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WEAK FROBENIUS RECIPROCITY AND COMPACTNESS
CONDITIONS IN TOPOLOGICAL GROUPS

ROLF WIM HENRICHS

We study weak containment relations between unitary
representations of a locally compact group G and closed sub-
groups H. We prove that certain weak Frobenius properties
and compactness conditions are equivalent. Moreover, for
amenable G having small invariant neighborhoods at e weak
Frobenius reciprocity (FP) defined by Fell holds for the pair
(G,H) if every element of H has relatively compact con-
jugacy class in G.

Introduction, In [4], Fell considers the following weak version
of the Frobenius reciprocity property (FP): for every closed subgroup
H of a locally compact group G and π e G, ψ e H π is weakly con-
tained in GTJ^, the unitary representation of G induced by ψ, if
and only if ψ is weakly contained in the restriction π\H of π to H.

Compact groups have property FP by the classical reciprocity
theorem; Fell has shown that abelian groups satisfy FP.

In § 2 we deal with a weaker property (RFP): reciprocity above
holds for every ψeH and the trivial one dimensional representation
IG of G (not necessarily for arbitrary πeG). Property RFP is in-
herited by closed subgroups, we do not know whether this is true
for FP. However, we have shown in [8] that for discrete groups
G properties FP and RFP are equivalent with G to have only finite
conjugacy classes. To get analogous results in the nondiscrete case
we look at the normal subgroup GF of G, the union of all relatively
compact conjugacy classes in G. GF is open if and only if there is
a compact neighborhood of e e G, invariant under the action of G
by inner automorphisms (Ge[IN]; see [15], for a proof). It turns
out for the class of IN-groups RFP to be a compactness condition.

THEOREM A. For a locally compact group the following condi-
tions are equivalent

(1) Ge[IN]Π[RFP]
(2) G = GF.

Also for Lie groups G e [RFP] GF is open as it will be shown in
[3]. Thus it follows from Theorem A, that for Lie groups or con-
nected groups GeRFP is equivalent with G to have only relatively
compact conjugacy classes (G 6 [FC]~).

If G is an IN-group there is a compact normal subgroup K of
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G such that G/K has small invariant neighborhoods at e (Ge[SIN]).
The results in [8] for discrete groups can be generalized to SIN-
groups. The following theorem shows that groups G e [FG]~ 0 [SIN]
have property FP. Combining it with Theorem A one sees that for
SIN-groups RFP and FP are equivalent.

THEOREM B. Let G be an amenable SϊN-group. If H is a
closed subgroup of G contained in GF and π e G, ψe H9 π is weakly
contained in QU^ if and only if π\H weakly contains ψ.

As a corollary we get that the direct product of an abelian
group and a compact group has property FP. It remains an open
problem whether arbitrary [FC]~-groups have property FP. The
methods used in § 3 to prove the results for SIN-groups do not work
in the general IN-group case.

In §2 we state some general weak containment relations for
unitary representations of arbitrary locally compact groups and then
prove that all conjugacy classes of an IN-group satisfying RFP have
compact closure. Furthermore, we show that extensions of compact
groups with groups satisfying RFP have property RFP. Therefore
the proof of 2 => 1 in Theorem A can be reduced to the SIN-group
case.

I* Preliminaries* The following notations will be used through-
out the paper:

C*(G) — C*-algebra of the locally compact group G
<,> = canonical bilinear from on L°°(G) x L\G)
χf(y) = ftxy) a n ( * fx{y) = f(yx) for a function f on G
fτ(y) — f{τ~\y)) for an automorphism τ of G
supp/ = support of /
CQO(X) = continuous functions on the locally compact space X

having compact support
supp μ — support of the measure μ
(x) = subgroup generated by xeG
C(x) = centralizer of x
[G: H] — index of the subgroup H
g\Y = restriction of a mapping g to Y
exC = set of extreme points of the convex set C.

Representation always means continuous unitary representation
on a Hubert space. G denotes the set of equivalence classes of ir-
reducible representations of G. If π is a representation of G, kerπ
denotes the kernel of π, considered as a representation of C*(G). If
S, T are sets of representations, we write S < T if S is weakly con-
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tained in T. By [2, § 18], S < T if and only if Γ[πes ker π 2 Γ U Γ ker π.
Let P{G) be the set of all continuous positive definite functions

on G, P(G) £ L°°(G) endowed with the weak *-topology. On P\G) =
{φeP(G);φ(e) = 1} this equals the topology of uniform convergence
on compact sets in G, sometimes called Pontryagin topology. Every
φ 6 P(G) defines a representation πφ of G on a Hubert space $Qφ with
cyclic vector £9 such that

φ(x) = (^(a?)^ 1 £<„) for all a? e G.

The positive functional on C*(G) corresponding to ψ e P(G) is also
denoted by φ, Mψ == {αeC*(G); <p(α*α) = 0} is a left ideal in C*(G).

