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SINGLY GENERATED ANTISYMMETRIC

OPERATOR ALGEBRAS

JOHN B. CON WAY AND WACZAW SZYMANSKI

We discuss the antisymmetry of certain algebras associ-
ated with a bounded linear operator on a Hubert space ^ .
An algebra of operators on ^ is said to be antisymmetric
if the only self-adjoint operators it contains are multiples
of the identity. If T is a bounded operator on ^ let
^U(T) be the norm closure of {p(T): p is a polynomial} and
let &U(T) be the norm closure of {f(T):f is a rational
function with poles off the spectrum of T} Suppose T—
^ΘΓaθ and ||T,||->0 as j->oo. For a subset J of N,
the natural numbers, let Tj=®{Tji jeJ}. It is proved
here that if ^U(T3) is antisymmetric for each j , then
^fu(T) is antisymmetric if and only if for each finite set
J the polynomially convex hulls of σ(Tj) and σ(Tisij) have
nonempty intersection.

Similar results are obtained for &U(T). Under the assumption
that each J^i(Tά){&u(Tό)) is antisymmetric, the maximal antisym-
metric projections for J*fu(T)(&u(T)) are characterized. These results
are then applied to completely characterize the compact operators
T for which JK(T)( = ̂ U(T)) is antisymmetric.

The concept of antisymmetric algebras has been fruitfully used
in the theory of function algebras [4] and operator theory [2], and
a systematic study of this property was begun in [5] and [6].

In this paper the cases where T == Tx 0 0 Tn or T = Tx@
T2 0 and || Γ^l -> 0 as j -> <*>, and J*ί(Tj) (or ^u(Td)) is antisym-
metric for each j ^ 1 will be considered. The study of the case
where T is an arbitrary infinite direct sum of antisymmetric opera-
tors poses some difficulties. The assumption that | |Γ i | | -»0 obviates
these difficulties and permits a study of compact operators.

By Theorem 1.4.5 of [1], if T is a compact operator, T = Tx 0
T2 0 where each T3 is an irreducible compact operator. Because
Tj is irreducible, J>fu{Tό) is antisymmetric [5]. Since T is compact
it must be that the above direct sum is either finite or 11 Ty 11 —> 0
as j -» oo. Hence, the study of compact operators will be covered
by the more general theorems.

The authors would like to thank the referee, William R. Zame,
for his valuable remarks. In the original manuscript, only finite
direct sums were treated, and the case of infinite direct sums of
compact operators was handled with a separate argument. Professor
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Zame observed that the infinite case could be treated provided the
assumption was made that the norms converge to zero. He also
made several other suggestions that have resulted in more incisive
results and more lucid exposition.

l Preliminary results. If όt? is a subalgebra of &{2{f), the
algebra of all bounded operators on the separable Hubert space Sίf,
and j ^ contains the identity, a projection P in J^ ' , the commutant
of j*f, is antisymmetric for j ^ if jfP = {A \ P£ίf\ A e sf) is an
antisymmetric subalgebra of έ%(P3^). A maximal antisymmetric
projection for J^ is an antisymmetric projection for jzf that is
maximal, for the usual ordering, in the set of all antisymmetric
projections. Let ^£{^f) denote the set of all maximal antisym-
metric projections for sf. ^(Jtf) is contained in the center of
the von Neumann algebra generated by j y [6]. Also, if Q is any
antisymmetric projection for j ^ , there is a P in ^€(jzf) such that
Q ^ P [6]. Also, if P e ^ # ( j / ) and Q is an antisymmetric projec-
tion for j*f such that PQ Φ 0, then Q^P ([5], Proposition 2).
Finally, each antisymmetric projection that belongs to s/ must be
maximal.

