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THE OBSTRUCTION OF THE FORMAL MODULI SPACE
IN THE NEGATIVELY GRADED CASE

MARIE A. VITULLI

Consider a semigroup ring BH=k[thlheH] where t is a
transcendental over an algebraically closed field k of chara-
cteristic 0. Let TX{B) denote Tx(BIJc,B) where T^B/k,—)
is the upper cotangent functor of Lichtenbaum and Schles-
singer. Then T1(B) is a graded ά-vector space of finite
dimension and B is said to be negatively graded if T1(B)+=
0. It is known that a versal deformation T/S of B/k exists
in the sense of Schlessinger, where (S, ms) is a complete
noetherian local A -aigebra. We say that the formal moduli
space is unobstructed if S is a regular local ring. In this
paper we restrict our attention to the negatively graded
semigroup rings. In this case we compute the dimension of
T1(B) and are thus able to determine which formal moduli
spaces are unobstructed.

Let U denote the (open) subset of Spec (S) consisting of all
points with smooth fibres. In a previous paper [5] we computed
the dimension of U. We always have inequalities:

dim U ^ (Krull) dim S ^ [ms/m2

s: k] .

Consequently S is a regular local ring if and only if dim U — [msj
m|: k] = [T^B): k]. In the general case the difference [T^B): k] -
dim U gives some indication of the extent of the obstruction.

I would like to express my gratitude to Dock S. Rim for sti-
mulating my interest in the subject and for his valuable suggestions
and advice.

2* Preliminaries and notation*

(2.1) Let H be a subsemigroup of the additive subgroup N of
nonnegative integers. H is called a numerical semigroup if the
greatest common divisior of the elements of H is 1, so that only
finitely many positive integers are missing from H. Such elements
are called the gaps of H and the number of gaps is called the
genus of H, denoted by g{H). The least positive integer c such
that c + Na H is called the conductor of H, denoted by c(H). The
least positive integer m in H is called the multiplicity of H and
is denoted by m(JEΓ). Throughout this paper H will denote a
numerical semigroup, k an algebraically closed field of characteristic
0.
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Let BH denote the &-subalgebra of the polynomial ring k[t]
generated by the monomials th, heH. BH is called the semigroup
ring of H.

When no possible confusion can arise we simply write B for
BH, g for g(H), c for c(H) and m for m(H).

(2.2) We now construct a generating set called the standard
basis for H, denoted SH. Let m = m(H). For 0 <; j <̂  m — 1
choose as to be the least positive integer in H such that aά = j
(mod m).

For 1 <̂  i <; ft <; m — 1, set

where 0 ^ r(i, &) <J m — 1 and ad + ak = e(j, k)m + arUrk). Set J =
/^ equal to the ideal of P=k[X0, , Xm_J generated by {fjAsszhsm-i
where P is a polynomial algebra over k.

PROPOSITION 2.3. // we define a k-algebra map φ: k[X0, , Xm_J—>
B by φ(Xά) = ta3 for O^j^m-1 then 0 - > / - * P-> £ - > 0 is
exαcί. Furthermore, if we assign the weight a5 to X$ in P, then
φ is a homomorphism (of degree 0) of graded k-algebras and I is
homogeneous.

We will not attempt to give a precise definition of T* here.
For definition and details of Γ°, T1 one can consult [1]; for the full
cohomological properties one should consult Rim's article "Formal
Deformation Theory" [4] (note that our Tι plays the role of Rim's
Dι). We state here some properties of Γ* that will facilitate our
computations. For proofs of these assertions see [4] and [5].

PROPOSITION 2.4. Let P be a polynomial algebra over R and
let 0 -»/ —> P —> A —> 0 be exact. Then for any A-module M,

T\A\R,M) =zΌeτB(A9M),

T\A\R, M) ~ Coker (DeτR(P, M) > Hom^I//2, M))

= the set of isomorphism classes of R-algebra

extensions of A by M.

