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ON ENTIRE FUNCTIONS OF INFINITE ORDER
WITH RADIALLY DISTRIBUTED ZEROS

JOSEPH MILES

Suppose f is an entire function of infinite order with
zeros restricted to a finite number of rays through the
origin. It is shown for p > 1 that N(r,0) = o(m}(r, f)) where
m3(r,f) is the L? norm of log® | f(re?)| and in addition that
N(r,0) = o(T(r, f)) as r tends to infinity omitting values in
an exceptional set E of zero logarithmic density. The set
E is shown by example in general to be nonempty, even for
functions with zeros on a single ray and arbitrarily slow
infinite rate of growth. These results settle certain ques-
tions arising from previous work of Edrei, Fuchs, and
Hellerstein and of Hellerstein and Shea.

Introduction. In this paper we prove two theorems involving
the rate of growth of an entire funection f, the angular distribution
of its zeros, and the Nevanlinna deficiency d(0, f) of zero, defined to
be

(0, f) = 1 — lim sup N(», 0)/T(r, f) ,

where N(r, 0) is the usual integrated counting function of the zeros
of f and T(r, f) is the Nevanlinna characteristic. Conditions on the
rate of growth of f and on the arguments of its zeros sufficient to
imply d(0, f) > 0 have been known for some time [1, Theorem 2].
Of particular interest here is the following result of Edrei, Fuchs,
and Hellerstein [3, Theorem 2].

THEOREM A. Suppose f is an entire function with zeros
restricted to the K distincet rays argz = a;, 1 < j < K. There exists
K" = K'(a,, -+, ag) and an absolute constant A<c(0,1) such that if
f has finite order N > K’ then d(0, f) > B, for some B; > A.

Later Hellerstein and Shea [7] showed that in Theorem A the
quantity B; can be chosen so that B;— 1 as M — o, and in addition
obtained a sharp asymptotic bound for B; in the case that the zeros
of f are real. (For other related results, see [4], [5, Chapter 6],
8], and [11].)

In view of Theorem A and the above result of Hellerstein and
Shea, it is natural to ask [6, Problem 1.12] if d(0, f) > 0 or even
d(0, f) =1 for entire f of infinite order with zeros on only a finite
number of rays through the origin. We answer this question in the
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negative and explore certain related questions by proving the follow-
ing two theorems. (We recall that a nondecreasing function
@ (— oo, ) — [0, o) is strongly convex if it is convex and @(x)/x — oo
as & — o0.)

THEOREM 1. Suppose f is entire of infinite order with zeros
restricted to a finite number of rays through the origin. Then

) im [ (B0

7 00

for every strongly convex fumction @ and in particular for p >1

N, 0) _
2) Pl
where
(s _ (1 (" + o0 \?
mi(r, f) = <§ S (log™ | f (re™))) dﬁ) .

Furthermore there exists a set E C[1, ) having logarithmic density
zero such that

NG, 0) _
(3) T

reE
In general under the above hypotheses N(r, 0)/T(r, f) does not
tend to zero as » tends to infinity without restriction, even for
functions with zeros on a single ray and arbitrarily slow infinite
rate of growth, as is shown by

THEOREM 2. Suppose k: (0, o) — (0, ) 1s such that £(r) — « as
r— co, Associated with k there exists an entire f having infinite
lower order and positive zeros which satisfies d(0, f) = 0 and

(4) log T(r, f) < k(r)
log »

for sufficiently large r.

Our approach to both Theorem 1 and Theorem 2 is to study f
via the Fourier series of log |f(re’). We prove (8) by in fact
showing that as 7 tends to infinity through values not in E, the
ratio of N(r,0) to the maximum term of the Fourier series of
log |f(re®)| tends to zero. In our proof of Theorem 2 we achieve
d(0, f) = 0 by constructing f so that, for an appropriate sequence
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7, tending to oo, the Fourier series of log |f(7.¢)| is approximated,
in a suitable sense, by the Fourier series of the product of N(r,, 0)
and a certain Poisson kernel. Because of the intricate nature of
this construction, we provide an overview of the proof of Theorem
2 at the beginning of §3.

We assume familiarity with the notation of Nevanlinna theory.
Throughout the remainder of the paper we abbreviate n(r, 0) by
n(r) and N(r, 0) by N(r). It is not intended that the constant m,
have the same value with each occurrence.

1. Preliminaries. We recall for entire f the formulas, ap-
parently first noticed by F. Nevanlinna [10], for the Fourier coef-
ficients c,.(r, f) of log |f(re'?)]. If f(0) =1 and log f(2) = >, a,2™ near
0, then for m =1,2,38, ---

(LD utr, £) = o= | log | Frey] e mas

=5t G -()),

where {z,} denotes the sequence of zeros of f repeated according to
multiplicity. Clearly

cm(r,f)=c_m(7',f), m = _19 _2, '"3; M

and ¢,(r, f) = N(r). A proof of these identities can be found in many
places, including [9].

The following lemma is used in the proof of Theorem 1. Its
essential idea is due to Weyl [13] and it appears in a form similar
to that given below in [3, pp. 149-151]. We include its proof for
completeness.

LeMMA 1.1. Suppose «, c,, -++, &z are distinet elements of
[0, 27). For real x, let x* demote the wunique number in [—x, w)
congruent to x modulo 2x. There exists an increasing sequence
I = {n,} of positive integers such that I has positive density and

(1.2) (n@)* € (——%, %)

forl<j=<Kand ¢q=1,2,8, +--.
Proof. Without loss of generality we assume no a; is zero.