Let N be a closed normal subgroup of G; we set fx(n) = /(α ̂ α;"1)
for a function f on N and a eG. The extension to C*(N) of the
mapping /—>/* of C00(N) will be written as α-*αΛ An ideal Λf in
C*(N) is called G-stable if α e ikf implies ax eM for all u eG. For a
closed subgroup i ϊ of G we set P(N, H) = {φeP(iV); 9* = ̂  for all
xeH] and P îSΓ, fί) - P(N, H) Π P W ) . P ĴV, i ϊ) = {ζP 6 P(ΛΓ, i ϊ);
^(β) ^ 1} is convex and compact, E(N, H) denotes the set of all non-
zero extreme points of P^N, H). We write E(N) instead of E(N, N).

Let i ί be a closed subgroup of G; left Haar measures on G and
H, respectively, are denoted by dx and ds and let ΔG and ΔΠ be
their modular functions. For feC0Q(G) let THfeC0Q(G/H) be the
function

THf{x) = \ f(xs)ds , x e G

If ψ is a representation of H 0U^ denotes the representation of G
obtained by inducing ψ to G. For a function / on G we set g(s) —
{Δσ{s)IΔH{s))1/f and Λ(/) = g(s)/(«), s e E For ΎeP(H) let ^^ be the
Radon measure on G defined by

By [1, Thm. 1], μr is positive definite, i.e., μr(f* */) ^ 0, let

Nr = {feCw(G);μr(f**f) = 0} and [/r=/+iSΓ^.

The completion of CQ0(G)/Nr with respect to the scalar product

(lf]r\[gY) = μr{g**f), f, gzC00(G)

is denoted by $r. The representation GU
r of G on £ r such that

is equivalent to GU
πr [l].
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If H is an open subgroup of G we identify $r with $QΨ by
[f]r ->πψ(f)ξΨ, where φeP(G) is the trivial extension of 7, φ{x) = 0
for x e G\H.

2* Weak containment and the restricted Frobenius property
RFP* If a locally compact group G satisfies FP it has the following
(weaker) property RFP: for every closed subgroup H of G and ψ e H

IG< GU* if and only if ψ = IH .

Actually, if π = /G, f = /# thus ψ = π\ H, we have

IG < G U
IR for all closed subgroups H of G

(by [6], this property is satisfied if and only if G is amenable and
it is equivalent to the weak Frobenius property WF1 defined by Fell
in [4]: for every closed subgroup H of G and π e G

Conversely, if ψeH and IG < GU^, then FP implies

ψ < IH therefore ψ = IH .

We do not know whether FP is inherited by closed subgroups
therefore we deal with the weaker property RFP.

LEMMA 2.1. // G has property RFP, closed subgroups H and
quotients G/N have property RFP.

Proof.
(a) Every closed subgroup of an amenable group is amenable

and by [6] satisfies WF1. The same holds for every continuous
homomorphic image of G.

(b) Let K be a closed subgroup of H and let IH < H U^, ψeK.
By Theorem 4.3 in [4] and by the theorem on inducing in stages (see
[18], for instance)

< σU(HU+) = GU* . Since G satisfies RFP

< GUIR and IG< GU* therefore ψ = Iκ .

(c) Let W be a closed subgroup of G/N, N closed normal, and
let IG/N < U+, ψ = πp e W. Then IG < U^oPf p:G-+ G/N the canonical
projection. If H — p"\W) and Ί — p°peP\H), ψ°p is the cyclic
representation associated with 7. If left Haar measures of G and
G/N, H and W, respectively, are normalized such that Weil's formula
holds, G^

ψ°v and GU^^P are easily seen to be equivalent: [f]r -> [TNf]p,
feC00(G), defines the corresponding intertwining operator. Therefore
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h < G~UΨ°V and ψ = Iw follows from fop = IH.

Let μ be a positive definite Radon measure on G. If {/*; iel}
is an approximate identity for C0Q(G) in the inductive limit topology
we denote by πt the cyclic representation generated by πμ and [ft]

μ.

LEMMA 2.2. πμ is weakly equivalent to the set of representations
πif iel.

Proof. Clearly {π^ iel} < πμ. Let aef\ieIkerπ, and feC00(G)
be given. As

II [/]" - πμ{f)UAμ II2 = M(/ - /*/,)**(/ - /•/<))

tends to zero and

we get πμ(a)[f]μ = 0. C00(G) being dense in $μ the assertion follows.

The left regular representation of G is denoted by XG9 or simply
λ. The crucial step exploring which groups may have RFP is the
following

PROPOSITION 2.3. Let N be an open normal subgroup of G and
let x be an element of G, not in GF. Then λ < Ur for every character
7 of (x} if one of the following conditions is satisfied

(1) x has order p, p prime number
(2) xNe(G/N)F has infinite order and (x) Γ)GF — {e}.