(2.5) In our case, if B = BH then T\B) = T\B\k,B) becomes
a graded Λ-vector space via the exact sequence of (2.3). We then
have

T\B) = 0 T\B)P
— oo<p<oo

s θ Coker (Der, (P, B), > HomB(//I», B)v) ,
— oo<p<oo
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SO t h a t

T1(B)P = the set of isomorphism classes of (degree 0)
graded /b-algebra extensions of B by B(p)

where B{p) is the graded ^-module obtained from B by shifting the
degree by p; i.e., B{p)n = Bp+n.

Those monomial curves BH for which T\H)+ = T1(BJI)+ = 0 are
the so called negatively graded semigroup rings of Pinkham [3].
In [5] we completely classified these and described a method for
computing T\H)P. We now recall these results and set up some
notation which will be used in § 3.

(2.6) Let SH — {α0 = m, a19 •••, αm_J denote the standard basis
for H (as in 2.2). For each integer p let Gp — {a e SH\a + p $ H}
and let Rp = {fj>k£IH\Q<J + % + pίH}. By abuse of notation asso-
ciate with each fίtk of Rp a vector fdtk = (/J.,Λ, , ffc1) of &m where
the ϊth component is given by

f.Λ = - e ( j f &) if i = 0 and r( i , k) Φ 0 ,

= -(e(i,fc) + l) if Z = O = r(i,fc),

= - 1 if Z = r( i , fc) ^ 0 ,

- 2 if ϊ - i = k ,

= 1 if I — j or I — k and j Φ k ,

= 0 otherwise .

Again by abuse, let i2p denote the vector subspace of km spann-
ed by those fitk in Rp. We note that if ax <£ Gp then f]th = 0 for all
/, ,fc G Rp. Thus if (?p ^ 0 , dim Λp ^ #GP - 1.

PROPOSITION 2.7. J-^ the notation above,

dim Γp - dim T\H)P - max {0, %GP - dimi2p - 1} .

(2.8) We say that H is an ordinary semigroup of multiplicity
m, denoted by Hm, if H — {0, m, m + 1, m + 2, •}. We say that
jff is hyperordinary \ϊ H — mN + Hm> where ΈLm, is ordinary and
0 < m < wf.

THEOREM 2.9. if is negatively graded if and only if H is of
one of the following types:

( i ) H is ordinary]
(i i) H is hyperordinary;
(iii) Excluding the above two cases, H is negatively graded of

multiplicity m if and only if there exists precisely one gap m + i
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between m and 2m; if i = 1 then 2m + 1& H (or H would be hyper-
ordinary).

If2<>i^m-1 then

HmΛ = {0, m, m + 1, , m + £, m + £ + 1, m + i + 2, } .

If i = 1 we have

HmΛ = {0, m, m + 2, , 2m, 2m + 1, 2m + 2, 2m + 3, •} .

3. A Dimension formula for T\H). We now compute the
dimension of the tangent space T\H) for the negatively graded
semigroup rings. We first deal with the ordinary and hyperordinary
cases and finally with those of the third type.

For these semigroups T\H) = Tι(HS). Recall the notation of
(2.6) and let a = a(H) denote the least positive integer in H —
m(H)N, let c = c(H). Then p ^ 2a - c entails R_p = 0 since for
fj>k e I we have α,- + αfc — p ^ 2α — p ^ c so that ao + ak — p e H.
Thus by Proposition 2.7 dim T^iϊ)-? = max{0, #(?_,-1}.

Throughout these computations [r] = the greatest integer ^ r ;
{r} — the least integer ^ r; δr,s denotes the Kronecker delta, i.e.,
5r,s = 1 if r = s and 0 otherwise. Once a semigroup H is fixed we
let T_i = T\H)-ι. By dim ( ) we mean dimension as a ^-vector
space.

Now assume H is ordinary or hyperordinary so that H = mNJr
{pm + i, £>m + ΐ + 1, pm + i + 2, } where j? ^ 1 and 1 ^ i ^ m —
1. Then a(H) = pm + i.