Let w; = /27 forl < 7 < K. Let M(<K) be the maximum number
of the w; which are linearly independent over the integers. Re-
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numbering if necessary, we assume ®,, @, -+, ®, are linearly in-
dependent over the integers.

If M=K, we let B=1. If M < K, we define B as follows.
For M < p < K, there exists an integer ¢ > 0 and integers m,; such
that

M
(1.3) ow, = J; Mpi@; «
Set
M
sz ._1Impa’1y M<p=sK,
and

B = sup (0, Byyyy Biyysy =+ ¢, Bg) -

By a theorem of Weyl [13, Satz 16], since o, w,, -+-, ®, are
linearly independent over the integers, there exists a sequence I’
of positive integers wu, having positive density such that for
q= 1) 2, 3, -+

1 .
1.4 w; — Lyil<—, 127 M,
(1.4) U, Wil < 128 =SJ=M

for some integers L,;. Thus in the case that M = K, the proof is
finished by (1.4) upon setting I = I’ and n, = u,.
Suppose M < K. We note for all ¢g=1,2,8, ---

1 .
1. i—oLl<-Z <=, 1<j=<M.
(1.5) [O'qu g qa!< 128 — 12 SJ=M
If p > M, then for all ¢ by (1.3) and (1.4)

M M
oUW, = ;;gf MpiUg@; = agl Mpi(Lg; + 5«11‘)

for some 4,; with [0,;] < (12B)™ for 1<j<M and ¢=1,2,8, ---.
For M < p £ K and all q, we set

Cpq = gmpiLqi
and notice that

M
loqup - Cpql = 32‘=1 lmpjl Iaw'l

B, -1
12B T 12°

(1.6)
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From (1.5) and (1.6), we see that I = {n,} with », = ou, satisfies all
requirements of the lemma.
Our proof of Theorem 1 also requires

LEmMMmA 1.2, If {n,} is an increasing sequence of positive integers
which has positive density, then there exists a subsequence m, = m,
such that

1.7 (1) mypfm,—1
and

(i) S—2t <o,
k=1 My — My,

Proof. The fact that {n,} has positive density implies n,,,/n, — 1.
We let

Y, = max {n,,/n,: p = ¢}

and note that v,—1. For each ¢ and each a > 1 it follows that
there exists an integer p = ¢ such that

(1.8) a < ny/n, < av, .

We let m, = m, be arbitrary and see from (1.8) that there exists a
subsequence 7,, = m, such that for £ =1,2,3, -.-

(1.9) (1+ —2-) S Mo (x+ —2—)7% :

establishing (1.7i). Certainly (1.9) guarantees
log m, > 3logk — 0(1) ,

which in conjunction with (1.9) yields
e < =g =ofd).
k+1 k mk+1<1 — <1 + 7) )

establishing (1.7ii).

2. Proof of Theorem 1. We begin with

LEMMA 2.1. Suppose f is entire of infinite order with zeros on
the distinct rays argz = a;€[0,2n), 1 < j < K. Ifr,— c such that

N N(r,)
2.1 lim inf —-2_ >0,
( ) noo T(’)",,‘, f)
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then there exists 7, 7y +++, Nx in [0,1] with 35, 9; =1 and there
exists a subsequence of r, (still demoted by r,) such that

m(/r'm f) wrmj
(2.2) 1”152 N T ; nje

for all integers m.
Proof. Without loss of generality we suppose f(0) =1. Let

N;(t) be the integrated counting function of the zeros of f on the
ray argz = «;. By passing to a subsequence if necessary, we may

assume
(2.3) Nj(r,)/N(r,) — 71;€[0, 1]

with >, 7, = L.
We write

ﬂ@=¢mﬁﬂ@

z
»)

vy

with

£i@ = TLE(
where z,; is the sequence of zeros of f on argz = a; repeated ac-
cording to multiplicity and arranged in order of increasing modulus.
If hz) =>,a,2™, then for m =1,2,3, ---

cu(r, ) = ’”r + Zcm(? i)y
where by (1.1)
-1 "\ (2" - L (T)"‘
On(rs f3) 2m;z,,,z|“§r<< z”-> ( r > ) 2m v%n 2, :

Two integrations by parts yield

(2.4) eu(ry f) = 20" + Z e "% (g jm(1) + N;(7) + djnr™)
where

1 s _1
2m v<m ’Z,,j)m

giatr) = 2 (2 = (L)) 204

d.?'m= -

and
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We set
K
gm(/r) = .le g.im(?.) .

Certainly the lower order of f 1is infinite. This fact (first
established in [2]) can be deduced as follows. If N(r) has finite
order, then f, an entire function of infinite order, can be represented
as the product of an entire function of finite order and a zero-free
entire function, trivially implying the lower order of f is infinite.
Suppose on the other hand that N(r) has infinite order and let I be
the sequence of integers of Lemma 1.1. By (2.4) for each fixed
mel we have as » — <

(2.5) Re Cm(;;; RS ‘/f(r—mgm(r) + 27" N(r)) + O(1)
mV 3 (" N(t)
z 23 (" MMat 1 0q) .

By Nevanlinna’s First Fundamental Theorem,
(2.6) lea(r, )l = 2T(r, f)

for all m. Since N(r) has infinite order, we conclude from (2.5) and
(2.6) that f has infinite lower order.
From (2.1) we thus conclude

2.7 lim-T"_ =0, m=1,23, ---.
@7 noeo N(7,)

We next establish
(2'8) gm(/rn) = O(N(’I',,,)) y M= 1? 2) 3: ttt .