Proof. In both cases <#> is discrete and (x) Γ\GF — {e}. Let 7
be any character of (x) and let {/,; iel} be a usual approximative
identity for CQ0(G) in the inductive limit topology. Since N is open
we may suppose supp/, £ N for iel. By Lemma 2.2, since λ is the
representation corresponding to the positive definite measure /—>/(β),
feCQ0(G), λ is weakly contained in the set of cyclic representations
%i defined by λ and fi9 iel. By [2, 18.1.4], it is sufficient to show
that for every iel the function defined by λ and ft can be approxi-
mated uniformly on compact sets by positive definite functions as-
sociated with Ur. Therefore let /eC00(G) with iΓ= supp/£iV be
fixed and let C be a compact set in G. For ceC, seζx}, zeG
define

g(s, c,z) = \ f(c~1y-1z-1sz)f*(y)dy .
JG

Then
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[/JO = Σ
>

Σ
se<x>

= Σ 7(β)g(β)( Λc-'y-
se<«) J<?

= Σ y(s)q(s)g(s, c, z)Aβ{Z-
1) .

se<&>

If g(s, c, z)Φθ z~ιsz must be in the set K~xcK.

Case (1). Let | (x) \ — p and k = (p — 1)1 then xk & GF and there
exists zeG such that z~ιxhz is not in the compact set \Jϊzl (K~ιCK)k/i.
It follows

z'Wz ί K-'CK , 1 ^ i ^ j> - 1

t h e r e f o r e g ( s , c, 2) = 0 i f s Φ e, ceC. T h u s f o r e v e r y ceC

(Ho)f\f) = (/* *.-«/)(β) = flr(β, c, β) =

Case (2). We may assume that xN is in the centre of G/N: as
G/ΛΓ is discrete and [G/N: C(xN)]<<χ> ί ί = { ^ eG zNe C(xN)} has finite
index, therefore <#>ΠHF = {e}. Then if one can prove ^H<HU7

X<GU
X«<GU{H 170 - 0 ̂ r follows.

Now if z^sz e K~ιcK S iSΓciSΓ, it follows 0 e Nz~ιszN = sJV. There-
fore #(s, c, «) = 0 for all s e <α?> and all zeG unless ce (x)N. If
ceN and ί/(s, c, z)Φθ then c 6siV forces s = β as <#> ΠiV = {e}. Thus
for all s e G

[/JO = j

Finally, there is a finite set {kt; 1 ^ i£ m) of nonzero integers such
that CΠ((x)N\N) Q UΓ=i **W. As x& $GF, k = ΠΓ-i **, we may choose

such that

zxkz~ι t u (IΓ-

therefore

zx'tz-1 $KrxCK ίor l ^ i ^ m .

Thus g(xki, c, z) = 0, but if s ^ xki g(s, c, z) = 0 for c 6 C Π ((x)N\N)
as c ί siV. Consequently

(tfϊ[/Jr I [/JO = 0 for e 6 C Π ((x)N\N) .

As (λ(c)/1 /) = 0 if c ί iV we have proved: there is 2 e G such

that (λ(c)/|/) = ΔG{z){Ul[fzY\ [/JO for all ceC.

COROLLARY 2.4. Let G 6β amenable and let x&GF satisfy one
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of the conditions in Proposition 2.3. Then for every 7 e (x) the
representation Ur of C*(G) is faithful (ker Ur = 0).

COROLLARY 2.5. If G has property RFP every element of finite
order belongs to GF.

Proof. If not, let n be the smallest number neN for which
there exist a group iϊe[RFP] and xeH\HF of order n. Then n
cannot be a prime number. Otherwise there would exist a character
7 of (x), 7^1, such that IH< Ur in contrary to #e[RFP]. If
n = mr, n Φ m, reN, xmeHF as n is minimal. By [7, Thm. 3.11],
there is a compact normal subgroup K of H with xm e K. As H/K e
[RFP] and | (xK) \ < n

xKe(H/K)F therefore xeHF, a contradiction.

For example, the euclidean group of the plane cannot have pro-
perty RFP by Corollary 2.5.

LEMMA 2.6. Let G satisfy RFP and let (x) be isomorphic to
Z. Then xeC{xn)F for all neN.

Proof. By Lemma 2.1, the group H = C(xn)/(xn) has
RFP and x(xn) e HF follows from the last corollary. Let B
be compact such that

{yxy1; v e C(xn)} £ K(χn) £ G .

If yxy-' = kxnm{y\ JceK, m{y)eZ, it follows

xn = knxn2m[y) as y 6 C(#*) .

Thus αf~ Λ ^ belongs to the finite set Kn Π <^%>. Therefore there is
a finite set MQ Z such that

"1; y 6 C(£%)} £ {&£%TO; keK, meM}

which proves the lemma.

If V is a normal vector group in G and xeGF xvx^v1 is a
compact element of V for every v e F so that F £ C ( # ) [7, (3.4)].
Now we can prove

THEOREM 2.7. If Ge [IN] has property RFP then all conjugaey
classes in G have compact closure.

