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CATEGORY IN FUNCTION SPACES, I

D. J. LUTZER AND R. A. MCCOY

In this paper we study Baire category in spaces of con-
tinuous, real-valued functions equipped with the topology of
pointwise convergence. We show that, for normal spaces, the
Baire category of Cπ(X) is determined by the Baire category
of Cπ(Y) for certain small subspaces Y of X and that the cate-
gory of Cπ(X) is intimately related to the existence of winning
strategies in a certain topological game Γ(X) played in the
space X. We give examples of certain countable regular spaces
for which Cπ(X) is a Baire space and we characterize those
spaces X for which Cπ(X) has one of the stronger completeness
properties, such as pseudocompleteness or Cech-completeness.

l Introduction* It is well-known that the set of all continuous
real-valued functions on a space X is a completely metrizable space
when equipped with the topology of uniform convergence and there-
fore that the Baire Category Theorem is valid in this space. How-
ever, when function spaces carry other topologies, the status and
role of the Baire category property is more mysterious, and in this
paper we consider Baire category in Cπ{X), the set of all continuous
real-valued functions on a completely Hausdorff space X, equipped
with the topology of pointwise convergence. (See § 2 for precise
definitions.) We can preview some of our less technical results as
follows. Experience shows that the Baire category of Cπ(X) is de-
termined by the kinds of limit points which countable subsets of
X can have. For example, if Cπ(X) is a Baire space then X has
no nontrivial convergent sequences (Corollary 3.3) and the same
argument shows that the set of bounded members of Cπ(X) is never
a Baire space. Furthermore, it is sometimes possible to study the
Baire category of Cπ(X) by examining the continuously extendable
functions defined on countable subspaces of X (3.7). Examples show
that there are infinite nondiscrete spaces X for which Cπ(X) is a
Baire space, e.g., any normal space in which each countable subset
is closed (see Theorem 8.4). A more interesting fact is that there
are even countable nondiscrete spaces for which Cπ(X) is a Baire
space, e.g., any space X = ω U {p} where p e βω — ω, topologized as
a subspace of βω (see Example 7.1). It is possible for Cπ(X) to be
a Baire space, where X is countable and regular, without X being
embeddable in βω (Example 7.2) and we can characterize those filters
^V on ω such <that Gπ{X) is a Baire space when X is obtained by
adjoining a single point to ω and using Λr as the neighborhood
filter of the ideal point. More precisely, if X has a unique nonisolated
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point whose neighborhood filter is ^V\ then Cπ(X) is Baire if and
only if, given any sequence ^7, J^, , where each J^n is an in-
finite family of pairwise disjoint finite sets, it is possible to choose
Fn e ̂  in such a way that the set (X — U {Fn: n ^ 1}) belongs to
the filter ^K (see § 5). Other characterizations are given in terms
of a certain two-person infinite game Γ(X) in which one player at-
tempts to construct a set with a limit point by successive choices
of finite subsets of the space X (see §§ 4, 5, 6 and 7). For Cπ(X)
to be Baire it is necessary that the first player not have a winning
strategy in Γ(X) 4.6 and there is a certain class of spaces for
which that condition is also sufficient (cf. § 6). The assertion that
the first player has no winning strategy in Γ(X) can be translated
into more set-theoretic terms, and that is the goal of § 5. In § 8 of
our paper we investigate completeness properties which are stronger
than simply being a Baire space and characterize two such properties
of Cπ(X) in terms of winning strategies for the second player in
Γ{X). One result in § 8 shows that if R denotes the usual space
of real numbers, the function space Cπ(X) cannot be a G^-subset of
the Baire space Rx unless X is discrete, a fact which may be viewed
as showing that the (dense) subspace Cπ(X) of Rx cannot inherit the
Baire category property from Rx in the usual way. In the final
section of the paper, we give a few results describing the situation
in which functions are allowed to have their values in spaces other
than R.

2. Preliminary lemmas, special notations and definitions* The
space Rx, the Tychonoff product of card (X) copies of the usual
space R of real numbers, is the set of all functions from X to R.
There are two ways to describe the topology of Rx. The first is to
use sets of the form

[F, V]^{geRx:g[F)czV},

where F c l i s finite and VaR is open, as a subbase. The second
is to use sets of the form

y S, ε) = {g e Rx: if x e S then | g(x) - f(x) \ < ε}

as a neighborhood base at /, where S is a finite subset of X and
ε > 0.

