z — xp|| <
lell, as [lz + t]] <|l=f]. Let I = U {pA:|pa| < |||, peA, and p = p’}.
Then I is a proper ideal in A. For suppose that p, ¢ are idempotents
in A such that ||pz|, |lqx|| < ||x||. Then » =p + ¢ — pg is also an
idempotent in A, and pA, ¢qA < rA, because pr = p, qr = q. More-
over ||lrz|| < max (||pz||, |lgx||, ||pgx|]) < ||z||. This shows that I is an
ideal, and if I contained 1, then there would be an idempotent p of
A such that 1epA, and ||px]| < ||z||. Then 1 = pa for some ac A,
hence 1 = p, so ||z|| < ||z|]|. This contradiction shows that I is proper.
Hence there is a maximal ideal s in A containing I. If p is any
idempotent in s, then 1 —pe¢l, so [||(1 — p)x|| =]|z||. Hence
inf {|jx — a«pll:pes and p=p’ =|xl, or |z + s =]||. Thus
ellsep = l2|| for all x e A.

If A is a Banach algebra, and xc A, define T = (& + t)yeran-
Define A = {T € @,cr A/t: ® € A}). Then A is a normed subalgebra of
@. A/t, and the map &: A — A, x — % is an algebra homomorphism,
and is clearly surjective.

THEOREM 2.2. If A is a C*-algebra them A is a Banach full
separating algebra on the Boolean field bundle (A/t)qersy. More-
over the map &: A— A x— T is an isometric isomorphism.

Proof. Suppose xcA, 6§ >0, and E = {te T(A): |z + t|]l < d}.
Then if ¢te E, there is an idempotent p €t such that ||x — px|] < J.
Hence if s is a maximal ideal with p s, then |jx + s|| = inf {||x — gx||:
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¢ =¢¢€s} = |z —axp| <0, and so s€ K. Hence V(Ap) = {t' e T(A):
Ap is contained in ¢’} satisfies te V(Ap) € E, and V(Ap) is open.
(In fact, V(Ap) is clopen, as its complement in T(A) is V(A1 — p)),
which is closed. Recall that every maximal ideal is prime, and for
all p = 2% p(l—p) =0, so for any maximal ideal M, p or 1 —p e M.)
Thus E is a neighborhood of all its points, and so E is open.
Hence the map +;: T(A) -~ R t ||z + t|| is USC, for all x€ A. Thus
A is an algebra on the field bundle (4/t),. To show that T(A) is a
Boolean space, suppose that s, ¢t are distinct points of T(A). Then
from the condition (a) of Definition 2.1, we see there is an idempotent
pes, pet. Thus se V(Ap), and t¢ V(Ap). As V(Ap) is clopen,
this shows that T(A) is Hausdorff. Also the connected component
of ¢ is contained in V(A1 — p)), and the connected component of s
is contained in its complement V(Ap). Hence T(A) is totally discon-
nected. Thus T(A) is a Boolean space.

It is clear from Theorem 2.1 that the map & is an isometric
isomorphism, so A is a Banach algebra, as A is. That 4 is full is
obvious, so we have only now to show that it is separating. But we
have seen above that if s, t are distinet points of T(A) there is an
idempotent pes, pet. Hence, as ¢ is a maximal ideal, 1 — pet.
However |lpll < 1. Thus [|pl| =1, p(s) = 0(s), and p(t) = 1(t). Also

peA. Thus A is separating.

THEOREM 2.3. Let A be a full separating Banach algebra on a
Boolean field bundle. Then A is a C*-algebra.

Proof. Let (X,)ier, be the bundle. We know from Theorem
1.10 that the map @: T T(A) t— M' is a homeomorphism. So
suppose x € M?, and ¢ > 0. Then {jx(¢)]l = 0 < d, so there is a clopen
set E, say, with ¢e K, such that for all se K, ||x(s)|| < 0. Hence
the idempotent p =1 — @€ A, and p(t) = 0(¢). Hence pe M‘. Also
[lx — pa|| = sup {||x(s) — p(s)x(s)]|: s € T} = sup {[la(s)[|: s € B} = . Finally
it is clear that if ¢ is any idempotent of A, then |jg|| £ 1, because for
all te T, q(t)=0(t) or 1(¢t), giving [|g(¢)||<1. Hence A is a C*-algebra.

THEOREM 2.4. Let I be a closed ideal in a C*-algebra A. Then
I=nVU) =cl(U{pd:ipel and p=p}) =cl(U{pl:ip=7p'cl).
(For every tdeal I in A, V(I) is the set of maximal ideals contain-
ing I.)