Proof.
(a) First let G be discrete and let xGF e (G/GF)F. By Proposition
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2.3, (2) there exists neN with xneGF (take N = GF). If <x> is not
finite, xeC(xn)F by Lemma 2.6 thus xeGF as [G: C(cc*)] < oo, and if
(x) is finite xeGF by Corollary 2.5. Therefore (G/GF)F consists of
one element so that G = GF by Lemma 2 in [8].

(b) Let G e [IN] ΓΊ [RFP], we may assume G e [SIN]. By [22],
there exists a compact normal subgroup K of G and closed normal
subgroups F, D of G/iί, F a vector group and D discrete, such that
{GJK)F is the direct product of V and D\ Again we may assume
K — {e}. As GF is open G/GF = (G/GF)F by (la), and Proposition 2.3
shows that for every element x in G there exists neN with af* e G>.

If the closed subgroup generated by x is compact, xn is compact
in GF and by [7, Thm. 3.11] xn generates a compact normal subgroup
K of G. As xiΓ has finite order x e GF, therefore V Q C(x). If
(x) = Z, x 6 (?(&*% and again F Q C(x) a s 7 g C(x%). Thus V is con-
tained in the centre of G.

If for xeG xn = vd, veV, deD we have C(d) £ C(xn). As d
belongs to a finite conjugacy class [G: C(xn)] < oo and as x e G{xn)F

xeGF follows.
It is an interesting question whether groups G g [IN] can have

property RFP. It will be shown in [3] that every Lie group or con-
nected group G e [RFP] is an IN-group. Now let H be a closed sub-
group of an arbitrary locally compact group G, πeG, ψeH. If K
is compact normal and ψ(H Π K) = {1}

ψ(s) = ψ(s) , 8 e H

defines a continuous irreducible representation ψ of the closed sub-
group HK/K in G/K.

PROPOSITION 2.8. Let πeG and let K be a compact normal sub-
group of G such that π(K) = {I}. If π <U^ for ψeH then ψ(HΠ K)
- {1} and π < m.

Proof. Let π = πφ and f = ττr, φ e P\G), 7 e P\H). For fe C00(G)
define κfeC0Q(G) by

V0*0 = \ f(Jcx)dx, xeG where dk denotes t h e
JK

normalized Haar measure on K. As κf(xky) = κf(xy) for all k e K,
1 I am indebted to the referee for pointing out that the proof in [22] contains an

error (in the proof, on the fourth line of p. 328, that L is ^-invariant) and for giving
a sketch of how to correct that error: it suffices to prove that when WxD is in [FC]~^
with W~Rn and D discrete abelian, then W has a J5-invariant complement Di. Observing
first that G=WxD is also in [SIN]B since W is characteristic and open, one can then
apply a splitting theorem of Hofmann and Mostert to G=WxD to find a B-invariant
complement W± to A Then take D1=Wt-
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x, y e Gr, an easy computation shows

(2.1) \ (UlnlfY I UY)dk = (Uί[*fY I ['/]') .
JK

Now let a compact set C Q G/K and ε > 0 be given. C00(G) being
dense in !gr it follows from π < U^' that there exist /, e C00(G),
1 ^ i <̂  m, such that

1) - Σ (ϋr.Vi[/*]r I [/JO I ̂  e , for A; 6 if, α; e ̂ ( C ) ,

p: G —>• G/K the canonical projection. Since φ(xk ι) — φ(x), ke K, and
using (2.1) we get

(2.2) I φ(χ) - Σ (Uτ.[κfty I [VJO I ̂  e , x e p-'(β) .

At first, we conclude from (2.2) that there exists a function / e C^G)
such that [κfY Φ 0, let | | [ * / ] r l l = l . By Blattner's theorem (see
[18, Thm. 4.4]), R((κf)**κf) is a positive element of C*(H), let
Γ = {R((κfy*κf))ι/\ Then for keHf]K

= \

therefore ψ(T) commutes with ψ(k) and for all keHΠ K

= ί Λ((V)* V)(β)7(8)d8 = || [κfY ||2 = 1 .
JH

But then ||^(fc)t(Γ)fr - Ψ(T)ξr\\2 = 0 thus

ψ(k)f(s)ψ(T)ζr = ^(β- ι fc ι)^(Γ)f r = f

for all se iϊ. Since ψ» is irreducible and ψ(T)ζr Φ 0

1 f or all k e i ϊ n K .

If Haar measures on G/K and HK/K, respectively, are suitable chosen
and if p e P\HK/K) is defined by ρ(p(s)) = τ(s), seH, it is easy to
see that

(Uilm)[Txfi]
p I [Γr/JO - (^Ϊ[ '/J r I [VJO , ^ ( ϊ

therefore (2.2) shows 7Γ •< U*.

COROLLARY 2.9. // G is an extension of a compact group K
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with a group satisfying RFP, G has property RFP.

Proof. G is amenable, if G/K is amenable, K compact, normal.
If ψ 6 H is such that IG< G U+f IG/K < U^ holds by the proposition.
G/Ke [RFP] implies ψ = IHK/K thus ψ = IH.