PROPOSITION 3.1. Lei J ϊ = mN + {pm + 1, pm + 2, •}.

dim T_2 = Z - 1 i/ 1 ^ ί ^ m - 1 ,

= m — 2 i / ί = m o r m + l ^ ί ^ p m + 2

— m — 1 ifm + l ^ l ^ pm + 2 cmd m | i

= (p + l)m - i + δ 2 i ( p + 1 ) w i/ pm + 3 ^ ί <; (p + l)m ,

= δmj2 i/ (p + 2)m ^ ί ^ (2p

a^c? m 11 ,

— 0 otherwise .

dim Γ ^ f ί ) = (p - l ) (m - I ) 2 + m{m - l ) - l i / m ^ 3 ,

= 2p if m = 2 .

Proof. Note that 2α(£Γ) - c(JΪ) = p?^ + 2 so that for 1 ^ Z
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pm + 2 we have dim Γ__z = #G_Z — 1.

Suppose I > (p + l)m and set q — I — [l/m]m + δhWm^mm. If
q = 1 then i2_< 2 {An , Am-J; if <? = 2 ^ m - 1 then jβ_< 2
(Aw ' J u - i J J ; i f 3<;g<:m then ίL z 2 {Ai* , Ag-« , A»-i>
A«-i} Finally if <? = 2 = m we see that R^ = 0 for 2(p + 2) <: l<>
2(2p + 1) while R^ = {fUί} for i > 2(2p + 1). Our assertions follow.

Then assume pm + 3 <ί ί ^ (p + l)m and set q = I — pm so
that G_* = SH — {aq} if q < m while G_(p+1)w = SH. Then i2_f =

{/i,fclαi + αfc < P m + α«} = {/i,fc| J + & έs ^ — 1}
Set JB!_, = {/1}1, •• ,/1,(?_2}. Then J2LZ generates R^ for if j-\-k<L

q — 1 and i ^ 2 we have (as vectors) / 3 ,fc = /1>i4fc-i + + Λ,,- —
(/i,fc-i + + Ai) Since rank JB'_Z = q - 2 we have dim T_* = (p +
l)m 6 + w (̂3)+1)TO.

Summing up the various components we see that

dim T\H) = (p - l)(m - I)2 + m(m - 1) - 1 if m ̂  3 ,

= 2p if m = 2 .

Now suppose i ϊ — miV + {pm + i, pm + i + 1, } where 2 <Ξ
i <^ m — 1. Then c(£Γ) = α(ίί) = pm + i = α< We treat the cases
2i ^ m and 2i> m separately but as the proofs are analagous we
only give the former.

PROPOSITION 3.2. Suppose that H — mN + {pm + i, pm + i +
+ !,•••} where 2 ^ i ^ m/2.

dim Tι{H)-ι = i i/ l^ϊ^i~l ,

= i — 1 if i<>l<Lm — i ,

— 1 — 2 if m—i

= m-2 i/

= m—1 i/ m+l<^<Ξpm+i and
m\l ,

= m—2(l — pm — i)—dliPm+i+1 if
+ 2 Ϊ - 1 ,

= m—2(i — pm—i) + l + διΛp+ί)m if

+ δlΛP+Dm+l +2Ϊ + 1 ,

= m—min{2i + l, m—l) — l if l =

= 0 otherwise .
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Consequently,

dim T\H) = (p - l)(m - I)2 + m(m - 1) + i(i - 2) + δ i ϊ f .

Proof. Now 2α(iϊ) - c(H) = α(fί) = pm + i so for 1 ̂  Z ̂  ^m + i
we have dim Γ_z = #(τ_z — 1.

For pm + i + l<>l<:(p + l)m + ΐ — 1 we set q = I — [l/m]m+
m-dlΛp+1)m. Then G_z = SH — {aq} \ί qφ m and GL ( p + 1 ) w = S*. We
note that ϋLz = {fj)k\as + αfc < at + i and j + k ̂  #(mod m)}. Then
jβ_(2)w+ί+1) = {fi}i} entails dim T_ (3)m+ί+1) = m - 3.