The proof of the following result is left to the reader

PROPOSITION 1.1. 7/ Γ = φ {Ts\ j ^ 1} and \\ Tj\\ -+ 0 as j -» ©o,

then

U
Throughout this paper, the following notation will be fixed. R

and C stand for the real and complex numbers, and • denotes the
empty set. If {̂ }̂ is a finite or countable sequence of Hubert
spaces, ^f = φ y ̂  ; if Td e &(<%%), T = φ , Tά. Let P3 denote the
projection of ^f onto J ^ . If J £ N, 3έ?j - 0 {^: i e J}, P^ = 0
{P, : i e J}, ΪV = 0 {ϊ7,-: j e J}. If iΓ is a compact subset of C, K~ =
polynomially convex hull of K.

2. The antisymmetry of ^fu{T)^ In this section we will study
the antisymmetry of *SK(T) under the assumptions, that T is a finite
direct sum T ^ ^ φ φ Γ , or Γ is an infinite direct sum T =
Γ i Φ ^ φ and \\Td\\->0; and JK(Td) is antisymmetric for each
j ^ 1. However, the results and the proofs will only be given in
the infinite case. The statements of the results for the finite case
and their proofs are left to the reader.

LEMMA 2.1. IfjQN,Pjβ JK(T) iff σ(T,T Π σ(TNJf = D
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Proof. It is easy to see that PjβΛK(T) iff JK(T)
). The proof is now completed by applying Theorem 1.4 of

[3].

THEOREM 2.2. Suppose that T = Tx0 Γ 2 0 , || Γ. U -^Oαs ;/-•
oo, αm£ J^CΓy) is antisymmetric for each j. The following condi-
tions are logically equivalent:

(a) J^ζ(T) is antisymmetric.
(b) For every finite nonempty subset J of N, Pj<£
(c) For every finite nonempty subset J of JV,

Proof. Clearly (a) implies (b). By Lemma 2.1, (b) and (c) are
equivalent.

Now assume that (b) holds, and we will show that J#ί(T) must
be antisymmetric. Suppose AeJ%ζ(T) and A = A*. Clearly A —
i i φ ^ φ and each Ai e j ^ ( Γ y ) . Let {pn} be a sequence of
polynomials such that

Because IIPCT1)!! ^ sup {\p(z)\: zeσ(T)} for any polynomial p, {pJ is
a uniformly Cauchy sequence on σ(T). In particular, pn(0) —> α, for
some scalar α.

If /̂  denotes the identity on the space

^ || A, - p.(T,)|| + ||p.(Γy) - p%(0)I,

^ ||A - pn(T)\\ + ll

Because || Ty|| -> 0 as j ->°°, \\p(Td) — jp(O)/y|| -> 0 as i ~> oo for any
polynomial p. Thus, the above inequality implies that || Ay — cκJy||—•
0 as j —> oo.

Now Ay6 J^(Γ y ) and Ay = A*. Since j&ί(Ts) is antisymmetric,
Ay = aάl5 for some αy in R. From the preceding paragraph it fol-
lows that as -» α as j —> ©o. Suppose αfc =̂ α for some &. Put J =
{̂ ": Q̂ . — α }̂. Because αy—» α, J must be finite. Also ak is an isolated
point of the spectrum of A = aJ1@a2I2® ••• . Hence Pjβ

contradicting (b). Thus A = al.

Notice that if J is an infinite subset of N such that N\J is
also infinite, then Proposition 1.1 implies 0eσ(Tj)Π tf(2W).

The remainder of this section is devoted to the description of
^f(JK(T)), the set of maximal antisymmetric projections for J*£(T).
Let & denote the collection of nonempty subsets J oi N such that

is antisymmetric. It follows from Theorem 2.2 that
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(2.3) Je & iff σ(TLΓ n *(ΓJNLΓ Φ D

for every finite nonempty subset L of /.
It follows from (2.3) that if & is ordered by inclusion, each

member of & is contained in a maximal element of &. Let J£^ =
the collection of maximal elements of ^ . Because each JK(Tj) is
assumed to be antisymmetric, each integer belongs to at least one
member of 5ίΓ. Moreover, the sets belonging to 3ίΓ are pairwise
disjoint. Hence, 3ίΓ is a partition of JV and J = Σ {PJ: ^

PROPOSITION 2.4. // J%Γ is the partition of N described above,
then:

(a) For J and K in 3ίΓ, J' Φ K, σ(TjT Π o{TκT = Π
(b) If Je^T and 0$σ(TjT, then PjβJK(T).
(c) JsΓ contains at most one infinite set J, and this infinite

set is the only one for which Oeσ(Tjy.