If φ e P(G)

<<P* I if, Λ> = ( h{s){πφ{s)πψ{x)ζψ \ πφ(x)ξφ)ds

for heLXH), xeG. Thus for aeC*(H), xeG

! jff)(α) = ((πφ I ff)(α)τr f(a;)^ | πφ(x)ξφ)

so that α e MψxlH if and only if (πψ \ H)(a)πφ{x)ξψ = 0. Since f9 is
cyclic for πφ we get a characterization of ker πφ\ H by left ideals
corresponding to positive definite functions on H

(2.3) ker πφ \ H =
xeG

If ^ is a class function on G

(2.4) ker πφ \ H = il^,^ = ker πv,^ .

We shall make frequent use of these formulas. We apply (2.3) <to
prove the following lemma which will be used in §3.

LEMMA 2.10. Let H be a closed subgroup of a locally compact
group G. Then πφ < GU

φ{H for φeP(G) if either

G/H has finite volume or

H is normal and G/H is amenable.

Proof. First let H be a normal subgroup of G, G/H amenable.
By (2.3) we have

ker πφ \ H = f) MiφlH)X =
xeG

= Π ker πmH)*
GxeG

therefore πψ\H is weakly equivalent to the set of representations
{K<P\HY, %SG. Since the representations induced by (πφ\H)x> x^G, are
equivalent to GU

ψlH

GU
π^H < GU^H , and πψ < GU

π^H as G/H is amenable [6].

Now let G/H have finite volume. We state
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\\lf]φ\\2^v{GIH)\\[fY\\\ /eC00(G)

where v is an invariant measure on G/H and 7 = ψ \ H: considering
πr as a subrepresentation of πψ\H and using the fact that ΔG and
ΔH coincide on H it is easy to check

II [f]ψ ίl2 - \G\

- ί ( HxMy)(πφ(x)πr(R(xf))ξr\πφ(y)πr(R(yf))ξr)dydx
JG JG

where b denotes a Bruhat function for H. Therefore

|| [ff || ^ ί 6(α?) || πψ(x)πr(R{af))ζr \\ dx
JG

ί b{xs)\\π7{R{xsf))ξr\\dsdv(x) .
J H

G/H

Since the function x —> || πr(R(xf))ξr \\ is constant on cosets (as

1, s e J ϊ ) and \ b{xs)ds = 1, a e G
J//

\
G/H

= v(G/H)\ b(x)\\πr(R(xfm\\*dx
JO

but

by Blattner's theorem (see [18, Thm. 4.4]). Now let {fί9 iel} be
an approximate identity for CQ0(G) in the inductive limit topology
and for iel let

Then for/eCOo(G)

?>*(/* */) - II lf*fiY II2 ̂  v{GIH)Pi{Γ */)

thus TΓ̂ . is a subrepresentation of πPi by [2, 2.5.1]. Since πp. is con-
tained in Ur and TΓ̂  -< {πΨi, iel} (by Lemma 2.2) πψ < Ur.

REMARK 2.11. If G is first countable we can choose r< > 0,
ieNf such that /0 = Σtew ^i/* */* 6 CQQ(G). Then one shows as in [11]
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that [fo]
φ is a cyclic vector for πφ (the lemma used in [11] is correct

if the measure is defined by a positive definite function). Therefore
πφ is a subrepresentation of Ur m the case G/H to have finite volume.

COROLLARY 2.12. Let G = GfΛfl be amenable and let Gt, l ^ ί

^ n, be an ascending chain of closed subgroups of G. If Gt is

normal in Gi+1 or if Gi+JGi has finite volume, 1 ^ i ^ n, then

for all <peP(G).

Proof. Let p = φ\Gn and suppose

then

Using Lemma 2.10 the assertion follows by induction.

By Corollary 2.9, in order to prove that groups G e [FC]~ have
RFP we may suppose Ge[SIN].

3* Topological Frobenius properties for SIN-groups* Let H
be a closed subgroup of a SIN-group G and ψ be a unitary represen-
tation of H. It has been shown in [9] that the restriction to H of

OU^ contains ψ as a subrepresentation therefore

THEOREM 3.1. SIN-groups have property WF2 (defined by Fell
in [4]: for every closed subgroup H and ψ e H ψ < GU^ \ H).

Representations corresponding to positive definite measures of
metric groups are known to be cyclic. What we shall need is the
following fact.

PROPOSITION 3.2. Let Ge[SIN] be first countable. If yeP\H)
is indecomposable then there exists an extension φ e P(G) of 7 such
that πφ is weakly equivalent to GU

r.

Proof. As G e [SIN] there is an approximate identity for C00(G)
in the inductive limit topology consisting of class functions (see [7]
or [9]). Moreover, we can choose ft e C00(G) and r< > 0 such that
supports Si of ff *ft are contained in a compact set K and gn =
Σ?=i rif* *fi converges uniformly on K to a class function / e C00(G).
Since ft is a class function for xeG

Pi(x): - (Ul[ftγ I [/JO = jtι'(/f *.-i/<)

= j"r((Λ* */«).-i).
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We define

then 9> is continuous as x-*fx-i is continuous and μr is a Radon
measure. Furthermore, φ is positive definite as

n

φ(x) = lim Σ riPi(χ) for & e G .