The set of continuous, real-valued functions on X, topologized
as a subspace of Rx, is denoted by CX(X). If feCπ(X), then we
will denote basic neighborhoods of / in Cπ(X) by ^V(f9 S, ε) =

n ̂ r(/, s, ε).
A space X is completely Hausdorff if, given points x Φ y in X,
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there is a continuous real-valued function f: X-* R having f(x) Φ f(y).
The function / is said to separate the points x and y.

LEMMA 2.1. Let 6^ and ά^ be two topologies on a set X and
suppose £f c j Γ , Let Cπ(X, S^) and Cπ{X, J7~) denote the spaces of
continuous real-valued functions on (X, S^) and (X, J7~) respectively.
Then

(a) Cπ(X, S*) is a (topological) subspace of Cπ(X, >O;
(b) Cπ(X, Sf) is a dense subspace of Cπ(X, άΓ) if and only if

whenever two points of X can be separated by a J7" -continuous
function, then they can also be separated by an ^-continuous
function;

(c) in particular, Cπ{X) is a dense subspace of Rι if and only
if X is a completely Hausdorff space.

Convention 2.2. Henceforth, every space is at least completely
Hausdorff.

The function space Cπ(X) derives much of its topological struc-
ture from the space R. In particular, no matter what X is, C~(X)
is a completely regular topological algebra.

A topological space Z is of the second (Baire) category if
ΓΊ {Gn: n ^ 1} Φ 0 whenever Glf G2, is a sequence of dense open

subsets of Z, and Z is a Baire space if Π {Gn: n >̂ 1} is dense in Z
under the same hypotheses on the Gn's. If Z is not of the second
Baire category, then Z is of the first category. Obviously, any Baire
space is of the second Baire category, but the converse is false in
general. However, if Z is a homogeneous space (i.e., given x,yeZ,
there is a homeomorphism of Z onto Z sending x to y) then "Baire
space" and "second (Baire) category" are equivalent notions as our
next result shows.

THEOREM 2.3. Let Z be a homogeneous space. Then Z is a
Baire space if and only if Z is of the second Baire category.

Sketch of proof. Suppose Z is of the second Baire category.
Then the Banach category theorem yields a nonempty open subspace
U which, in its relative topology, is a Baire space. Fix xeU. For
any yeZ, let hy: Z —> Z be an autohomeomorphism of Z having
hy(x) = y. Then Uy — hy[U] is an open neighborhood of y which is
a Baire space so that, in the terminology of [1, 1.2.4e], Z is locally
a Baire space. But then Z is a Baire space.

COROLLARY 2.4. For any space X, Cπ(X) is a Baire space if
and only if Cπ(X) is of the second Baire category.



148 D. J. LUTZER AND R. A. MCCOY

Proof. Being a topological vector space, Cπ(X) is homogeneous.
Now apply 2.3.

We shall often exploit the fact that Cπ(X) is a dense subspace
of Rx because of the next theorem.

THEOREM 2.5. For any space X, Rx is a Baire space, and Cπ(X)
is a Baire space if and only if given any sequence Ŝ Ί, Ŝ 2, * * * of
dense open subsets of Rx, the set Cπ(X) Γ) (Π?=i ^») ^ 0

Proof. That Rx is a Baire space no matter how large card (X)
may be follows from, e.g., [2]. The assertion about Cπ(X) follows
from 2.4.

Let {Ya: a e A} be a family of topological spaces. We may assume
that YanYβ= 0 whenever a Φ β. The topological sum 0 { 7 α : α e 4̂.},
also called the "disjoint union of the ίYs", is the set X= U {Ya: aeA}
endowed with the topology in which a set U c X is open if and only
if Uf] Ya is open in Ya for each aeA. At several points in the
sequel we will need to exploit the natural relationship between
Cπ(ζ& {Ya: a 6 A}) and the product space Π{Cπ(Ya): a e A} which is
described by

THEOREM 2.6. The function space C,(©{7α:αei}) is naturally
homeomorphic to the Tychonoff product space Π{Cπ(Ya): a e A}.

Conventions 2.7. The symbols R, N, co and ωι will denote, re-
spectively, the usual space of real numbers, the positive integers,
the set of finite ordinals (i.e., iVU{0}) and the set of countable
ordinals. Finally, c will denote the cardinality of R.