If (2.8) were false, there would exist a positive integer m,, ¢ > 0,
and a subsequence of », (still denoted by 7,) such that

Gmo(Ta) > €N(7,)

for all n. Since g¢,(r)/m is an increasing function of m for each
fixed » > 0, for m > m, and m eI we have

gm(q'n) > ﬂgm(,(/”n) > '_@N(Tn) y M= 1; 2’ 39 °cc
mo mo

and hence by (2.5) and (2.7)
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= =1/3

Re ¢, (7, (Gu(rs) + N(r,) + O(ry)

(2.9)

_‘/2_3(7”8 )N(7 ) + 0™

sz(%f +14 o(1)>N(m .

v

Since m € I may be chosen arbitrarily large, (2.6) and (2.9) contradict
(2.1), establishing (2.8).

For an arbitrary positive integer m, we now set r = r, in (2.4),
divide by N(r.), and appeal to (2.3), (2.7), and (2.8) to deduce (2.2).
For negative indices, (2.2) is established by conjugation. Its truth
for m = 0 is obvious. This proves Lemma 2.1.

We now prove (1). If (1) were false, there would exist a strongly
convex ¢ and a sequence 7, — o such that

(2.10) sup S:‘ga(l_"g_N_“(c(f)_efm)da < oo

Thus (2.1) would hold for »,, and by Lemma 2.1 we may consider a
subsequence (still denoted by »,) for which (2.2) holds. We seek a
contradiction.

Nevanlinna’s First Fundamental Theorem and (2.1) imply that
the sequence of measures on the unit circle T defined by

log [ f(1.e")|
2.11 dp, = —= = Jlgh
@.11) £ 27 N(r,)
is bounded in total variation norm, say by L. We show that the
measures (2.11) converge weakly to the measere on T with point
mass at ¢’ having weight 7;. Suppose g is a continuous function
on T and let P be a trigonometric polynomial. We have

:i_‘MMﬂveHio _ ia;
= 5 | L g a0 — 3.0
_ 1 (7 log [f(r.e€D| i _ Do
- 5?{8 ST g(e) — Ple)as
N -2_1_ng logll\;z(?;)e )|P(e”’)d0 Z_‘lng(ewj)

=Ty + Yo — gﬁ 7;9(e*) ,
where
lz.| = Lllg — P|l..
and, by (2.2),
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lim y, = 3,7,P(e") .
J=1

n -0

Since M5, 7n; = 1, these last two observations imply
lw,| = (L + 1)f|lg — Pll. +0(1), (n—>c0).

Since the trigonometric polynomials are dense in the continuous
functions on T, the asserted weak convergence is established.

Without loss of generality we suppose 7, > 0. Let 6 > 0 be such
that the arc J = {¢": |§ — a,| < 0} contains no point ¢ for 2 < j < K.
Let g: T— [0, 1] be a continuous function vanishing on T — J with
ge) =1. In view of the weak convergence of the measures dz,,
for n > n,(g)

o1 (7 log [F(rae)] ) pingg
2 "o S_- Ny 0
<1 S“l” log* | f(rae”) 39
27 Jay—s N(/l',n)

Thus {log™ |f(r.¢?")|/N(r,)} is not a uniformly integrable family and
it follows by standard arguments [12, pp. 37-38] that (2.10) cannot
hold, giving the desired contradiction.

For p > 1 the choice in (1) of ¢(t) =¢* if t = 0 and @) =0 if
t < 0 establishes (2).

We now turn to the proof of (3) and again assume with no loss
in generality that f(0) = 1. In view of Lemmas 1.1 and 1.2, we
may now let I = {m,} be an increasing sequence of positive integers
satisfying (1.7i and ii) and, in addition,

(2.12) (mus)* € (—ZE, .’i)
6 6
forl<j<Kand k=123, ---.

Since f has infinite lower order (note the discussion leading to
(2.5) does not use hypothesis (2.1)), we may assume N(r) has infinite
order. For m=1,2,3, --- we define a nondecreasing unbounded
sequence s,, by

s, = inf {t = e: log n(t)/log t = m/2} .
Thus
(2.13) n(@) <t™, e=t<s,.

Again letting z,; be the zeros of f on argz = «; repeated according
to multiplicity, we represent f as
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£&) = 67 11 G4(@)
where H(z) = 3>, B,2™ is entire and

(2.14) Gi(e) =TI E( 2

vi

)

where ¢, = m if s, < |25 < Swuy, and ¢, =0 if |2,;] <s,. We show
the product (2.14) converges to an entire function by establishing

(2.15) z( r )"”“ < oo

Izw'|

for every » > 0. Letting %;(t) be the number of zeros of G; in
|z| < t, we have from (2.13) for m =1,2,38, ---

@1 s (—Iz“—f)“ = S:+ (%)m“d%j(w

< ’I'm+1ﬁ1(3m+1) + (m + 1) S ml (_:I__)mH’nj(t)dt
= ml o t

m-4-1

,r m-+1 7 m—+1 r m+1
< 1/2 > + 2 1/2 =3 12 °
Smi1 S S

Thus if s,, > 4%, then
» \%! < 3
“EJ%%LO ( ]zy,-| ) = om0’
establishing (2.15).