By Lemma 2.1 in [9] ft | H = ft(β)7 and by the proof of that lemma
we may assume μr(f) = 1 therefore

Now let g e C00{G), S = supp g then

i=l * Js

< l I r/^ î I I I yf^ \ \ (-F a \(<*v~l\ I /7Q/7'7
JS JH

hence for all aeC*(G)

ψ{a) = Σ r,ft(α) .
i = l

Since ^(α) = ? > ( O , a^eG, by [17, 1.8],

φ%a) = Σ ri(o?(α) for α 6 C*(G), a eG.

As r, > 0 φx(α*α) = 0 if and only if /o?(α*α) = 0 for i e iV thus

ker π> = Π -M9* = Π ker πpi .

By Lemma 2.2, Z7r is weakly equivalent to {πpi, ieN} hence Ur and
7Γ(, are weakly equivalent.

Let N be a closed normal subgroup of G e [SIN] contained in GF

and let Aut (N) be the group of all topological automorphisms of JV
with the Birkhoff topology [10, §26]. I(N, H) denotes the^ubgroup
of all n -+ xnx~\ for x in a closed subgroup H of G, then B — I(N, H)
is compact in Aut (N) [7, Thm. (0.1)] and we define as in [17]:

fH(n) = I fτ(n)dτ where dτ is the normalized Haar measure on B.
If p 6 P(Λ0 ^ 6 P(^, £Γ) and p-> pH is a continuous affine mapping
from PX(N) onto Px(iSΓ, iϊ) [17, 1.9].
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Furthermore, for aeC*(N)

pH(a) = \ pz(a)dτ .
JB

Since τ —> pT(a) is continuous on B

-ell xeH

combining this with (2.3) we get for φ e P(G)

(3.1) ker (πφ \ N) = M{φ]N)σ = keτπ{φ]N)G .

If φ e PX(G) is associated with π 6 G, (φ\ N)G e 2£(N, G) by Lemma 1
in [13]. Conversely, if a e E(N, G) we can find an indecomposable
function peP\N) satisfying pP = a. By [9, Satz 2] there exists an
extension φ e ex P'(G) of p, thus (<ρ | N)σ = α. The mapping φ ->
(9 I iSΓ)̂ , φ e ex Pλ(G), is continuous and α —> Λfα defines a homeomor-
phism of E(Nf G) onto G — Max C*(N) the set of all maximal modular
G-stable ideals of C*(N) endowed with hull-kernel topology [17, Pro-
position 4.8]. Therefore

PROPOSITION 3.3. π —> ker (π \ N) defines a continuous map from
G onto G-MaxC*(iV).

REMARK 3.4. If N is open we can consider C*(N) as a sub-
algebra of C*(G) thus ker (π \ N) = ker π Π C*(iSΓ). In this case the
map π —> ker (TΓ | iV) has been studied in [13] and has some more pro-
perties stated in [13, Thm. 1].

Let H be a closed subgroup of G and p e E(N, H). Since PX{N)
is compact, convex there exists φ 6 ex P^AΓ) satisfying <pH = ̂ . By
changing order of integration, for neN

ρG(n) = ( φH(τ~\n))dτ = ( (( φτa{n)dτ\dσ
JI(N,G) JI{N,H) \J1(N,G) I

= φG(w) thus ^ = φGeE(N, G) [17, 5.1].

In the following lemma we summarize such functorial properties
and further known facts concerning E(Nf H) used in this paper.

LEMMA 3.5. Let H be a closed subgroup of Ge [SIN] and let
N be a closed normal subgroup of G contained in GF.

(1) φ-^φ\H maps E(Gf H) onto E(H) [9, Lemma 1.3 and Satz

2 Lemma 1.3 in [9] holds for arbitrary locally compact groups. The notation I(H)
in [9] does not refer to the inner automorphisms of H but rather to the inner auto-
morphisms of G induced by elements of H.
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(2) φ -> (φ I N)G maps ex P\G) onto E(N, G).
(3) If peE(N, H), pG is in E(N, G).
(4) The closure F(N9 H) ofE(N, H) with respect to the Pontryagin

topology is locally compact and F(N, H) U {0} is equal to the weak
^-closure of ex P^N, H) = E(N, H) U {0} [9, Korollar 2.8].

(5) If N is contained in H, exP^N^H) is compact [17, 4.2;
12, Satz 1; 21, Satz 1].

Let N be contained in H. Then it is well known that for given
β 6 P\N, H) there exists a unique normalized positive Radon measure
μ on PiίN, H) such that μ has resultant β, i.e.,

<A /> = ( <% />^(7) for all / 6 L\N) ,

and suppμ £ exP^N, H) holds [20, Satz 1; 17, 2.2]. It N = H the
unique measure μ is denoted by μβ. For arbitrary subgroups H of
G maximal measures on P^N, H) (with respect to Choquet ordering)
having resultant β don't need to be unique.