Proof (a) Suppose J and K belong to 3ίΓ and σ(Tjf ς\σ(TκYΦ
• Let L be a finite subset of J{JK and assume that L C\K Φ Π
Thus *(2W,\LΓ Π ̂ (Γ^Γ 2 σ ( Γ ^ ) " n σ(!ΓLΓ ^ D By (2.3), JUKe
&*. By the maximality of / and K, J = K.

(b) If 0$σ(TjT, there is an ε>0 such that for J = {zeC: \z\<Lε),
Δ Π ̂ ( Γ J Γ = Π Because || Γy | | ->0 as j-+ ©o, Proposition 1.1 implies
that there are a finite number of sets J"o, , Jn in J%~ such that
if i Γ e ^ r and K Φ Jo, , /„, then ^(Γ^) £ J; hence, σ(TκT Q Δ for
KΦJ0,--,Jn. Suppose J = J 0 . By (a), <τ(2WΓ S ^ Γ ^ Γ U U
^(2V»Γ U 4, and so σ{TjT Π σ(T^jT = D- Part (b) follows by
Lemma 1.1. Part (c) follows from (a) and the fact that Oeσ(T, ) if
J is infinite.

THEOREM 2.5. // <Sχfu(Tό) is antisymmetric for each j ^ 1
is the partition of N described above, then

Proof. By the definition of ^% ,̂ P^ is an antisymmetric projec-
tion for each J in JT\ Also note that JK(T)Pj Q J<(2j). Let L
be the unique element of ^Γ such that Oeσ(TL). By 2.4 (b), Pjβ
JK{T) for J in 3Γ and J Φ L; since P^ is an antisymmetric pro-
jection, it follows, as noted in the remarks at the beginning of §1,
that Pje^f(JKiT)).

Now let E 6 ̂ ( J * ζ ( T ) ) . Because Σ ipj: Jz^έΓ) = ί, there is a
J in SΓ such that .EP,, ̂  0. By the remarks at the beginning of
§ 1, Pj <, E. If J Φ L, then E = Pj since Pj is also maximal. If
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PJ for all J in ^ Γ different from L, then EPj = 0 for J in
Φ L. Hence, / - P z = Σ {Py. JeJT, J Φ L) ^ / - E, so E ^

PL. Because PL is antisymmetric and i? is maximal, E = PL.
We have shown that ^T(J^(Γ)) £ {P,: J e ^Γ}. It only remains

to show that PL is a maximal antisymmetric projection. But this
is easy since the fact that it is antisymmetric implies there is an
E in ^t(JK(T)) such that PL ^ E ([6]). By the preceding para-
graph, PL = E.

Observe that if L is as in the preceding proof, then PL is not
necessarily in J^ζ(T).

If T is an irreducible operator (that is, {T}' contains no non-
trivial projections), then J#ί(T) is antisymmetric [5], Now if T is
compact, T = ^ φ Γ j φ where each T5 is irreducible ([1], 1.4.5).
A combination of this result and Theorem 2.2 yield a description
of those compact operators T such that J*C(T) is antisymmetric.

THEOREM 2.6. If T is a compact operator and T = 2\0T 20-
where each Tό is irreducible, then JK(T) is antisymmetric iff for
each finite subset J of N, σ(Tj) Π ff(

Note that because the spectrum of a compact operator is poly-
nomially convex, it is not necessary to use the polynomially convex
hulls of the spectra in Theorem 2.6. Also, this same fact implies
that JK(T) = &U(T) for any compact operator.

COROLLARY 2.7. If T is a compact operator and T = 2\ φ
T2 © , where each Tό is irreducible and has infinite rank, then

is antisymmetric.