Certainly for positive m

(2'17) m(q f) m T + Zcm(7 j) ’

A

where by (1.1)

o <75;7>’"} -

Since ¢, < m is equivalent to |z,;] < s,, integration by parts yields

enl, ,)~e—mag{ m< 75(Sm) Nj(sm))

2mso 2sn

i S (4 Moacs 2 (22004,

(2.18)

(2.19)

Since N() < n(r)log » + 0(1), for large m we have N(s,) < si™* by
(2.13). Combining (2.13), (2.17), and (2.19) we obtain
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K ” -
(2200 car, ) = 7™ + BurIN() + 2 Se “"“"S ( 9 N;(t) it

for a sequence of constants v, with |7,/ — 0 and a function B,.(»)
with |B,(r)| <1 for all » >0 and all m =1,2,8, ---

For v, = 0 we set v,, = |T.le*m, 0 < 0,, < 27, and let V be the
set of meI with v, =0 or

(2.21)

pm———qzzi<77:— for q=1o0or ¢q=3.

For meV it follows from (2.12), (2.20), (2.21), and elementary
trigonometry that for » > 0

lcm('ry f) - Bm(T)N(’r)[

g e (5750

am (Dl (5N
1/ (sm1£>

For meV, we set b, =
For melI — V we set
0 N(i@) =0
Pu(t) = { 1

W ,2, e tmetem) No(t)  N(t) > 0

and note that for N(¢) > 0 the continuous function ¢, satisfies
(2.23) siniﬂfz— < |Regp,t) £1.

Thus from (2.20) for » >0

Re (e7*m(ca(r, ) — Ba(?)N(r)))

= ralrm + 2 Sm (%‘)”(Re gvm(t))N——-it-)-dt .

(2.24)

Since N(¢) has infinite order and |v,|”™—0, it follows from (2.23)
that for melI — V there exists a sequence b, — - such that
N(G,,) >0 and

(2.25) 1 = 2 S (Re o, O gt

m+1
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for m > m,. Thus by (2.23), (2.24), and (2.25) for m > m, and » > 0
lew(ry ) — Bu(M)N(7)|

sin =
12
m (7 (r\" N@)
(2.26) = — Sbm(t> (Re @, (1)—=dt
2sin —
> m

= [, ()0

m

Without loss of generality we may suppose m, is so large that m, <
m, € I implies m,,,/m, < 2.

Let I, = I N (m,, ). From (2.6), (2.22), and (2.26) we see that
to prove (8), it is sufficient to demonstrate the existence of a set
E |1, ) with logarithmic density zero such that

N(r)

o] (O]

(2.27) lim
sup

melg

as » tends to infinity through values not in F.
For

y = x, = min {b,,: me L},
let
y(r) = max {m: mel, and b, < 7}.

We denote by S the range of the nondecreasing integer-valued func-
tion v. For m = m, €S, we let m' = m,,,. From the definition of
y we have

(2.28) I =V H{m} C[b,, by) -
Furthermore
(2.29) [#gy @) = U I,

mesS

where the right side is a union of disjoint intervals. For meS we
define 0 < ¢, <1 by

(2.30) 1+e¢, =m'im

and note by (1.7i) that ¢, — 0 as m tends to infinity through values
in S.

Letting m, denote logarithmic measure and letting S, be the set
of m e S such that
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ml(Jm) < 1 ?
me,
we see from (1.7ii) and (2.30) that if
El = U Jm ’
mes;
then
2.31) ME)E S, —t < o

mes, M’ — m
For meS — S, we consider an arbitrary interval J, c J, with

1
ME,,

(2.32) my(J,) =

Since d(log N(t))/d(log t) = n(t)/N(t) assumes a given value (m) at
only a finite number of points in any bounded interval on which
n(t) > 0, we see that there exists a real y, = 9,(J,) such that

A, ={ted,: log Nt) > mlogt + y,}
satisfies

1
meE

(2.33) mi(A,) =
We note that reJ, — A, and te A, imply
(2.34) N(t) > N(»r)@E/r)™ .
Given red, — A4,, let
Ax(ry = Ak =A4.Nn(0, )

and

AN(r) = A% = A, N (7, ).
Thus either

1
2meL?

m,(A%) =

or

1
AN = .
m{AsT) 2 2me’?

In the former case by (2.28) and (2.34)
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(2.35) m Sbm (-;L)m_f_)dt >m L:n (%)m—l%(—t)dt

> mN@m(Az) = M)
2¢lr2

In the latter case by (2.28), (2.30), and (2.34)

w2 Mz e [ (1)

L t 7 t

(2.36) > ' N()m,(A%*) min (i)*'“’”
teds \ P

- m'N() _ A+ e)N(r)

= 2emel? 2eell?
since for te AX*

log -t_>—m£'” = —me,(logt — log 7)

,
> —me,m(J,) = —1.

From (2.82), (2.83), (2.35), and (2.36) we see there exists a set
EB,clh,= U J.

meS—§;
for which
my(Ey N [, 7)) = o(m(E; N [, 7)) = o(log )

and such that (2.27) holds as » tends to infinity through values in
E, — E,. Combined with (2.29) and (2.31), this establishes (2.27) with
E = E, U E, and thus proves (3).

3. Proof of Theorem 2. Due to the complicated nature of our
construction, we begin with a brief outline of the proof of Theorem
2. We first construct an entire g with zero counting function N(7)
having the property that log N(r) is approximately a piecewise-linear
convex function of log» (see (8.10)) such that, for a sequence 7,
tending to infinity, d(log N(t))/d(logt) evaluated at t=7, is much larger
(approximately M7 than is log N(r,)/log r, (approximately M,). (See
(8.18) and the remarks immediately preceding it.) This key property
enables us to construct polynomials %, so that an initial segment of
the Fourier series of e*»g differs in L* norm from the corresponding
portion of the Fourier series of

(Re _i_jg_:%::)N(m >0
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by o(N(r,). (See (3.26) and (3.28).) Because the sequence 7, is
sufficiently well spaced, from the polynomials %, we are able to
construct an entire h (see (3.38)) so that the Fourier series of
log |f] = log |e*g| behaves on |z| = », much like that of log |e*~g],
leading to (8.53) and implying d(0, f) = 0.

