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TWO QUESTIONS ON WALLMAN RINGS

JOSE L. BLASCO

In this paper we give an example of a Wallman ring
topological space X such that the associated com-

pactification ω(X,Z(J^)) is disconnected and sf is not a
direct sum of any two proper ideals, herewith solving a
question raised by H. L. Bentley and B. J. Taylor. Also, an
example of a uniformly closed Wallman ring which is not
a sublattice is given.

I Introduction* Biles [2] has called a subring J ^ of the ring
C(X), of all real-valued continuous functions on a topological space
X, a Wallman ring on X whenever Z(j&)9 the zero-sets of functions
beloning to J^, forms a normal base on X in the sense of Frink.

H. L. Bentley and B. J. Taylor [1] studied relationships between
algebraic properties of a Wallman ring sf and topological properties
of the compactification ω(X, Z(j*f)) of X. They proved that if j y
is a Wallman ring on X such that j ^ = & φ ^ where & and <&
are proper ideals of J < then ω(Xf Z(jzf)) is disconnected. We shall
prove that the converse of this result is not valid. But, when
ω(X, Z(j*f)) is disconnected we find a Wallman ring j ^ ° , equivalent
to J}< which is a direct sum of any two proper ideals.

It is well-known that every closed subring of C*(X), the ring
of all bounded functions in C(X), that contains all the rational
constants is a lattice. But this is not true for arbitrary closed
subrings of C(X). We give an example of a uniformly closed Wallman
ring on a space Y which is not a sublattice of C(Y). This corrects
an assertion stated in ([1], p. 27).

II* Definitions and basic results* All topological spaces under
consideration will be completely regular and HausdorfF. A nonempty
collection J?" of subsets of a nonempty set X is said to be a ring
of sets if it is closed under the formation of finite unions and finite
intersections. The collection ^~ is said to be disjunctive if for each
closed set G in X and point x e X ~ G there is a set F e JΓ satisfying
x 6 F and F Π G = 0 . It is said to be normal if for F1 and F2 in
jβΓ with empty intersection there exist Gx and G2 which are comple-
ments of members of JΓ satisfying Fx c Gu F2 c G2 and Gx Π G2 = 0 .
The collection Jf is a normal base for the topological space X in
case it is a normal, disjunctive, ring of sets that is a base for the
closed sets of X

Throughout this section 3f will denote a disjunctive ring of closed
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sets in a topological space X that is a base for the closed sets of
X Let ω(X, £&) denote the collection of all ^-ultrafilters, and
topologize them with a topology having as a base for the closed sets,
sets of the form D* = {ZS e ω(X, ^):De <&} where D e ^ . Then X
can be embedded in ω(X, 2&) as a dense subspace when it carries the
relative topology. The embedding map takes each xeX into the
unique ^-ultrafilter of supersets of x in &r. The space ω(X, 2$) is
a TΊ-compactification of X ([3], p. 122).

We now state some facts concerning the space co(X, 2$) which
will be needed. For a proof see ([3], p. 119, p. 123).

PROPOSITION 2.1. The space ω(X, 3ί) is Hausdorff if and only
if S3? is a normal base on X.

The following result is an interesting characterization of ω(X, £&
due to Sanin.

THEOREM 2.2. The space S — ω(X, 2$) is uniquely determined
(in the usual sense) among T^compactifications of X by its properties

(a) {C15JD: ΰ e ^ } is a base for the closed sets of ω(X, 2%).
(b) For Flf F2 in 22, Q\SFX n cl s F 2 - c l ^ Π F2).

According to the Proposition 2.1 if any Hausdorff compactification
of X satisfies (a) and (b), then 3ϊ is a normal base on X.

Ill* Disconnectedness of ω(X, Z{.S^)). The next result is a
necessary and sufficient condition for the disconnectedness of
(t)(X, Z(,&f)) being ,jy a Wallman ring on X.

THEOREM 3.1. Let ,S>f be a Wallman ring on a space X Then
o)(X, Z(.S^) is disconnected if and only if there is a Wallman ring
>&f°, equivalent to j y (i.e., ω(X, Z(.&f)) = ω(X, Z(.jzf°))), which is
the direct sum of any two proper ideals.

Proof. The sufficiency has been proved in ([1], Theorem 3.14)
with .jy = ,j/°. Necessity. Suppose that S = ω(X, Z(.s*/)) is dis-
connected. Then there exist nonempty disjoint closed subsets A and
B of S whose union is S. Since A is a closed set of S,

A = Π {dsZ: A c c\sZ, ZeZ(.sf)} .

It follows from A Γ\ B = 0 that {B, c\sZ: A c c\sZ, Z e Z(.J&)} does
not have the finite intersection property. Therefore JBΓlcl^Π Π
c\sZn = 0 , for some Zt e Z(>szf), A c c\sZif 1 <* ί ^> n. This implies
A = Π {clsZt: l£i£n} = cίsn{Zt:l£ί^, n). So A = dsZ(f) where
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/ 6 Jzf. In the same way we find that B = dsZ(g), g e ,Sf.
The set j ^ ° = {h/sih, sejxζ Z(s) = 0} is a subring of C(X)

such that Z(.sχf) = Z(j/°). So j ^ ° is a Wallman ring on X equi-
valent to J ^ The functions Λx = /2/(/2 + #2), λ2 = #2/(/2 + #2) belong
to j y ° and they are the characteristic functions of the zero-sets
Z(g) and #(/), respectively. Since Z(f)Γ\Z(g)= 0 , the ideal (ht)
of j ^ ° generated by ht is proper, 1 <; i <; 2. On the other hand,
1 = h, + h2 implies that .s*f° = (AJ φ (A2).