Suppose that pm + i + 2 <; i ̂  pm + 2ΐ — 1. Then i?_z =
{fj,k\J + k a i + q — 1 and & ̂  i ^ i} and is generated by R'-ι =
{/i,i, , /<,g-i, /<+i,<+i, , /i+i,g-s). For suppose / i ϊ f c 6 i2_, - i2'_z so
t h a t j ^ i + 2, & <; g - 3. Then i + 2 < i + fc-i^g-l and as
vectors fSfk = Aύ+k - A5 - Ak where z/r = ΣΓ=ίϊi (Λ..+1 - /i+i,.)

As for independence, we observe t h a t fiti, -", fitm~u fi+1,i+lf •••,
/<+i,2i-i are independent. This is more readily seen by subst i tut ing
t h e vectors

and

^2i-i = Ai + fiΛi ~ /i+i.si-i if 2i<m ,

= -/i+i,2i-i if 2ΐ = m

for the last i — 1 vectors.
Thus dim i?_z = 2(Z — pm — i) — 2 and dim Γ_z = m — 2(Z — ] ) m -

i) for pm + i + 2 ̂  i ̂  pm + 2ΐ — 1.
We wish to consider those integers I between pm + 2i and

(p + l)m + i — 1.
Suppose pm + 2i ̂  ϊ ̂  pm + 2i + 1 and let q — I — pm. Then

R'-l = {/<,i, , /i,g-i, * * , /i.mln (9-i,m-l), /i+l.i+l, ' ' ' i /t+l.ff-f} gβnβratβS

J2_z as above and has rank 2(q — i) — 3 — δ ί f ( p + ι , m + 1 .
Let ί = pm + 2i + 2 and set g = 2ί + 2. If i = 2 so that g = 6

then i?2_z = {/lfI,/lfl,/2i8} if m = 4 and i2_z = {/2,2,/2)3, Λ o ••,/«,
min (5, m — 1), /3>4} if m ̂  5. In either case rank ϋLz = #jβ_r — 1 as
we note that

/i,2 = /a,s - As if m = 4 ,

A* = As - /2,2 if m = 5 ,

A* = /2,3 - A2 + Aβ if m ̂  6 .

So we have dim J?_z = min (g — 1, m — 1) — 2 + dmA. If i :> 3 then

Set Xί/_ί = \Ji,i,Ji,i+ι, * , /i,min(g-i,m-l)> Ji+l,i+2t * ' ' f Ji+l,2i-lf Ji+2,ί+2) -N θ tβ

t h a t {ji+ι,i+ι ji,i+2) = = Ji+i,i+3 /i+2,ί+2 + Ji+i,i+2 ji,ί+3 a n d i t 2ι < m
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we have fi+lt2i = fiti+1 - fiti + (1 - δ2<+1, J/ i > 2 ί + 1 . So Rit generates R_t

as above and has rank min (q — 1, m — 1) — 1.

Now assume that I > pm + 2i + 2. If £ <̂  (p + l)m set q = I —

pm and let i?!_i = {/M, , fitq_i9 , fUq^} U 5_ι where

#-z = {fi+ui+i, ' -,fi+i, 2ί-J if g > 3ΐ

l / i + l> £ + U *7 J i + l,q — i — lf ' 9 Ji + l,2i—lf Ji + 2,q—i — l)

if 2i + 3 ^ g ^ 3i .

Observe that if fi+1>jeR^ι and i ^ 2i, setting £ = [̂ #/i] we have
Ji+1,3 ~ (1 ^j,m~i)Jί,3+l L / i . i - i "^ Jί,5~2i + # * ' + « / i , i — ( ί — i ) ΐ j + L / i , i - ϊ + i +

fτ,3-2i+ι + + ji,j-{t-iH+ιl + (1 ^i,tι)L/i+i,i-(t-i)ΐ /ΐ,j-(t-Di+iJ Simi-

larly if i = 2 then fi+2>q^^ = /4,ff_3 is in the span of J2'_z. Finally

note t h a t \jίjq_i ji+lyq_i_1) = \ji+uq_i ji+2,q-i-ι) + \j%,i+2 ~~ Ji+uτ+i) so

that iJ!_ϊ generates i2_j as above. Hence dim i?_j = q — 2.