It would seem a fair observation that the essential difference
between the infinite order and finite order situations is that in the
former case infinitely many coefficients of h(z) = >, a,2™ are at our
disposal, subject only to the condition |a,|”™ — 0, and that they may
in fact be so chosen as to achieve N(r,)/T(r., f)—1 on a widely spaced
sequence; on the other hand, for f of finite order, only finitely many
nonzero a, are at our disposal and the approach employed below is
clearly unavailable. Finally, we remark that much of the intricacy
of the construction is a result of the requirement that f grow slowly
in the sense of (4).

We now turn to the details of the proof and begin with

LEMMA 3.1. Suppose 7v: (0, ) — (0, ) is a nondecreasing func-
tion with v(x)/x — < as x — . For x > 4, let v.(x) = v((x — 4)/4).
There exist sequences of positive integers M, and xz, tending to
infinity, a positive sequence B, tending upward to 1, and a
piecewise-linear convex function @:[x, ) —[1, ) such that

(3°1) (i) Mn+1g%M:r n=1y2,3r"’;
Bi”n%—l 1

ii —_— -, n:1,2,3,...;

(i1) R < -

(i) Fetr = 167,, j. = integer, n =1,2,8, ---;
T,

(iv) 1—-pr.<e™*™, M,, =m=2M,,,, n=12,38, -
(v) o) =7,(2), 2= 2;
(vi) @ is convex on [%,, Z,.), linear on [z,, 82,], and linear
on each segment [8z, + 4k, 8z, + 4(k + 1)] contained in
(@, Toiil, T = integer, n =1,2,8, «-;
(vil) @'(x) £ (@' — 1)), © = x, + 4, where @' denotes the right
derivative of @; '
(viii) M, =@'(x,) = @'(®) = Mo}y, 2 =0 < Tpyyy, n=1,2,8, -5
(ix) 25_09_0,,_) =M n=1238, -
() o,) + ML — x,) + Mal(@ — 2,0,) < 7,(%) for © =,
n=1238, ---;
and
(xi) 4M, . x <7 @), =%, n=1,2,8, +--.

Proof of Lemma 3.1. We let M, = 2 and let M, be an arbitrary
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integer greater than M;. Let 0 < 8, <1 be such that (8.1 ii) holds
with » = 1. Let x, be an integer greater than 4 so large that (3.1 xi)
holds with #n =1. Such an =z, exists since 7v,(x)/x — . Define
@(x,) = 1. We note (8.11), (8.11i), (8.1ix), and (8.1 xi) are satisfied
for n =1 and (3.1 v) holds with z = z,.

We now suppose for some positive integer p that we have a
sequence of positive integers M,, M,, ---, M,,,, a second sequence of
positive integers z, @,, -+, x,, an increasing sequence B, B ***, 8,
of positive numbers less than 1, and a function ¢: [z, ©,] — [1, o).
In addition we suppose (3.1 i), (3.1 ii), (8.1 ix), and (8.1 xi) hold for
n < p, (8.1 iii), (8.1 iv), (8.1 vi), (8.1 viii), (8.1 x) hold for positive
n < p — 1, that (3.1 v) holds for x, < x < x,, and that (3.1 vii) holds
for x, + 4 < x < x,. These hypotheses are satisfied in the case p = 1,
vacuously in the case of (8.1 iii), (8.11iv), (8.1 vi), (8.1 viii), (8.1 x),
and (3.1 vii).

We define numbers 8,.,, M,,,, and x,,, and extend the definition
of ¢ to (x,, ,,,] in the following manner. We choose B,.,€(8,, 1)
such that (3.1 iv) holds with » = p. We then let M,,, be an integer
such that (3.1 i) and (3.1 ii) hold with » = p + 1. We next choose

(3.2) @0y > 80, + 8<% log M,,, — 2log M,,)

such that (3.1 iii) and (3.1 x) hold with » = p and (8.1 xi) holds with
n=p+ 1.

We now define ¢ on (x,, z,,,]. Recalling that ¢’ denotes the
right derivative, we specify

3.3) ?'(x,) = M;
and
(3.4) @' (8x, + 4k) = 2*M 2, =0,1,2 .-+, k,,

where %, is the largest integer & such that
(3.5) 2FH MR < M .
We note from (3.2) and (3.5) that

8, + 4(k, + 1) < 8, + s(% log M,,, — 2 log M,,) < @y -

We define @ on (x,, z,,,] to be the unique function satisfying (3.1 vi)
with n = p, (8.3), (3.4), and

(3.6) P'(x) = M;2, 8x,+4k, +1) =0 <Xy, .
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Thus (3.1 viii) holds with #» = p and (8.1 ix) holds with % = p + 1.

In the case p = 1, we observe that (3.1 v) holds for z, <z < z,,,
by virtue of (3.1 xi) with #» =1 and (3.1 viii) with » =1, since
2, < ¢ £ x, implies

@(x) é 1 + Mé/z(x - wx) é 4M2x § 71(‘”) .
If p=2, (8.1 viii) with » = p — 1 implies
9’(9’;1’) = @(x:v—l) + M;/Z(xp - xp-—l) ’

which in conjunction with (8.1 x) with n =» —1 and (3.1 viii) with
n = p implies (3.1 v) holds for z, <z < z,,,.