LEMMA 3.6. Let N be a closed normal subgroup of Ge [SIN]
contained in GF and for β e P\N, G) let μ be the unique maximal
measure on Pτ(N, G) with resultant r(μ) = β.

(1) If H is a closed subgroup of G and if v is any maximal
measure on P^N, H) such that r(v)G = β then

supp μ - (supp v)G = {ρG; p e supp v) .

(2) For aeE(N,G)

πa < πβ if and only if ae supp μ .

Proof.
(1) The image vσ of v corresponding to the continuous affine

mapping p -> ρG from P^N, H) onto PX(N, G) has resultant r(v)G = β
and

supp vG = (supp v)G Q (ex P̂ iSΓ, H))G S J&(JV, G) U {0}

(this follows from Choquet theory and Lemma 3.5). By uniqueness
μ = DG and the assertion follows.

thus

(2) Since μ

/S(α)

has resultant β

Ύ(a)dμ(Ύ)

Mβ= n M,
γe supp μ

holds for a e

0^7esupp μ
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as 7 —> 7(α) is continuous on P%(N, G) for every a e C*(N). Since a, β
are class functions ker πa = Ma 2 Λfp = ker ̂  if α: e supp μ. Con-
versely, if ;rα •< πβ Ma is in the closure of {Mr, 7 e supp μ\{0}} in
G-Max C*(N) with respect to hull-kernel topology, therefore a e suppμ.

THEOREM 3.7. Suppose G e [SIN] and let H be a closed subgroup
of G contained in GF. If ψ e H, and π e G is weakly contained in

σU^ then π | H weakly contains ψ.

Proof. By [7, Thm. 2.11; 16, Lemma 4.3] any SIN-group G is a
protective limit of Lie groups G/Kjf j e J, K§ compact normal. In
particular, every G/K3 is first countable. By Proposition 2.3 in [16],
there exists j e J such that π(Kά) = {/}. Since KjH/Kj is contained
in (G/Kj)F, by Proposition 2.8 we may assume G to be first countable.

Now let ψ = 7rr, 7eP 1 ( i ϊ ) , and let φeP\G) be an extension of
7 such that πψ is weakly equivalent to U* (such a function φ exists
by Proposition 3.2). Then

π -< JJΨ implies π j GF < πψ \ GF .

By (3.1) ker (πφ\GF) = keτπ{φlσF)σ and there exists aeE(GF,G) such
that ker πa — ker π \ GF (see Remark 3.4). Next, take some maximal
measure v on Pλ(GF) with resultant φ \ GF. By Lemma 3.6 there is
p 6 supp v with pP = a (H = {e}, /3 = (φ I G ^ ) , therefore

ker 7Γ̂, = Π Mpχ 2 Π Λί«>* = Mpσ = ker TΓ | GF
xeGF xeG

and then

(3.2) πp\H<π\H.

As in the proof of Lemma 4.4 in [15] one shows: there exists a
net {<oj £ P^Gjr) and r t ^ 0, iel, with

such that p is the weak *-limit of {ft}. Since

| | f t | | = A ( β ) ^ l and lim inf || ft ]| ̂  || ^ || = ̂ (e) = 1

we may assume ft(e) = 1. Then p = lim ft uniformly on compact
sets in G thus p\ΈL — lim ft | iϊ. Since 7 is indecomposable and
φ\H =Ί,rfi ~ p^He P(H), iel, implies ft | H = 7 therefore /)) if
= 7. Then ψ = πr is a subrepresentation of 7Γ̂  | £Γ and by (3.2)
ψ < π I H follows.

REMARK. Since groups G e [FC]~ Π [SIN] are amenable [14] it
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follows from Theorem 3.7 that they have property RFP. For arbitrary
G e [FC]~ there exists a compact normal subgroup K of G such that
G/K e[FC]~ Π[Sm] thus G satisfies RFP by Corollary 2.9. This
completes the proof of Theorem A.

LEMMA 3.8. Let H be a closed subgroup of G e [SIN] such that
H — HF and for β e P\G, H) let v be a maximal measure on P^G, H)
representing β. If 0 g supp v then

supp μβ[H = {σ e E(H); σ = p\ H, pe supp v}

in particular, 0 $ supp

Proof. The restriction map from P^G) into P^H) is not weak
>:-continuous in general, but if 0 g supp v

supp v £ F(G, H) C PL(G, H)

therefore the mapR: p—>ρ\Hfrom suppv into P^H, H) is continuous.
Since E{H) is closed in Pontryagin topology the image vR of v has
support

β(supp v) Q R(F(G, H)) Q E{H)

by Lemma 3.5. By the proof of Lemma 2.9 in [9]

β{x) = I ρ(x)dv(p) for x e G thus
Jsupp ι>

β(s) = ( Ύ(s)dvR(7) for s 6 ί ί and then

</9 I £Γ, h) = ( <7, h}dvB(Ί) for A e Z/Cff)
J / ^ (77,7/)

hence vR = ^ | 7 ί .

