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PLURISUBHARMONIC DEFINING FUNCTIONS

JOHN ERIK FORNAESS

Let 2 be a bounded pseudoconvex open set in n-dimen-
sional complex Euclidean space C* with a smooth (Z~)-
boundary. It has been known for some time that it is not
always possible to choose a defining function p which is
plurisubharmonic in a neighborhood of 2. We study here
the question whether for every point p €df2, there exists an
open neighborhood on which p can be chosen to be plurisubhar-
monic. Our main conclusion is that this is not always the
case.

1. Notation and results. In what follows, 2 will always be a
bounded open set in C* with % *-boundary. This means that there
exists a real-valued %z “-function 0: C*— R such that 2 = {p < 0}
and dpo = 0 on 02. Let z = (2, 2y, -+, 2,), 2; = ; + 1Y;, denote complex
coordinates in C", and define

o _1(o _ ;0 5:l<5 ;0
oz; 2<ax,. 1ay,.)’ 0z, 2 axj“ay,)'

DEFINITION 1. The set 2 is pseudoconvex if for every peoQ,
we have

(1) 0 (piE; =0
65=1 02,02 ;

whenever

t=(t, -+, t)eC — (0) and i—ﬁ—"—(p)ti:o.
i=1 0%,

T

If we have strict inequality in (1) for all p €02, then 2 is said
to be strongly pseudoconvex.

DEFINITION 2. A real-valued Zz-function, u, defined on an open
set ¥V in C" is plurisubharmonic if

o o*u

tt; =0
P To0% (Dt:t; =

whenever pe V and t = (¢, ---, t,) € C" — (0).

If we have strict inequality for all pe V, then wu is strictly
plurisubharmonic.
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The following results are known:

THEOREM 3 [2]. If 2 is strongly pseudoconvex, them p© may be
chosen to be strictly plurisubharmonic in some meighborhood of Q2.

The next example shows that the theorem fails in general if
we drop the hypothesis of stromg pseudoconvexity.

ExAMPLE 4 [1]. There exists a bounded pseudoconvex domain 2
in C?, with & -boundary, such that no (&*) defining function p
exists with

n 62‘0 _
t.E; =0
2 G207, P

whenever
peo2 and t=(t, -+, t,)EC".

There exists an example, similar to the one above, which has a
real analytic boundary.
ExampLE 5. Let
0=202,={2,2)e(C—(0) xCo
= |2, + ™% — 1 + K(In z,2,)* < 0} .

Then, if, K > 1 is sufficiently large, 2 is a bounded pseudoconvex
domain in C? with smooth real analytic boundary, such that no &
defining function, p, exists such that

2 o0 _
0 (p)tF =0

whenever pe€of and (¢, t,) € C°.
The details will be given in the next section.

EXAMPLE 6. There exists a bounded pseudoconvex domain 2 in
C*, with & “-boundary, and a point p € 02 such that whenever p is
a z7? defining function for 2,

3 82‘0 _
tt; <0
Py A

for some (¢, ---, t,) and q €02 arbitrarily close to p.

This example shows that one does not have plurisubharmonic
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defining funections for pseudoconvex domains, even locally, in general.
2. Examples.
ExaMPLE 5. Clearly, 2 is bounded in (C — (0)) x C. If do/oz, =
0, then 2z, = —e ™", Hence, if do =0, then 0 = 2,00/02, = 4K(In 2,Z,)°.

This implies that |2,| =1 and z, = —1. At such points, d(z, 2,) =
—1, so do = 0 on 0Q.

To show that 2 is pseudoconvex, we compute the Leviform

_ 0%¢ |do|* ¢ 090 do _ d¢  do 9o
0%7,0%,! 0z, 02,02, 02, 0%, 0z, 02, 0z, 0%,
do_ |0oo |*
07,0z, |0z,
to obtain
o = 2ht KUnzZ)' + 12K(n2Z)" ||, .\ joeesp
2.7, ?
+ 4K(ln z1§1)3(i§26i1nz1?1 — g mn) 4 16K2(1n 2.2,)°
zl—z_l zl—z-l
on 04.

If |z, + %] = 1/2, we have
< =z 3K(In 2.2,)*/2,z, — 16K |1In 2.2, */2.Z, ,

since |z, <2 on 02. If K is sufficiently large, then |Inzz, | < 3/16
on 02 and hence <& = 0.

