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A REMARK ON GENERALIZED HAAR SYSTEMS
INL,1<p< oo

A. D. ANDREW

We show that any chain from a generalized Haar system
in L, is equivalent to the unit vector basis in /,. The con-
stant of the equivalence depends only on ».

We answer a question raised in [1]. Specifically, we prove

THEOREM. Let 1< p < o. There exists a constant K, depending
only on p, such that whenever (h,) 18 a chain from a generalized
Haar system in L,, (h,) 15 K-equivalent to the umit vector basis in l,.

Our notation and terminology is standard. If A is a subset of
a Banach space, [A] denotes the closed linear span of A. The unit
vector basis in [, is denoted by (e,), and x denotes Lebesgue measure
on (0, 1).

A generalized Haar system [1] in L, is a sequence (k,) defined
as follows. Let {4,.:7n=0,1, ---;0 <1 < 2" satisfy 4,,= (0, 1);
AniroUApiioirn = Anps and A,y 00N Apsyoi = 6. Let

1 1
H"" = _——__-__X n - ————X 141,24 ’
‘ (A t20) Antee (A ns10041) Antnits

and define h, = 1, hpnyy = H, /|| H, i)l

A chain from (h,) is a subsequence (h,) such that supp k.., C
supp ..

In [1] it is proved that a generalized Haar system is a monotone,
unconditional basic sequence in L,, with unconditional constant X\
depending only on p.

The proof of the theorem'is based on the following lemma (see
[2] and [3]).

LEMMA. Let 1=AM< ,0>0,1=Z9 <2, and (x,) be a norma-
lized unconditional basic sequence in L, with unconditional constant <
N. Then,

@) | 2 a2l =MXan|?)?, and
(b) If there exist disjoint sets (B,) with

2, | Bl =8, then {-(2 a2 < || S autall

Jor any scalar sequence (a,).
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Proof of theorem. We shall denote the chain by (&,), and let
A, ,=supp ki, A,,=supp h,. We will assume supp k,+, C 4, ..

Any chain in L, is an orthonormal system, so a chain in L, is
isometrically equivalent to the unit vectors in [,.

We consider now the case 1 < p < 2. Let N, = {n:||h,|A,.|] =
277}, Ny = {n: ||k, | A,.|| > 277}, and consider first the chain (2,),.x,.
Setting B, = 4,. and é =277, it follows from the lemma that for
all sequences (a;),

(1) 25 lal) = 5

JjeN;

As for the chain (h,).cn,, note that for each mec N, we have
WA, ) > A,,). Thus, if j is the successor (in N,) of n, (4, — 4;.) >
(1/2)(A,,). Setting B, =A,, — A;, we have ||h,]|B,]| > 277, so
that

(2) 225 asl)” =

A jENg

> a;h;

JEN,

Using (1), (2), part (a) of the lemma, and the unconditionality
of (h,) we have

S sy s 2 (Zlal) +2—;/—’f(j§vllaj1p)“”

= x x
= 2| X ashsl| = 203 | a;(P)7

JENy jenN;

as desired.

Now suppose (k,) is a chain from L, 2 <p < . Then [(k,)]
is isometric to l,, as we may regard h, = c,e, + b.e, — Di5n+1 D85
The biorthogonal sequence (h}) is a chain from a generalized Haar
system in L,, with 1/g + 1/p = 1. Since 1 < g < 2, (k) is equivalent
to e}. Letting T:1,—1, be the isomorghism realizing this equivalence,
we have that T%e, = h, and T* is an isomorphism. Hence (h,) is
equivalent to (e,).
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