The following is an example of Wallman ring which cannot be
expressed as the direct sum of nontrivial ideals.

EXAMPLE 3.2. Let X = [0, 1) U [2, 3), & = {/ e C(X): for some
compact set KaX, f is an integer constant on X ~ if}.

Since X is locally compact, Z(0f) is a disjunctive base for the
closed sets of X.

Consider the following functions in C(X)

φ^x) = e , a; e [0, 1) φΣ(x) = 0 , α? e [2, 3)

9>2(α;) = 0 , & e [0, 1) ?2(α?) = β , αj e [2, 3) .

Let J ^ be the subring of C(X) generated by & U {<Pi, 92} Since
^^2 = 0, a function of ,jy will be of the form

where gik belong to & and m, j are nonnegative integers.
From the definition of &, there exist compact sets Kt c [0, 1)

and K2a[2, 3) such that if x eX ~ (K, U JBΓ2) then gik(x) = atkeZ
(the set of integer numbers). Therefore

* /(») = 0̂0 + a1Qe + + amQem , x e [0, 1) - iξ

/(α) = a00 + αoιe + . . . + αo. e5' , x e [2, 3) - iΓ2 .

Since Z(&) c Z(j^) it follows that Z(.Ssf) is a disjunctive base
for the closed sets of X and a ring of sets.

Now, we will show that K — [0, 1] U [2, 3] is a compactification
of X equivalent to ω(X, Z(,s^)). According to Theorem 2.2 it suffices
to show that: (a) The family {clKZ: Z e Z{,_s*f)} is a base for the
closed sets of K (b) For Zlf Z2 in Z(.s*f), c\κ{Z1 Π Z2) = &KZX Π dκZ2.

(a) If C is a closed set in K and 1 ί C, then the set C Π [0, 1]
is compact and 10 Cπ [0, 1]. Let β be a point in [0, 1) such that
Cf\[β, 1] = 0 . Then, there exists a function feC(K) such that
/([£, 1] U [2, 3]) = {1} and f(C Π [0, 1]) = {0}. If g is the restriction
of / to X, then ge.^,h = φ,g e , χ C c c\κZ(h) and 1 g c\κZ(h). With
the point 3 a similar argument can be used (also in (b)).
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(b) Let /, gej^f and suppose that 1 e c\κZ(f) Π c\κZ(g). From
(*) there exists β e [0,1) such that f(x) = mx and g(x) = m2 for every
x e [/3,1). By our assumption mx — m2 — 0, therefore 16 c\κ(Z(f) n
TO)

Then JK" = α>(X, Z{J*f)), hence Z(jzf) is a normal base on Xand
is a Wallman ring.
Now, we will show that the characteristic function of the interval

[0, 1) is not in J^ί Let k e J^Γ From (*), there exist β e [0,1), 7 6
[2, 3) and aikeZ,0^i^m,0^k^j such that
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If [2, 3) c ^(fe), then a00 = α01 = = αoy = 0 because e is a
transcendental number. Therefore h (x) = a1Qe + + αmOβm Φ 1 if
^e[/3,l).

Finally, we will show that Jzf cannot be expressed as the direct
sum of nontrivial ideals. Suppose that jzf = <& 0 Sίf where ^ and
3ίf are proper ideals of Ĵ C Then lejzf implies that there exist
/ 6 <& and g e 3ίf such that 1 = / + g and fg = 0. Hence {TO, ^(/)}
is a partition on X. On the other hand, since & and £ίf are proper
ideals, the zero-sets Z(f) and Z(flr) are nonempty, so [0,1) = Z(f) and
[2, 3) = Z(g). Therefore g e *$/ is the characteristic function of the
interval [0, 1), which is a contradiction.

IV* An example of a closed Wallman ring which is not a
lattice* Let N denote the set of natural numbers. By a sublattice
of G{X) we mean a subset of C(X) which contains the supremum
and inίimum of each pair of its elements. By a closed subring of
C(X) we mean a subring of C(X) which is closed in the uniform
topology on C(X).

EXAMPLE 4.1. Let & be the set {/ 6 C(N): for some finite subset
MaN, f is an integer constant on N — M). Then & is a subring
of C(N) and Z(^) = {B c N: B or N ~ B is finite}. It is well-known
that έ$ i s a Wallman ring on i\Γ such that α>(JV, Z(0?)) is the one-
point compactification of N.

Let <£> be the function defined <p(2n) = n, φ(2n — 1) = —n,n —
1,2, •••. Let <$/ be the subring of C(N) generated by & U {φ}.
Obviously Z(&) c Z(jf). To show that Z{j*f) c Z(&), let / 6 Ĵ Γ
Then f = go + gγφ + + #mφm, where ^ e ̂ , 0 ̂  i ^ m. From the
definition of &, there exist ^0 6 N, at 6 Z, 0 ̂  i ^ m such that
gt(2n — 1) = Qi(2n) = ctit 0 ̂  ΐ ^ m for every ^ ^ w0. If αx = =
αm = 0, then f(2n — 1) = f(2n) = α0 for every ^ ^ n0 and therefore
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/ 6 ̂ . Suppose aiQ Φ 0 for some i0 ^ 1. Then, if n ^ n0, f(2n) =
α0 + naγ + + nmam and /(2w — 1) = a0 — nax + + (—l)mnmam.
So Z(f) is finite and Z(f) e Z(&). Hence ^f is a Wallman ring on
X

If 9+ = ^ v 0, then ^(<^+) = {1, 3, 5, •} £ Z ( j ^ ) . Therefore
?>+ g *i^ and J ^ is not a lattice. Finally, since the functions of j ^
are integer-valued, it follows that j ^ is uniformly closed in C{N).
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