COROLLARY 3.9. Let N be a closed normal subgroup of Ge [SIN]
contained in GF and let aeE{N, G). // F, H are closed subgroups
of N, F £ H, and if v is a maximal measure on P^H, F) with
resultant a \ H then 0 g supp v.

Proof. Let vt be a maximal measure on PX(N, H) with r(vλ) = a,
then {a} = (supp v^)G by Lemma 3.6, therefore 0 g supp vL. By Lemma
3.8 0 g supp μa]π and again by Lemma 3.6 0 g supp v.

REMARK. The same holds if a is the resultant of a probability
measure μ on P^N, G) with suppμ Q E(N, G).

G. Schlichting has pointed out to me the following corollary.
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COROLLARY 3 10. Let G, N, a as in Corollary 3.9 and let H be
a compact subgroup of N. Then μa\H has finite support.

Proof. By [12, Satz 3], E(H) is discrete and

supp μalH £ E(H) (Corollary 3.9) .

REMARK 3.11. Let G e [SIN] and N £ G> be a discrete normal
subgroup of G. Since every element in N/Z(N) has finite order,
Z(N) the center of N, every finite set in N/Z(N) generates a
finite subgroup [19, Thm. 4.3.2 and Corollary 2, p. 45]. Thus every
finite subset of N is contained in a normal subgroup M of G such
that

Z(N) QMQN and [M: Z(N)] < oo .

THEOREM 3.12. Let G be an amenable SΐN-group and H S=GF

be a closed subgroup. If π eG, and if ψ e H is weakly contained in
π I Ή, then G U^ weakly contains π.

Proof. Take a e E(GF, G), σ e E(H) such that π\GF is weakly
equivalent to πa and ψ is weakly equivalent to πa (see Remark 3.4
and the remarks preceding Proposition 3.3). By (2.4), ψ < π\ H
implies πσ < πa \ H < πalH therefore

σ e supp μalH by Lemma 3.6.

It is sufficient to prove

(3.3) πa<{(arU'yfxeG}.

Actually, since the representat ions of G induced by (GFU
σ)x, xeG are

equivalent to GU(GFU°) = GU
σ i t follows from (3.3) and [6]

π < GU
πlG* < GΌ

π« < GU
a < GU* .

Therefore let Y be a compact subset of GF. By [22] there exist
normal subgroups V, L, and K of G such that V is a vector group,
K is compact open in L, L/K £ (G/K)F and GF = VL is a direct
product of V and IΛ Then by Remark 3.11 we can choose normal
subgroups M, Z of G, KQZ Q M^ Lt such that [M: Z] < oo, Z/K
is the centre of L/K and Y is contained in N = VM. VZ is an
open subgroup as it contains VK. Now we consider the chain of
subgroups

HQHKQ HVZ £ HN .

See the footnote to the proof of Theorem 2.7.
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Since SIN-groups are unimodular HKjH and HN/HVZ have finite
volume. HK is normal in HVZ as ZjK is the centre of LjK and V
is central in GF. Therefore by Corollary 2.12

(3.4) πp < HNU^H for p e P(HN) .

Now let v be a maximal measure on PX{HN, H) with resultant
a\\HN. By Corollary 3.9 and Lemma 3.8, there exists ^esuppv
such that

ρ\H = σ .

Since a \ HN is a class function on HN pHN e supp μa\HN by Lemma
3.6, thus πPHN < πa]HN. As ker πp — ker KPHN we get πp < πa]HN, and
πp < HNTJ° follows from (3.4). Since HN is open in GF we obtain by
inducing up to GF

πψ < πβ and πφ < GFU°

where φeP{GF) and βeP(GF), respectively, denote the trivial ex-
tensions of p and a \ HN, φ(x) — 0 = β{x) if x ί HiV. Since TΓ̂ ^ is
weakly equivalent to {(πφ)

x, xeG} therefore

πψG < πβo and πψo < {(GFU
σ)x; x e G} .

Finally, take 7 e E(GF, G) such that πr < πφo, then

But if B = J(2V, G) and n 6 ΛΓ

- ( β{τ~\n))dτ =
J5

therefore JkfrlΛr 2 Jlfai^. Since £?(iST, G) is homeomorphic to G-Max C*(N)
and 7|i^, a\NeE(N,G)

j\N = a\N

thus 7 and α agree on Y and ττr •< {(oFU
σ)*;xeG) consequently

REMARK. Theorem B follows from Theorem 3.7 and Theorem
3.12.

COROLLARY 3.13. For SΏf-groups G the following conditions
are equivalent

1. Ge[FP]
2. Ge[RFP]
3. G = GF.
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Proof. Clearly, 1 => 2, 2 => 3 by Theorem 2.7 and 3 => 1 follows
from Theorem B.
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