Finally we observe that (8.1 vii) holds for =, +4 =2 < ®,.,.
If p =1, this is a result of (38.4) and (3.6) with p = 1. For » = 2,
inequality (8.1 vii) holds for z, <z < z,,, by (38.4) and (8.6), with
equality holding for z, < x < x, + 4.

This finishes the inductive step of the proof. We have (3.1 i),
(8.1 ii), (8.1 ix), and (8.1 xi) holding with # = p» + 1 and (8.1 iii),
8.1 iv), (3.1 vi), (8.1 viii), and (8.1 x) holding with n =p. In
addition (3.1 v) holds for z, <2 <,, and (3.1 vii) holds for
2, +4 <2 <w®,,. Finally we notice that the convexity of @ follows
from (3.1 vi) and (8.1 viii), and that 8, — 1 by (3.1 iv). This com-
pletes the proof of Lemma 3.1. In what follows we shall make no
use of (8.1 x). It is included only as an aid in the inductive step
of the proof of the lemma.

We now use the lemma to prove the theorem. It is elementary
that corresponding to £ of Theorem 2, there exists a nondecreasing
v: (0, o0) — (0, ) and 2" > 0 such that

3.7 lgﬂ <Kk, x>,

and v(x)/x — o as x — . We apply Lemma 3.1 to this v and define

0 0t<en

t) =
"o {[e*““g”?”(log ] er<t.

We note that n(t) is nondecreasing and continuous from the right
on [0, o). We shall construct an entire f with positive zeros and

n(t, 1) = nt). . .
We define N(r) = S (n(t)/t)dt and note for log r > x, that

(3.8) N(r) = (1 — 6(r)) exp (P(log 7))

for some 0 < 6(r) < 1 with 8() - 0 as r — . It follows immediate-
ly from (3.8) and the definition of n(f) that
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d(log N(t)) _ n() _ ’
(3.9) dlogt) ~ N@) (1 + o(1))#'(log ?)
and
(3.10) ®(log t) = log N(t) + o(1) .

From (8.1 vii) and the convexity of @ we thus obtain

n(@)/N(#) = L + o(1)@'(log t) = (1 + o(L))(P'(—1 + log t))*
= 1 + o) (p(log £))* = (1 + o(1))(log N())* .

Let a(x) = @(x)/x. The convexity of @ together with @'(»,) >
a(x,) implies a is continuous and strictly increasing on [z, ). By
(8.1 viii) certainly a is unbounded on [z, «). Thus, for m =
1,2,8,---, we may define a strictly increasing, unbounded sequence
s, by specifying s, to be the unique solution of

(3.11)

(3.12) a(logt) = m/2 .
From (3.8) and (8.12) it follows that
(3.13) Nty <t, 0<t=<s,.
In view of (3.11) and (3.13)
n(s,) = (1 + o(1))N(sn)(log N(s,))* = o(si) ,
implying the existence of 4 > 0 such that for m =1,2,8, -.-

(3.14) Mey) + Nisa) A

Sm sm/

Welet 0<2 <2, <% < --- be the nondecreasing sequence of
positive numbers with counting function «n(f). For z, <s,, we let
qg,=0. For m>=2, welet g =m —11if s, , <2, <s,. We define

92) = 11 E(—:— qy) :

v

In view of (3.11), (3.13), and the choice of ¢,, an argument (with
n(t) replacing #;(t)) virtually identical to that leading to (2.15) shows
g to be entire.

We now define a sequence #, tending to infinity. For n > 1 we
select

(8.15) ., € (%, 22,)
satisfying
(8.16) a(x,) = M, .
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Since

P2, — P@y) _ 1y Ma
a2, > 5a 57 (,) 3

by (8.1 vi) and (8.1 viii), we see from (8.1 ix) and the continuity of
a that such an x;, exists.
We let

(8.17) P, = exXp I, .

For notational convenience we let p, = #'(x,) and note by (3.1 vi)
and (3.1 viii) that o, = M?. From (3.8), (3.16), and (3.17) we have

(3.18) N(r,) = 1 — o))ri» .

For each n =1,2,8, ---, we now define a finite sequence a,,,
1<m<£M,,, as follows. For 1 = m =< 2M,, let

(3.19) Gy = 282 4 N8) o 2N Taigr — 1y
msS.y, Sm ry

For 2M, < m £ M,,,, define

n(s,,) n N(s,,) I 2N(7‘n)(B;n —1)

(3.20) T me
+m X"‘ NO Gt o+ m S'” (-t—)m-ly—(-@dt )
*a tm+1 0 ,r,?z t

We note that s,, > », if and only if m > 2M,. This is a consequence
of the monotonicity of a and the fact that a(logs,) = m/2 and
a(log r,) = M,.