If (p + l)m + i - l ^ Z > ( ί > + l)m (and I > pm + 2ί + 2) set

q — l — pm so that ΐ + 3 ^ g —ΐ ^ m — 1. Set

where

-z = {/<+!,*+!> , /i+i,2ί-i} if g > 3 ΐ ,

— {/i+l,i+l> * ' * 9 J i + l,q-i-l7 ' ' ' 1 Ji + l,2i-l> Ji + 2,q-i-l\ ** 2^ + 3 ^ ^ ^ 3t .

Then JBlt generates i?_^ as it has maximal rank m — 2. Hence

T-z = 0.

Finally suppose that I ̂  (p + ΐ)m + ΐ (and I > pm + 2i + 2) and

set q — I — [l/m]m. If 1 <L q <* i — l s o that ί ^ (p + 2)m then

-ΠL-J ^ t/l,l> * > J l,q — lf " ' ' t J l,m —It J2,q-lϊ

If i ^ g ^ 2i - 1 then

-ft_Z 2 {/i,ί> " * " 9 Ji,m-19 Ji + Ui + 19 ' ' * f Ji+l,2i-li

If 2 i ^ q ^ m - l then

where

5_ z = {/t+ll<+1, •• ,/ί+i,2i-i,/<+!,*} if ^ ^ 2i + 1 or q > 3i ,

~ \Jί+l,i+29 * ° * 9 Ji+I,2i-19 Ji + l,q9 Ji+2,ί+2j 1 ^ ^ — -ώ^ + 2 ,

: = : \ J * i + l , i + l > # * * 9 Ji + l,q — i — 19 * * * > Ji + l,2ί-19 Ji + l,q9 Ji+2,q—ί—l)

if 2i + 3 ^ g ^ 3ΐ .

If g = 0 so that I ̂  (p + 2)m then
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R-l =2 {/ i,i, * * , Jι,i-li ' * ' f Jl,m-li Ji,m-i+l9 /i+l,m-lj

In all cases dim R_t = m — 1 so that Γ_z = 0.

PROPOSITION 3.3. Suppose H = mN + {pm + i, pm + i + 1, •}
where i ̂  2 and 2i > m. Then

dim ϊ 1 1 ^ ) . ! = Z if l^Z^m-i ,

= ί - 1 i/ m-ΐ + l^Z^i-1 ,

= Z — 2 i/

= m — 2 ΐ/

= m — 1 i/

pm+2i) if

= 1 if I — pm + 2i + 2 and i — 2 ,

— 0 otherwise.

Consequently, dim T'Cff) = (p - l)(m - I)2 + m(m - 1) + ΐ(i

COROLLARY 3.4. Suppose H is ordinary or hyperordinary of
multiplicity m and a(H) = pm + i. T

dim T\H) = (p - l)(m - I)2 + m(m - 1) + i(i - 2) + ί<>2 i

= 2p i/ m = 2 .

We finally deal with those negatively graded semigroups of the
third type so that there is precisely one gap m + i between m and
2m. Recall that if i — 1 then 2m + 1 g £Γ. In any case, α3- = m + j
for j > i while at = α̂  + αfc whenever i + & = i + δi}1m. Again we
deal with a series of cases governed by the relation of i and m.
As the proofs are similar we only give the proof in case 2<^<^m—

PROPOSITION 3.5. Let H = Hm — {m + 1, 2m f 1} where Hm is
ordinary and m ̂  3.

dim T\HU - Z -

= Z _ Γ ? + 1 Ί - 1 if m - l ^ Z ^
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= I - \ l + * ] - 3 + δ,,m+2 if

and l5S2m—2 ,

= m - Γ l + 1 Ί + δ ;,m + 6 i
L Z J

i / l = 2 m - l ,

if l = 2m ,

if l = 2m + l,

2 + 2 or

= <5m,3 i f Z = 3m + 1, 4 m or 5 m ,

= 0 otherwise.