Proof. We know from Theorem 1.18 that I = id(k(I)). Now
if xen V({I), then & =0 on k(I), for if I, =0, then IS ¢. So Ze
id(k)(I)) = I, whence z ¢ I. Thus N V(I) is contained in I, and the
reverse inclusion is trivial, so N V(I) = L.
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Now suppose that x€l. The set G, = {te T(A): |lx + t|| < 1/n}
is an open set containing the closed set k(I), hence there is a clopen
set E, containing k(I) and contained in G, (using Lemma 1.12). Let
p, =1 — ;. Then p, is an idempotent in A, and p, =0 on E,.
Hence p,el. Also ||Z — Zp,|| = sup {||Z(t) — Zp.(B)||: p.(t) = 0(t)} =
sup {|jz + t||: te E,} < 1/n. Now there are idempotents ¢, in A such
that g, =», »n=1,2, ---. Hence these ¢, must be in I, and
e — 2g,]] >0 (n— ). So xecl(U{pA:p =p*cI}). So I is equal
to this set.

Let A be a Banach algebra, and I be a closed ideal in A. Then
the map V(I)— T(A/I) t— t/I is well known to be a homeomorphism.
Also the maximal modular ideals of I are precisely the ideals of
the form ¢ N I, where ¢ is a maximal ideal of A not containing I.
Another useful remark which it is easy to verify is the following:
If xe A, and te V(I), then |jx + I + t/I|| = ||z + ¢|.

DEFINITION 2.2. If Iis a nonunital Banach algebra we say that
I is a C*-algebra if the following three conditions hold:

(a) If tis a maximal modular ideal of I, xe€¢, and 6 > 0, then
there is an idempotent p of I such that |[[x — px|| < d and pet, or
there is an idempotent ¢ of I such that |lqz|| < 6 and g ¢¢.

(b) For all idempotents p of I, |p|| < 1.

(e¢) I=cl(U{plp=9pel).

The following interesting lemma is used in our next theorem.

LeMMA 2.5. If A is a C*-algebra, and I is a closed ideal in
A, then for all xe A, ||z + I|| = sup {l|lz + t||: t € V(I)}.

Proof. We know that A is an L-algebra on the Boolean field
bundle 8 = (A4/t)ierwy, and that the map &: 4 — A4, x—7Z is an
isometric isomorphism. Also I = id(k(I)). We assert that |7 + I|| =
sup {||Z(s)||: se k(I)}. Let this sup be denoted e. Now || + I|| =
inf{{|z + 7/:7 =0 on k(I)} = inf {sup;ers [|2(t) + ¥@)][: 7 =0 on
E(I)} = ¢, as each of the terms of the inf >e. If e =0, thenZ = 0
on k(I), so zel, so ||z + I|| =0. Hence w.l.o.g. ¢ >0. Let s, =
el + 1/n), forn =1, 2, ---. Thuse, > ¢, and the sets G, = {t € T(A):
l|Z(t)|| < €.} are open and contain k(I), so there are clopen sets E,
such that k()< E, S G, (by Lemma 1.12). The elements y, =
—Zpp;, = —F(1 — pg,) are in A, as A is an L-algebra on 8. But as
Y. =0 on k(I), so y,el. Now |[F + 9./l = sup {||F(¢) — ZO)p(t)]]:
te T(A)} = sup{||Z@)|: teE,} <¢, Also as ¢,—e¢, and [T + I|| £
1Z + .l < e,, so ||T + I|| < ¢, and hence [T + I|| = e.

Thus we see from this result that if ¢e T(A), then as ¥ = M,
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so |jz + ¢l = [[& + M| = sup {|&(s)||: s (M)} = ||Ft)||. Hence we
see that ||z + I|| = ||z + I|| = sup {||Z(s)||: s € k(I)}, and as k(I) = V(I),
we now see ||z + I|| = sup {||lx + s||: se V(I)}.

THEOREM 2.6. Let A be a C*-algebra, and I a closed ideal in
A. Then I and A/l are C*-algebras also.

Proof. Let y + I be an idempotent in A/I. Then by our lemma,
ly + I|| = sup{lly + t||: I & t}. But if te V(I), then t/I is a maximal
ideal in A/I, so y + I or 1 —y + Ict/I. Hence y or 1 —yet. So
lly +¢t|=0or 1, and so |ly + I|| = 1.

Suppose now that « + I€t/I, and 6 > 0. Then x¢ct, so there is
an idempotent p in ¢ such that |jx — xp|| <o6. Hence p + I is an
idempotent in ¢/I, and |[(x + I)(» + I) — (x + I)|| < ||px — 2|| < é.
Thus A/I is a C*-algebra.

Suppose first that I is a unital algebra. Then there is an
idempotent p € A such that I = pA. Then the map v: I — A/(1 — p)A
x— 2+ (1 —p)A is an isometric isomorphism, and so I is a C*-
algebra, as A/(1 — p)A is. The only part not obvious is that v is
isometric. So let x€l. Then |[[v(@)|] = |z + 1 — p)A|| = sup {||jx +
1 —pA+t/1 —pAll:te V(1 — p)A)} (as A/Q1 —p)A is a C*-
algebra) = sup{|lx + t||: 1 — pet} =sup{|jx + ¢||: t € T(4)} = ||| (as 4
is a C*-algebra).