The following example illustrates Theorem 2.6.

EXAMPLE 2.8. Consider

— 0

i, 1 χ

n n + 1

acting on C2 for n = 1, 2, . Also let V be the Volterra operator
on L2[0, 1]:

Vf(x) =

Then V and Γn are irreducible and | |ΓJ | ->0. Therefore, T =
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θ?=i Tnφ V is a compact operator. Now σ(Tn) = {1/n, I/O + 1)} so
if To = ©~=1 Γn, then JKCΓo) is antisymmetric by Theorem 2.6. Also,
0 6(τ(Γ0) so that J<(Γ) is antisymmetric by Theorem 2.2.

This section concludes with a word of caution to the reader.
If J e J Γ , the partition constructed for Theorem 2.5, then
is antisymmetric and Pj is an antisymmetric projection for
However, if J is an arbitrary subset of N and Pj is an antisym-
metric projection for JK(T), it does not follow that JK(Tj) is
antisymmetric. This is illustrated by the following example.

Let X± = {zeC:\z\^l}n{zeC:Rez^O}, X2 = {1/2}, Xz = {z e
C: \z\ = 1}. Let Tό be a normal operator with σ(Ts) = X, , i = 1, 2, 3.
Put T = T, 0 T2 0 Γ8, / - {1, 2}. Now JK(ΪV) - *X(Ϊ\) 0 ^ ( T 2 )
since I j fl I 2 = -XT ΓΊ X2" = D Hence Jzfu{Tj) is not antisymmetric.
On the other hand, suppose Aej%ζ(T) and AP^ = A*P^. Let {pn}
be a sequence of polynomials such that pn(T)—>A as n—>°o. Because
Γ is normal, there is a continuous function fQ on σ(Γ) = X1 U X2 U
X3, such that pn->f0 uniformly on σ(T) and A = /0(Γ) But by the
Maximum Modulus Theorem, {pj converges uniformly on the closed
unit disk D to a function / that is continuous on D and analytic
on its interior. Clearly / = f0 on σ(T). But / must be real-valued
on Xlf so / is a constant function, say f = c. Hence A = fo(T) = cI,
and J*fu{T)Pj is antisymmetric.

In the preceding example, ^/(cX(!Γ)) = {/}, since JK(T) is
antisymmetric.

3* The antisymmetry of &U(T). Here we assume that T is
a finite direct sum or an infinite direct sum of operators {Tό} such
that | | JP 5 - | | ->0 as j—>°°, and ^u{Tβ) is antisymmetric for each j .
As in § 2, only the results for infinite direct sums will be given. In
fact, no proofs of results analogous to results in § 2 are given here;
these proofs following by analogous arguments.

LEMMA 3.1. // JaN, Pj e &e%(T) iff σ(Tj) Π σ(TjsXJ) = ••

This is proved like Lemma 2.1, but Theorem 2.2 of [3] is
invoked. The proof of the next theorem is similar to the proof of
Theorem 2.2.

THEOREM 3.2. Suppose that T = Tί 0 T2 0 , || Γy | | -> 0 as j - *
oo, and &u(Tj) is antisymmetric for each j . The following condi-
tions are logically equivalent:

(a) ^L(Γ) is antisymmetric.
(b) For every finite nonempty subset J of N, Pj $
(c) For every finite nonempty subset J of N,
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Because ^ ( T ) =>•£<(Γ), if ^ ( T ) is antisymmetric, J<(Γ) is
antisymmetric. However, the converse is false as the next example
illustrates.