Consequently,

dim Γ^fΓ) = m ( m ~ 1 } + 2

PROPOSITION 3.6. Suppose H = Hm — {m + i} where Hm is ordi-
nary and 2 <̂  i ^ (m — 2)/2.

dim T'iH)., = I

= 1-1

= 1-2- [l±iψLy8Um+ι if m-iZIZ

L 2

= 2m - (I + i) + δiΛ ij

and

= 2m - (I + ί) i

Consequently,

dim

= δm,β + Om,;

= 0

T\H) = m2

r

- (ΐ + l)m

if Z = 2m—1 α^cί i = 2 ,

if Z = 2m α^ώ i — 2 ,

oίfcertί ise.

•I- ^ ί + 1 ) i- 38

PROPOSITION 3.7. Suppose that H = Hm - {m + i} where Hm is
ordinary and 2i^> m — l ^ > i ; > 2 . Then
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dim ' = 1

_ ,

_

.

= 1

= δ»

= δm,

1

p
L

6

VI
L

_Π

+ d

+ i
2

δm,t

+ ί — 1
2

+ i—ml

+ i—ml

2 J

- m " j +

if

a if

δ if

i/

if

if

if l = m+4: and i = 2 ,

if I-2m and i = 2 ,

= δ m > 4 + <Jm > 3 if I =z 3m αticί i — m—1,

= 0

Consequently,

d l l i J . x \-fx y —• v/v ^"^ I 6 T^ JL J fit/ ^^ ————— —j— £j\j Λ ι,j i, ^^ & .

2 ' ~~
= m2 - 3m + 5 + δw, 3 ifi = 2.

Proof. We note t h a t 2a(H) - c( i ϊ) = m - i + 1. Hence for
l ^ Z ^ m — ί + 1 one has dim T_t = #G_Z — 1. Also note t h a t

Cr_z — {α0, , αz_x, α z + j if l ^ Z ^ m — i — 1 ,

= {&(» > α z-J if on — i -^ I ̂  i ,

— {̂ o> # > ^ΐ> > α ί - J if i + l < £ Z < * m — 1 ,

— {̂ i> ' > ^ m - J if I ~ m ,

— SH — {αi_w} if m + i ^ Z ̂  2m — 1 ,

= SH if Z ̂  2m and Z Φ 2m + ί ,

= SH — {αj if Z = 2m + i .

If m — i + 2 ^ Z ^ m + l then i?_^ = {fj,kI^ + ak = m + Z + i} =
{/i>fcli + & = Z + i — m and Λ 9̂  i). Hence dim i?_^ = [(Z + i — m)/2] —

If m + 2 <̂  Z ̂  2m — i set q — I — m. Then

i?_i := {/i,fc|̂ i 4" &fc :=r 2m + i + ^ or c&5 + αfc <C2m + #}

— {/i,λ 1 i + k — i + q and j , k Φ i or i + & ̂  ^ — 1}.
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Hence

{fltq + i-l9 , fq,i, , fίq+i/2l,{q + i/2)f fl,ί9 # * * 9 fuq-2i

and dim R_t = 4 + [(<? + ΐ)/2] - 3 = Z - m + [(Z + i - m)/2] - 3.
If 2m — ί + l < ; Z ^ m + i then

R-ι = {//,* I«/ + % = 2m + i + tf or αy + ak < 2m + q}

= {//,*Ii + & = ί + Q a n ( i 3,kΦ i or i + & <£ g — 1}

= S p a n { / ί + 9 _ m + 1 ) W _ 1 , •• ,Jq,if ' , / [ (g+ϊ)/2L{(g+i)/2}> J l , l > * * > / i , g - 2 J

Hence dimi^_z = m — 1 — {(g + ΐ)/2} + g — 2 = m + [ ( g + i)/2] — i — 3.

Suppose Z = m + i + 1 ;> 2m — i + 1 so that 2i ̂  m. Then if
i = m — 1 we have Z = 2m and i2_z = span{/ l f l, •• ,/i,TO-2} so that
dimΓ_, = l . If ΐ ^ m - 2 then R_t = span {/lfl, ,/1) ί_1,/2ΐ+2_m,m_1, •••,
/ί-i,<+2} a n ( i ^ a s r a n k m — 3 so again dim Γ_z = 1.