3* Category in Cπ(X) and subspaces* In this section we will
have spaces YaX and, for a function geCπ(Y), ^4^γ(g,Tfe) will
denote {heCπ(Y): if t e T then \h(t) - g(t)\ < s}, where T is a finite
subset of Y.

LEMMA 3.1. Let YaX and let p: Cπ(X)->Cπ(Y) be the restriction
map. For each basic open set ^V(f, S, e) in Cπ{X), p[yK*{f S, ε)]
is dense in *^Vi{f\Y, S f] Y, ε).

Proof. Let g e ^ ( / | F , S Π Y, e) and let Λ^γ(g,T,δ) be any
neighborhood of g. We may assume S f l Γ c Γ c Γ and δ < ε.
Because X is completely Hausdorff, there is a function heCπ(X)
having h\τ = g\τ and h\{S_Y) = f\{S_Y). (Observe that T U (S — Y) is
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finite and T Π (S - Y) = 0.) But then he^Γ{f, S, ε) and ρ(h) e
, T, δ) so that srγ(g, T, δ) Π p[^r(f, S, ε)] Φ 0 as required.

THEOREM 3.2. // Cπ(X) is a Baire space then so is CK(Y) for
every subspace Y of X.

Proof. Let p: Cπ(X) -> Cπ(Y) be restriction. Let g^ Z) 5f2, be
dense open subsets of Cπ(Y) and define ^fn = p~ι[^Λ- Since p is
continuous, each £ίfn is open in Cπ(X). Let ^K{f, S, ε) be a basic
open set in Cπ(X). Because p[^K(f, S, e)] is dense in the open set
^ F C / Ί F , S Γ) Y", ε), ί>[,κ^(/, S, ε)] must meet the dense open set 2^.
Hence ^Γ(f, S, ε) Π J^t ̂  0 , showing that ^ is dense in
But then n {i^: n^l} Φ 0 so that n {^»: n^l} Φ 0.

COROLLARY 3.3. If X contains an infinite pseudocompact sub-
space, then Cπ(X) is of first category.

Proof. In the light of 3.2, it is enough to prove that CX(Y)
is not a Baire space whenever Y is an infinite pseudocompact space.
We define gf» = {feCrL(Y):f[Y] Π (n, +^)Φ 0}. It is clear that
each &n is open, and since Y is infinite and completely Hausdorff,
each %?n is also dense in Cπ(Y). However, any member of Π{5^: n >̂ 1}
would be an unbounded, continuous real-valued function on Y and
that is impossible since Y is pseudocompact.

A simple trick allows us to strengthen the conclusion of Theorem
3.2.

COROLLARY 3.4. // Cπ(X) is a Baire space then so is Cπ(Z) for
every space Z which can be mapped into X by a continuous 1 — 1
function.

Proof. Let g: Z > X be a continuous, 1 — 1 function. Let Y —
g[X] and topologize Y as a subspace of X. The space Z has two
topologies, viz., the given topology J/~ and the topology ,_9*=
{g~\U{λ Y\. U is open in X}. Clearly S^'(Z^/~ and since X is com-
pletely Hausdorff, so is (Z, £^). According to Lemma 2.1, CrχZ, .9?)
is a dense subspace of Cπ(Z, ,5Q. Since g: {Z, <£*) ~> Y is a homeo-
morphism, Cπ(Z, S/*) is a copy of Cπ(Y) which is a Baire space ac-
cording to 3.2. But then CK(Z9 *y~) has a dense, Baire, subspace,
so that Cπ(Z, J7~) is itself a Baire space.

Certain partial converses of 3.2 can be obtained: they assert
that the Baire category of Cπ{Y) for certain small subspaces Y of
X can sometimes determine the category of CΓXX).
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DEFINITION 3.5. Let 7 c X. Let E(Y, X) = {fe Cπ(Y): /can be
extended to an element of Cπ(X)}, and topologize E(Y, X) as a sub-
space of Cπ(Y).

THEOREM 3.6. Suppose X is completely Hausdorff. Then Cπ(X)
is Baire if and only if for each countable YaX, the space E(Y, X)
is Baire.

Proof. Suppose Cπ(X) is Baire and let p: Cπ(X) -> CJJΓ) be the
restriction map. Since the range of p is exactly E(Y, X), the argu-
ment given in the proof of 3.2 shows that E(Y, X) must be Baire.