Suppose finally that I is nonunital. Then if p is an idempotent
in I, clearly |/p||=<1. Also as A is a C*-algebra, I =-cl(U {pI:
p = p*€ I}). Suppose that ¢ is a maximal modular ideal in I, x¢€t,
and 6 > 0. Then there is a maximal ideal ¢ in A such that ¢t =
INt, and t’ does not contain I. So as xet’, there is an idempotent
pet such that |jx — px|] <d. If pel, then pet. So suppose p¢ 1.
Now there is an idempotent ¢ in I which is not in ¢'. If » = q(1 — p),
then » is an idempotent in I, and r¢¢, and ||rz|] <. Thus I is a
C*-algebra.

Suppose now that I is a nonunital Banach algebra. Define I, =
I@ F, as Banach spaces, with norm |z + al|| = max (||z]|, |«|), for
all xel and @we F. Also define a multiplication on I, by the rule
(x + al)(@’ + a'l) = 22’ + ax’ + &’z + a’Ll. Then I, is a unital Banach
algebra containing I as a maximal ideal.

THEOREM 2.7. Let I be a nonunital Bamach algebra. Then I
is a C*-algebra if and only if I, i1s a C*-algebra.

Proof. From Theorem 2.6 we know that if I, is a C*-algebra,
then I is one also, as I is a closed ideal in I..
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Suppose that I is a C*-algebra, and ¢ is a maximal ideal of I,
with xet. If ¢ = I, then we see from (¢) of Definition 2.2 that
t =cl(U{pt; p = p*ct}). It follows easily from this and the strong
triangle inequality that if 6 is any positive number, there is an
idempotent p in ¢ such that |jx — xp|| < 6. So suppose now ¢ = L.
Then ¢N I is a maximal modular ideal in I, so there is an idempotent
p of I such that |jx —pl| <& and pet, or there is an idempotent ¢
of I such that ||gx|| <6 and g ¢ t. Suppose the second condition holds.
Now there is an idempotent ¢’'€l, ¢'¢¢t, and so 1 — ¢ et. Let
r =1 —qq’. Then r is an idempotent and ||z — rz|| < 6. Moreover
as ¢, ¢’ are not in ¢, qq’ ¢t, and hence ret.

Finally suppose p is any idempotent in I,. Then p or 1 — pel,
since I is a maximal ideal in I,. So in any case ||p|| =< 1. Thus I,
is a C*-algebra.

Examples of C*.algebras. Before giving our list of examples,
let us just make a useful definition.

DEFINITION. If A is a (not necessarily unital) Banach algebra,
we call A a V-algebra if for all maximal modular ideals ¢ of A,
A/t is a valued field, i.e., for all x, yc A, |l + t|||ly + t|| = ||y + ¢|
If A is a C*-algebra and a V-algebra, we call A a C*V-algebra. It
turns out that, except for some unimportant exceptions, ‘all’ C*-
algebras are C*V-algebras.

ExAMPLE 1. Let K be a complete valued field extension of F,
and 7T any topological space. Then C,(T, K) is a C*V-algebra over
F. In particular, K and C,(T, F) are C*V-algebras over F. Also
if T is a compact space, then C(T, F') is a C*V-algebra. Recall that
a Gelfand algebra is an algebra such that for all maximal modular
ideals ¢ of the algebra A, say, A/t =F. C(T, F) is a Gelfand
algebra for T a compact space. But if 7T is just any topological
space, then C,(T, F') is not necessarily a Gelfand algebra, unless F'
is locally compact. (See e.g., [4], page 156.)

ExampLE 2. If T is a compact space, and A is a closed sub-
algebra of C(T, F') with 1€ A, then A is a C*V-algebra (and in fact,
also a Gelfand algebra).

ExampLE 3. If T is a locally compact space, and C.(T, F)
denotes the algebra of functions on T with values in F which are
continuous and which vanish at «, normed with the sup norm, then
C.(T, F) is a (possibly nonunital) C*V-algebra.
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ExXAMPLE 4. If (A,),.; is any family of C*V-algebras, then
®D..; A, is also a C*V-algebra. In particular if (X)), is any family
of complete valued field extensions of F, then @, K, is a C*V-
algebra.

ExampPLE 5. If A is any (not necessarily unital) C*V-algebra,
then the multipliers of A, M(A) = :{S: A— A: S is linear and for
all z, y € 4, ©S(y) = S(x)y} is a C*V-algebra also, if T(A4) is strongly
zero-dimensional.

ExaMPLE 6. Let G be locally compact abelian group which is
Hausdorff and totally disconnected. In [5] it is shown that if G is
p-free and torsional, then G has an F-valued Haar integral. With
this integral a non-archimedean group algebra L(G, F') of G can be
defined. It can be shown that L(G, F) is a C*V-algebra. Hence
also M(G, F) = M(L(G, F)), the multipliers of IL(G, F'), is a C*V-
algebra, and it is possible to regard this algebra as the measure
algebra of G (see |2]).

ExampLE 7. Finally, if (T, U) is a non-archimedean uniform
space, and BUC(T, U) = {f: T— F. f is uniformly continuous and
bounded}, then it can be shown that BUC(T, U) is a C*V-algebra.
The definition of a non-archimedean uniform space can be found in
[4], page 27.

The proofs of many of these examples are rather long, and
can be found in [2].
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