Now suppose m + i + 2 ̂  I ̂  2m — 1 and set q — I — m. If
ΐ = 2 then m = 5 and R^ = {/lfl,/8f8} so dim Γ_z = 1 . If i ^ 3, i2_z =

S p a n \ / i , i , * 9 Jι,i9 * * ' y Jl,q-21 J'i + g —m+l,m—1> * * " > Ji — l,q + li Ji + l,q~l9 JiΛ-U &O t ί i a t

d i m JS_Z = m ~ 2 a n d Γ_^ = 0.
A s s u m e t h a t I — 2m > m + i + 1, so i ^ m - 2. I f ΐ ^ 3 t h e n

i?_, - span{/ 1 } 1 , •• ,/1 ) ί, •• ,/i,w-2,/2,i-n/*+i,«-i} a n d T_^ = 0.

If i = 2 and m = 4 or 5 then #_ z = {/1(1,/1>2, ,/1>m-2, /8,*-i} so
that dim Γ_; = 1.

Now suppose I ̂  2m + 1 and set q — l — [llm]m. If q — 1 or
</ = ΐ and Z ̂  3m + i then

If I = 2m + ΐ so that G_̂  = SH — {αj then jB_ί is spanned by:

\Jl,U ' * * 9 Jl,i-19 Jl,ii * * * f Jl,m-11 «/2,ί—ll ^ ^ = 3 ,

{/i,3, , fι,m-ι) if i = 2 and m ^ 4 ,

{/i,8, /i,4, /8>8} if i = 2 and m = 5 .

Consequently dim T_x = δiti(δMΛ + ίw>4). Suppose g = 2 ̂  ΐ — 1. Then
iϋ_z is spanned by:

l / 1 , 2 > * * " 9 Jl,if ' * * f Jl,m—19 J2,2f J 2,ί-l) Ή ^ = ^ ,

{futffusf - - - f fi,m-if f^i f*,m-i} if i = 3 and m ̂  5 ,

{fuif /2,2} if i = 3 and m = 4 and Z = 2m + 2 ,

{/i,2, /i,3, /2,J if i = 3, m = 4 and Z ̂  3m + 2 .

We note that dim Γ_(2m+2) = δm>z + δm>i. Now suppose 3 <£ g ̂  m — 1
and that qΦ i. Then JB_Z is spanned by:
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{/i,i> --,fi,q-i> °->fi,i, ', fi,m-i, f2,q-i> f2,i-i) i f i ^ 3 a n d q Φ i + 1

{/i,i> /i,2? /i,3, /i,4, As} if i = 2, m = 5, g = 4 .

Hence dimiϊLi = m — 1 and T_z = 0. If g = 0 so that I = [l/m]m^>
3m, then i?_^ is spanned by:

if . . . f f 1 i f Λ < ΛM 9
\J 1,1? 9 J l,m — 2i J i + l,m — l ϊ 1 X ^ = / / ( / ^ >

{/i,i» •> /i,m-2} if i = m — 1, m ^ 4 and Z = 3m ,

ί/i,i> ' •> /i,™-2, /3,m-2} if ΐ = m - 1 and m ^ 5 ,

{/i,J if ^ = m ~ l , m = 3 and I = 4m ,

{/i,i> ' ' "> /i,m-2> /2,2} if ί = m — 1? m = 4 and Z ̂  4m

or m = 3 and Z ̂ > 5?π .

Hence

d i m r_3 T O = δ m > 3 + δ m > 4 δ ΐ ) 3

d i m Γ_ 4 m = δ m < 3

d i m Γ_z = 0 if m\l a n d Z ̂  5m .

COROLLARY 3.8. 1/ H is negatively graded of the third type
vAth c(H) = m + i -f- 1 5Ξ 2m ίfeβ^

dim T\H) •= m2 - (ΐ + l)m + J ί L ± ϋ + 2δm,4 if i^Z ,

= in2 - 3m + 6 - o\i4 - δilt>5 if i = 2 .