Consider next a boundary point where |z, + e"*%*| < 1/2. Then
K(ln z,z,)* = 3/4, since 0(z, z,) = 0. Hence

< = —16K|1n 2.z, |)/2,Z, + 16K*(In 2,Z,)°/2.Z,
= 16K |1In 27z, |*/2.z(—1 + K(In 2,2,)*/| In 2,2, |)

which is nonnegative if K is sufficiently large.
Assume next that o is a & defining function for 2 such that

2 2 ' _
> 22 (p)tE; = 0
45=1 02,02 ;

whenever p€d2 and (¢, t,) € C*. In particular, p = ho for some &'-
function > 0. We observe that 0°0/62,0%,(z,, 2,) = 0 whenever |z,| =1
and z, = 0. (All such points are in 02.) Therefore, 6°0/0%,02,(z,, 2,) = 0
at these points also. Hence



384 JOHN ERIK FORNAESS

oh oo oc :
h v 0)=0
<821 0z, + azlazz)(e )

and so

2 (hemmmiye, 0) = 0 .
0%,
Multiplying with e*°¢*1 we get that

2_(he ) (e, 0) = 0
0%,
which implies that h(e”, 0) = ce*” for some constant ¢ > 0. This is
of course impossible.
In the next example, we localize the above idea suitably.

EXAMPLE 6. Let us use coordinates (w, z,, 2,) in C* with w =
7+ and z; = x; + iy;, J = 1,2. We pick a &, convex function
X,(t): R — R such that X,(¢) = 0 when ¢ <1 and X,(¢) > 0 when ¢ > 0.
Define a,: C*— R by

o, =70+ 7+ K&+ Ky + 42 + (yi + 9 + X + 23) ,

and let 2, = {0, < 0}. Here K » 1 is a constant which will be chosen
later.

LEMMA 7. The set 2, is bounded and pseudoconver with = -
boundary for all K sufficiently large.

Proof. Computation shows that do, = 0 only at points (—1/2, z,, x,)
with 22 + 22 < 1. Since 0, = —1/4 at these points, it follows that
do, # 0 on 02,. Further computation shows that o, is plurisubhar-
monic in a neighborhood of 2, if K is sufficiently large.

In the following K, sufficiently large, is fixed.

The next step is to make an infinite number of perturbations
of the boundary of 2,. Let p;, =(0,1/2%,0), 7 =1,2, --- and let
B(p;, v) = {(w, 2,, 2); (W + |2, — 1/27|* + [2,[)* < r} be the ball
centered at p; of radius . Choose functions X% e &(B(p;, 1/277?))
with X =1 on B(p;, 1/2°**) and X'’ =2 0,5 =1,2, ---. Observe that
supp X Nsupp X’ = @@ whenever ¢ % j. We may arrange that
X9 < CX? and |0XY)oy,| < C;ly,| for suitable C, C, ---, and
k=1,2. Let ¢ = {¢;}7, denote a rapidly decreasing sequence, ¢, >
g > +++ >0 and define

g, =0, + Zale:ix(j)’('y% + yi)-a3 .
5=
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Clearly o, is a & ~-function, and if 2, = {0, < 0}, then do, # 0 on
02, and 2, is a bounded domain which is pseudoconvex at every
point in 02, — U, B(p;, 1/27*%).

LEMMA 8. The set 2, is wseudoconvex if € decreases sufficiently
fast.

Proof. Fixa j=1. It suffices to show that o, + ;X9 (y? + yd)?
is plurisubharmonic in B(pj;, 1/27**) for all small enough ¢; > 0. This
is checked by a direct computation.

We fix a sequence {¢;} decreasing sufficiently fast.

To complete the construction of the example, we will perturbe
o, inside each B(p;, 1/2/*%). More precisely, let x;, € & (B(p;, 1/27%%))
with

SR<_%X_9;,'; + xti))(O, 2, 0)dx, # 0

for each j, X;,= 0. We may assume that |0X;,/07|, |6X;/0C|, |0X ;,/0y, |,
|0X /0%, | < Ci(|7] + |&] + |#.| + [4:] +19.1), k=1, 2, C; some constant.

If 0 = {0;}5-ip 0jy > 0joer > +++ > 0 is any sufficiently rapidly
decreasing sequence,

=0, + jE;,Bme-(v + Cvy)
=Jo
is a &~-function and do # 0 on 02, 2 = {¢ < 0}. Moreover, 2 is a
bounded domain which is pseudoconvex on 02 — UB(p;, 1/27+%).

LeEMMA 9. The set 2 is pseudoconvex if 0 decreases sufficiently
fast, and j, is sufficiently large.

Proof. Fix a j > 1. It suffices to show that 2 is pseudoconvex
at those boundary points which are in B(p;, 1/27*°) for all é; sufficiently
small. In B(p;, 1/2%%), 0 =9 + 9* + K + Kyt + v + (y2 + v +
e;(y? + y2)-x% + 6,45+ (n + Ly,). Differentiating, we obtain:

g0 _ 1
ow

. . oX s
5 T~ 1KC — (vt + v2) + Bj-(%‘“-(v + Cyy)
+ lﬁ.x(.) —_ _’_"_.3X WY

2 J J 2 FRAd ¢ 1

gz"— = — 2K + ) — il — ieyad
1

ox; )
+ 5;,—6—;::2 ’ (7] + Cy) — %BJ'X(J')'C »
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aﬁz‘l = 2Ky, + ¥D) — WD — eyt + e + YD
2
+0, 2 9.0 1 ¢y,
0%,
oo 1 K 1 a 4
—_ il - % 2 5 (.7) !
PP 2+2+2(y + ¥ + (77+Cy)
1 oX 1 0K 1 6%
5 (.1) Bj ), 1 (.7)
" ow + 27 ow Ty 27 0w
oX
_ __5 9, L
oY
oo o*X
— 3 €2 _5 u)
_awaz1 C + a a._ (7] + Q?h) + -
1. 0X 7. 0X 1
__5 @ 5 (a) Y, —6‘Xj ,
* 2’ oz, 27 4z, gt
0%c oA 1 5% 1« 0X
— 3 RdbAd 2N A Iragy 3 i ,
swaz, Y T im0 QU + O — SR
o*o 1 X
= 8Ky} + K ? AR .
5257, y: + Ky + C + 5% %3 Py - () + Ly,
3 ax(]) L _@_a,axm .
2 "oz, 2’ 47, ’

oo . X 7« ax
_'=2K12"‘ Y%y 5 ('2 ) — —0 (_ﬂ’
5207, Yy — €Y, - - (M + Ly 2 oz, ¢

and
oo 2 2 2 ;
— = Kyi + 3Ky; + —C ’wz — 18X, + €Y%,
07,0%,

b
2 5 Z ) ) .
+—2~S(y + Y3 + 3ads, - (m + Lyy)

Observe that 7 = 0(C* + ¥} + ¥2) on 02 N B(p;, 1/27™*). Hence there
is a D; > 1 such that for all sufficiently small 6; > 0, d*c/owow = K/2,

o _ _ LKy g < D ;
awa_z_l C?h 4 0; axl 4 | = J a”(wy 1Y zz)” ’

2
T ty,| < Do, (w, iy, 2)|
0woz,
2
F9_ > BK — Lyt + (K — Lys + cz + Lo,
02,0%, 4
T oKy, + ieyis| < Dd;l(w, iy 2) I
072,0%,

and
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o*c 1 g;
> Kyt + 3Kyt + Lot 4 Sigg
Geg7, = KVt 8Ky + L0+ Tl

We compute the Leviform,
Fy = Ouitot, + 2Re 0,5 tt; + 2 Re 0,5t0t,
+ o, 5tt + 2Re o, 1T, + 0,501,

2123 77y
for vectors (¢, t,, t,) such that
= (“l/ow)'(0z1t1 + ozztz) .

Using the above estimates, we obtain

3
1

7= ((3K — o)t + (K — 2t + —C2 —s ),

((K — 2)?/1 + (3K — 2)?]2 + Cz Em)tzﬂ

+ 2 Re 2Ky, y, — zs,'ylxz)t t,
oxX 1 r 1 —1
2 Re (—9,—=4L —3 X .
+ <4 . | ‘” " (1 ) 2
L ? u)

X Bjx(i)ct1 Ii—l

which clearly is nonnegative.

Assume that there exists a &*-function p: C*— R, such that
= {0 < 0} and dp # 0 on 42, with a nonnegative complex Hessian
on some neighborhood U of 0 in 9%.
Let v, 1 =1, 2, 8, 4, be straight lines in the (w,, x,)-plane,

v, goes from <% - —2-;.172—, 0) to <% + %’ 0) ’

1, 1 1,1 1
7)) © (i)
1

We fix j so large that each v,CcU. The function p = gh for some
«-function h > 0.

v, goes from (

1 1
7, goes from <—2-J + S F>

v, goes from (i _ 1 1 )

27 9i+2 ’ i+2
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We will show that S d(Inh) = 0 for all small enough d; > 0, while
£}

S dnh)=0,i=23,4.
7

First consider the curves v, and v,. There p = ( + %* + K +
K2 + 92 + (y2 + y)h from which it follows that 0°0/02,0Z, = 0 on
v, U 7. Hence 0*0/0woz, =0 on 7v,U v, as well. This reduces to the

equation 9h/o%, = 0 from which it follows that | d(inh) =0, =2,4.
Similarly Srsd(ln h) = 0.

Finally, consider the curvev,. Hereo =%+ %*+ K+ K(y: + y3)* +
Wi + yC + &X' (yi + yi)-w: + 0K () + Lyy).  Clearly 6°0/0z,0z, = 0
on 7, and hence 9°0/0woz, =0 there also. This reduces to the equation

0°0/0woZ,-h + do/ow-0h/0Z, =0 on 7,.

Hence
L (in ) = (=0,)@Wipfom, + Xig)/(L+ L5 -
Since we choose X ;, such that

gn(%% + X(f))(O, x,, 0)dx, #= 0,

it follows that \ d(In k) = 0 for all small enough 4; > 0.
71 . .
So S d(In k) = 0, which contradicts the assumption that h

TyteeedTy
was well defined.
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