We now estimate the size of a,, for =2 2. For 1 <m < M,
by (8.1 iv) and (3.14)

(] < 2+ %(1 — @)

St
(8.21)
< __A'__ 2N(’r'n)e—4mxn_1 .
sm/t re
For M, < m £ 2M,, from (3.1 iv), (8.14), and (8.18)
(3.22) el <+ 200 — BD) < 4 2o

For 2M, < m £ M,,,, (3.18) implies

(8.23) —N—f;;’})(l — BN = rirm
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Elementary integration and (3.13) imply

(3.24) m ST” N(t)dt + SO <o' )mNt(t>dt <2 5 e

From (3.14), (3.23), and (3.24) we conclude for 2M, < m = M,,, that
A n 5

smi - pm/2

(3.25) |Gl <

Our choice of a,, is motivated by the fact that if
My 1
ho(2) = 25 @™,
then
BuN(,) + A,., 1=m<2M,

3.26 (T, €'7g) =
( ) 4 (’I € g) {BZZLN(/"’IL) 2Mn < m é Mn'\'l

where for 1 < m < 2M,

Ay = 2" (L) Mgy (™ (L) Ny
mn 2 87”/ t t 2 0 /),n t .
In fact if F'(z) = ¢"*'¢g(z) where H(z) = >, b,2™, then, since q, < m is
equivalent to xz, < s,, calculations similar to those involved in (2.18)
and (2.19) show that

c oy — e (Om  M(Sw)  N(sw)
(i F) =1 {2 poe) 28m}+N()

gl () SR L) S e

(8.27)

In view of (8.19) and (3.20), (3.26) is a special case of (3.27).
We now show

(3.28) (j{: A2, ) — o(N(r) .

We begin by recalling, from the remarks following (8.20), that
1< m < 2M, is equivalent to s, < 7,. From (3.1 vi), (8.1 viii), (3.10),
and (8.15) it follows that uniformly on the interval e <t < », we
have as n tends to infinity

(3.29) NE) = 1 + oL))N(r,)(Et/r,)" .

First suppose m < 2M, is such that e <s, < r,. We write
A,. = By, + C,, where

= 2 ) M- 2 () 2
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and

e (N

Elementary integration and (8.29) imply uniformly for the values of
m under consideration

(8.30) -1+ 0(1))2—(—)N () = B = (1 + 0(1))—(‘0—m—)N (ra) -

In addition, uniformly in m

(3.31) Col < -N—‘;—l < (@ + o()N(r)"

where the last inequality is a result of (8.1 ix), (3.10), (3.15), (3.17),
and (8.18). Since p, = M2 (3.18), (3.30), and (3.31) imply

s (.3 4) =(.3 B) +(,3 o)

< (-21.- +om)(3 (= m)z)”N(er(l+o<1>><2MnN<m>>m

- O(%jy/sz) + o(N(r) = o(N(r) -

n

For m such that s, < e*», we write 4,, = B,,, + C,.,, where

B = 3| () e - 1 ()
and
Ch, = —% Som <%)m—l\%t—)dt .
From (3.29) we have uniformly in m
ow 0sm 2] (57
" % Vo (5 e = M2+ s oyl

We note that m = 2M}* implies by (8.1 ix)
(3.34) alx,) = M," < m/2 = a(log s,,) .

Thus for s, < e’ we have m < 2M,”, and hence by (3.18) and the
right half of (3.31)

(3.3b) N(em)ry = o(N(r,))** .
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As before,

(3.36) ICll < -JY—(-;L—) < (L + o(L)N(r,)" .
As in (3.32), the combination of (8.33), (8.85), and (8.36) yields

(3 45)" = o),

.
8m<€ n

which in conjunction with (3.32) establishes (3.28).
We note that the combination of (38.26) and (8.28) gives

330 (3 lealr, ehg) — BING) = o) -

We now define f. We let

(3.38) {am l=mz= M,
. Ay =

Qe M, <m=M,,, n=2.

Letting h(z) = > a,2™, we note from (3.22) and (3.25) that h is entire.
We define

f(z) = e"¥g(2) .
In order to show N(»,)/T(r., f)— 1, and hence d(0, f) =0, we

need an additional property of g, namely

12
(3.39) (3 leatrm o))" = o) -

m>My 4

We first note from (3.1 iii), (3.15), and (3.34) that m > M,,, implies
(3.40) Sut > et > 2

We consider (38.27) with b, =0 and = 7,. From (3.14) and (3.40)
we have for m > M, .,

(3.41) 1’1,"(%%— + N-zﬁfg-)) < A(—s%y < -2‘%; .

In addition by (3.9), (8.10), and the convexity of @ there exists a
positive constant ¢, independent of » such that as n — o

N® =z N(rn)<ri>”"‘l+°<l>>

n

uniformly for ¢, £ ¢ < r,. Consequently, uniformly for m > M,,, as

n— oo
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05 N _ m (L) Ny,

2 2 0 1'% t
N(r,) mN(r,) (™ [t \™teatttoingg
< - - —
(3.42) == s S <T> J
oy ) 1
<@+ of ))2(;0,, ) + =

where we have used (3.18).
For m > M,,,, we have s, > ¢*» by (8.1 iii) and (3.84), and
consequently by (3.13) and (3.15)

Uniformly for m > M,,, we have by (3.1 vi), (3.9), and (8.15) as

n — oo

&\ m
207

(3.44) — ’ml\;(’lﬂ) Sefwn <%>""’“Pn(1+o(1))%§
" 2(m —ﬁlﬁri sy T °<§lﬁ) '

Tn

Combining (8.43) and (3.44), we obtain uniformly for m > M,,,

b0 [N B (5 N0 s L

The combination of (3.42) and (3.45) yields uniformly for m > M,,,

e B R 2 (2

= @ + oM ‘_’_"p + — f:p )+ 5

Since p, = M;, we see from (3.1 i), (3.27), (3.41), (3.46) and the
Schwarz inequality that as n — <

(50 leatra o)) = O(<L2N(r)) + 01) = o(N() ,

m>My iy JM,H.I

establishing (8.39).
We next observe that

0\ __ l + :enew .
1og | (r,e)| — Re T BeC0 BTN

2
1
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< |flog 17 rie)] — Re 2N |
=2 3 loalry ) — BENGDE+ 25, lealr, /) — NG

Mpt1
= 2I, + 211, .