If c{H) = 2m + 2 ί&β»

dim T\H) = ( m ~ 1 ) m + 2 + 3δMi3 + 2δro>4 .
Δ

4* The obstruction of the formal moduli space* Let B — BH

be negatively graded and let T\S represent the versal deformation
of B\k in the sense of Schlessinger [6], Then (£, ms) is a complete
noetherian fc-algebra with residue field ft. T is flat as an S-module
and TQsk^B.

Pinkham [3] has shown that T\S admit gradings as ft-algebras
which are compatible with the structure of B as a graded ft-algebra.
One then has the isomorphism T\B) = Ή.omk(ms/m2

Sf k) in the cate-
gory of graded fe-vector spaces. Thus dim T\B) also is the dimen-
sion of the tangent space {msjrrb\Y of the formal moduli space
Spec (S).

We say the formal moduli space is unobstructed if S is a regular
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local ring. Now S is regular if and only if Krull-dim S = dim (ms/
m2

s) if and only if S is formally smooth over k ([2], Proposition
28. M). Thus the formal moduli space is unobstructed if and only
if dim T\B) = Krull-dim S.

Let U denote that open subset of Spec (S) cansisting of all points
having smooth fibers, i.e., U = {x e Spec (S) | T(x) is smooth over
κ(x)} where T(x) == T®sιc(x) and ιc(x) = Ax/pxAx.

In [5] we showed that U is nonempty (as B can be smoothed)
and effectively computed the dimension of U. We note that

dim U ^ dim Spec (β) S dim T\B) .

Hence Spec (S) is unobstructed iff dim U = dim T\B).
We now recall the dimension formula for U and compare dim U

to dim T\B).
If H is a numerical semigroup let End(iϊ) = {neN\n + H+c:H}

where H+ = H - {0}. Let λ(iϊ) - [End (H): H] so that 1 ^ λ(JΪ) ^
9{H) = g.

PROPOSITION 4.1. // H is negatively graded with λ(ϋΓ) = λ,
g(H) = g and U is as above then

dim U = 2g + λ - 1 .

Proof. See [5], proof of Corollary 6.3.

Now suppose that H is ordinary or hyperordinary of multiplicity
m with a(H) — pm + i (recall that a(H) = inf {H — mN}). Then
g(H) = 2>(m - 1) + i - 1 and X(H) = m - 1 ([5], Proposition 2.2).
Thus dim Ϊ7 = 2# + λ - 1 = (2p + l)(m - 1) + 2i - 3. Combining
this with Corollary 3.4 we obtain:

PROPOSITION 4.2. Suppose that H is ordinary or hyperordinary
of multiplicity m with a(H) = pm + i. Then

dim T\H)-dim U=p(m-l)(m-S) + i(i-4:) + 3 + di)2 if m^3 ,

= 0 if m = 2 .

Consequently the formal moduli space for BH is unobstructed iff
m <: 3.

Now suppose H is negatively graded of the third type with
m(H) = m and m + i a gap for H. Then g(H) = m + δitί and λ(£Γ) =
m — i — diΛ(m — 2) ([5], Proposition 2.2). Hence dim U = 2^ + λ —
1 = 3m — i — 1 — δitl(m — 4). Combining this with Corollary 3.8 we
obtain:
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PROPOSITION 4.3. Suppose that H = Hm — {m + i] where Hm is
ordinary and 2 <; i <̂  m — 1. Lei Z7 δβ as above. Then

dim JΓGff) - dim U = (m - 3)2 - δm,4 - δm,δ if i = 2 ,

- m2 - (i + 4)m + ( ί + 1 ) ( ^ + 2 ) + 2δm>4 if ΐ ^ 3 .

If H = Hm - {m + 1, 2m + 1}

dim 2"(.ff) - dim i7 = m ( w ~ 5 )

Summarizing, the formal moduli space for BH is unobstructed iff
m <Ξ 4 or m = 5 αwώ i ^ 2 (i.e., m + 2 e i ϊ) .
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