EXAMPLE 3.3. Consider the following three compact subsets of
the plane: Kx = {z: \z\ ^ 1}, K2={z: 9 ^ \z - 101 ^ 10}\{s: | Imz | < 1/2
and \z\ < 2}, and ίΓ3 = {z: \z - 5| ^ 1}. Let Ut = i n t l ^ and let λ,=
planar Lebesgue measure restricted to Ut. Let A\Ut) = ]/ : / is an
analytic function on Ut with I |/|2<2λ< < ooi and define Tt on A\U%)

by 2*,/ = zf. It follows that J^(Γ<) = ^5,(!Γ<) = {Λf*: ^ is a continu-
ous function on K4 that is analytic on Ϊ7J, where Mφf = 0/. More-
over (7(7,) = K, = ίζΓ. Let Γ - Γxφ Γ 2 0 Γ8. By Theorem 2.2
JK(T) is antisymmetric. However σ(Tz) Π [σ(Γ2) U σ(TJ\ = Π so
that &U(T) is not antisymmetric by Theorem 3.2.

To describe ^(&%(T)), let &* = {J Q N: &u(Tj) is antisym-
metric} and let ^3Γ be the maximal elements of &. The next
result is proved like Theorem 2.5.

THEOREM 3.4. // &u(Tj) is antisymmetric for each j i> 1
is the partition of N described above,

= {P/. Je

4* Final remarks* There are some situations in which
S) or ^ ( Γ φ S ) is antisymmetric even though JK(Γ) and JK(S)
or ^ W ( Γ ) and &%(S) are not.

PROPOSITION 4.1. Let Te£f(£έfτ) and
(a) // JK(S) is antisymmetric, σ(T)~ £ &(S)~, and σ(T)~ is a

spectral set for T, then J ^ ( Γ 0 S ) is antisymmetric.
(b) // &Jβ) is antisymmetric, σ(T) £ σ(S), and σ(T) is a

spectral set for Γ, then &U(T@S) is antisymmetric.

Proof (a) If A = A * 6 J K ( Γ φ S ) , then there is a sequence
{pn} of polynomials such that pn{T® S) = pn(T) φ pw(S) -^ A. Hence
A = A!®A 2 where Ax and A2 are self-adjoint, pn(T)—> Alf and

A2. Since JK(S) is antisymmetric, A2 — cl. It follows that
c uniformly on σ(T)~. But σ(TT is a spectral set for T, so

c/|| ^ s u p ί l p . ^ - c l : «eσ(ΓΓ}. Thus pn(T)-+cI and A ^ c / .
(b) The proof of (b) is similar.

COROLLARY 4.2. // JK(S) [resp., &U(S)] is antisymmetric and
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T is a subnormal operator with σ(TT aσ(SY [resp., σ(T)aσ(S)],
then J K ( Γ Θ S ) [resp., &U(T®S)] is antisymmetric.

COROLLARY 4.3. // JK(S) [resp., &U(S)] is antisymmetric, T
is a contraction, and {z: \z\ ̂  l } c σ(Sy [resp., {z: \z\ <; 1}C(7(S)],
then J K ( Γ φ S ) [resp., &U(T(&S)] is antisymmetric.

These ideas have a nice application to compact operators

COROLLARY 4.4. If T and N are compact operators and N is
normal, then *Ssfu(T@N) is antisymmetric if and only if *Sϊfu(T) is
antisymmetric and σ(N) czσ(T).

Proof. If JK(T) is antisymmetric and σ(N)cσ(T), then
is antisymmetric by Corollary 4.2. Now assume that
is antisymmetric. Let T = φ™=1Tn where each Tn is

irreducible and let N = φ^ = i Xn where {Xlf λ2, } are the eigen-
values of N, each repeated according to its multiplicity; each Xn is
considered as acting on a one dimensional Hubert space. Then

is the decomposition of the compact operator T 0 N as a direct sum
of irreducible compact operators. Fix an integer k and let J =
{jeN Xj = λfc}: Applying (2.6) to this J, it follows that Xkeσ ( Γ 0
θy«jλy) = σ(T){J{\-: j<£J} = σ(T)U{Xj: j$J}Ό{0}. Clearly if λ* Φ 0
then Xkeσ(T). So σ(N)\{0} Q σ(T). If σ(N) is infinite, then σ(T)
must be infinite and so Oeσ(T). If σ(N) is finite and Xk = 0, then
(2.6) gives that Oeσ(T)\J{Xj: j Φ J}, so Oeσ(T).
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