(3.47)

To analyze II,, we first note from (8.15), (3.22), (8.25), (3.38), and
(3.40) that

(8.48) la.| < B@2r,)™

for some constant B > 0 independent of n for all m > M,.,. Thus
by (3.1 ii), (3.39), and (3.48)

1/2
s ( 3 et o)
m>Mpy 41

(349 B s ey (5 ar) Ne = o)

2 \m>0p .y m> My

From the definitions of %, and I, we have

Mi‘fl 2\ 1/2
= ( )"

m=1

Cu(r, €'g) — BEN(r,) + (am —2 amn')h’:‘

By (3.837) and (3.38) we have
@50 I 5 o) + —(Flaurr)” + L3 lanrer)”
From (3.18) and (3.21) we have

(8 ot
(3.5 < o) + A( S )"+ a3 )"

18 m=i, 12 §M/2

= o(N(7,)) + O(M,ri»") + o(N(r,)) = o(N(r,)) .

Similarly
My 1/2
(3 laurrir)” = 0
(3.52) - " "
+ (3 laal) e = o) .
The combination of (3.47), (3.49), (8.50), (3.51), and (8.52) yields

353 |loglfere) — ReIEELING)| = o),

| 1 —_— 18”61'0 i1

trivially implying m(r,, 1/f) = o(N(r,)) and hence d(0, ) = 0.
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For the remainder of the proof, we reserve the letter » for a
value satisfying
(3.54) z, <logr =2, + 49 = x,,/4
for some integers ¢ and ». We must show
(3.55) log T(7, f) < v(log #), ¥ > R,,

which in conjunction with (8.7) establishes (4).
We consider ¢,(r, f) given by (8.27) with b, =a,. For m <
2M,..,, from (3.14) and the fact that a, — 0 we conclude

(3.56) rm(“_m _ lsw) _ J_Visﬁ)i = O(r™) = O(r*¥n+1)

2 2msy 2sm

Noting

NCE I

by (8.138), we see from (3.10), (3.18), and the monotonicity of « that
for 1 =<m = 2M,

s o B{(E) -

S r"N(r) < r*iedr

o) e = 5 1T ()50

By (3.1 xi), (3.56), and (3.57)

(3.58) ( Z len(r, f)[2>1/2 = o(pt¥n+1) = O(erl(logr)) .

fm|S2My

From the definition of a,, (3.1 iv), (3.23), (3.24), and (8.54) we
have for m > 2M,

59 o Om _ M(Sw) _ N(8n) ‘ 5/ 7 \" 1 .
(8:59) ! (2 2ms?, 233) < 2(@31) preny
We have
8, > €'t > ey
for m >2M,,, by (3.34). By (3.1 vi), (3.1 viii), (3.9), and (3.54)

uniformly for m > 2M, .,

N@) _m S”’<7'>"_1Yiﬁdt

2 2 t

(3.60) — —N—g)—<l —m S?r(%)m—p,.(woun%)

»

= -+ o(1))%’l;—p—)N(r) +o(HD)— —a+ o1 2:r)
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where p, = ¢'(log r) < (m/2)"”.
Since e¢'r < t < e+t implies

N(t) < N(e‘r)(t/e4/,~)bl:‘lil(l+o(1))

by (8.1 viii) and (8.9), we conclude by elementary integration

(3.61) m SF () Mg, < e

2 Jetr t T gtmii—o1)

uniformly for m >2M,,, as » tends to infinity through values
satisfying (8.54). Finally from (8.13) and (8.54), for m > 2M,.,

(3.62) -@Ss’" <l)mNt(”)dt< ™ _ o1

2 eTntl t em(z,,+1)/z 2m

Combining (8.60), (3.61), and (3.62), we conclude from (8.1 viii)

N(’)') . ﬂ Sm —,{.- mN(t) 2\ 1/2
(3.63) <'m|>2M'n+l 2 2 S <t) t at )
= O(N(r)) + o(N(e'r)) = o(N(e*r)) .

r

Since N(r) < ™ for m > 2M,,,, a calculation similar to (8.42)
shows uniformly for m > 2M, .,

05 N0 _m (L) NO,

2 2 Jo\p
<1+ o) | 1
2m A
implying
N@) _ m (" E\"NQ@ g, |*\"*
(3-64) (|m|>2Mn+1 2 2 SO ( ”') t dt >

= O(N(r)) = o(N(e'r)) .
Combining (8.27), (3.59), (3.63), and (3.64) with the Schwarz inequality,

we conclude

(3.65) < S lea(r, f),z)m = o(N(e'r)) = o(er*+osm) |

|ml>2M 4

where we use (3.10) in the second equality.
From (8.1 v), (3.58), and (8.65) we have

(3.66) log mj(r, f) < 7,(4 + log 7)

for sufficiently large 7 satisfying (3.54). For sufficiently large 7
there thus exists » with
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log r € [log 7, 4 log 7]
for which (8.66) holds. Thus for all ¥ > R,
T®F, f) £ T(r, ) £ mi(r, )

(4+logr) — ,r(tlogr)/e) (log7)
=en = e’ =eé ’

establishing (8.55) and hence (4). It is clear that the lower order
of f 1is infinite because the lower order of N(¢) is infinite. This
finishes the proof of Theorem 2.
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