Conversely, suppose E(Y, X) is a Baire space whenever 7 is a
countable subspace of X. Let 2̂ \ ID ̂ 2 Z) be dense open sets in
Rx; we show that Cπ(X) f] (Π {5^: n ^ 1}) Φ 0 . For each n let Ψn

be a maximal collection of pairwise disjoint open sets in Rx, say Ψn ~
lΛ?(fa,n, Sa,n, ea,n): a e An}, such that Ψn+ι refines Ψn and U F . c 5^.
Then each U Ψn is dense in Rx. Furthermore, since the members
of Ψn are pairwise disjoint and since Rx has countable cellularity,
(i.e., each pairwise disjoint open collection is countable), each Ψn is
countable. Let Y = U {Sa,n: a e An, n Ξ> 1}. Then, by hypothesis^
E{ Y, X) is a Baire space. Let /„',„ =fa,n \ Y and let ^ΛfU Sa,n, εa>n) =
{geCπ{Y): if xzSa,n then \fa(x) - g(x)\ < eaj. Define <se* =
U {.--^F(/«,», S«,», eα,J: α e i j . Then each ^ ^ is a dense open subset
of CJJΓ). Because X is completely Hausdorff, E(Y, X) is dense in
Cs( Γ) so that each set g7, = J ^ Π JE?( Γ, X) is relatively open and
dense in E(Y, X). Since E(Y9 X) is a Baire space, we may choose
heP\{&n:n^l} and then a function heCπ(X) which extends h*
Fix n. For some a e A%, h e ^Pϊ(fi,n, Sa,n, εa,n) so that because h
extends h we have h eyK*(fa>n, Sa>n, εa>n). Hence he^n so that
Π {S^: n^l} Φ 0 . According to 2.4, Cπ(X) must be a Baire
space.

In normal spaces, there is another partial converse of 3.2.

THEOREM 3.7. Suppose X is normal and that Cπ(Y) is a Baire
space whenever Y is a closed separable subspace of X. Then Cπ(X)
is a Baire space.

Proof. If ^ D ^ D is a sequence of dense open sets in Rx

r

choose maximal pairwise disjoint collections Ψ(n) of basic open sets
in Rx in such a way that U Ψ(n) c 5̂ V Since Rx has countable
cellularity, each Ψ(n) is countable, say Ψ(n) = {^V(f»ίh, Tn>k, εn>k):
k ^ 1} where each TnΛ is a finite subset of X. Let Y =
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el* (U {Tn>k: n,k^ 1}). Then Y is a closed separable subspace of X

Let f;,k = fnΛ Γ Γ and define S?'(n) = U {^ΛfU Tn>k, en>k): k ^ 1}. I t

is easy to see that each %s\ri) is a dense open subspace of Rγ so
that, because Cπ( Y) is a Baire space, there is a function # e (?*( 3Γ) Π
(Π {&\n)\ n ^ 1}). Then the Tietze-Urysohn theorem yields a func-
tion GeCπ(X) which extends g, and one easily verifies that Ge
Π {^(n): n ^ 1}, as required to show that Cπ(X) is a Baire space.

REMARKS 3.8. The authors would like to thank Eric van Douwen
for his helpful comments which sharpened an earlier version of 3.7
and for his observation that, since there is a pseudocompact space
in which every countable set is closed, normality is an essential
hypothesis in 3.7. [4, 5.1 and 5.3.]

Question 3.9. Is it true that Cπ(X) must be a Baire space given
that CX(Y) is a Baire space for every countable subspace of X, and
that X is normal?

4. Necessary conditions: the game ί\

DEFINITION 4.1. The game Γ = Γ(X) is a game in which two
players, called (I) and (II), are given an arbitrary finite starting set
SQ and then proceed to choose alternate terms in a sequence SQ, Slf S2,
of pairwise disjoint finite (possibly empty) subsets of a topological
space X. The resulting sequence (So, Slf S2, ) is called a play of
the game Γ and is said to result in a win for player (I) if and only
if the set Sx U S3 U S5 U is not a closed discrete subspace of X,
i.e., if and only if the set Sx U S3 U S5 U has a limit point in X.
If player (I) does not win, then player (II) wins.

DEFINITION 4.2. A strategy for player (I) in the game Γ is a func-
tion σ which assigns to each pairwise disjoint sequence (So, Slf , S2k),
with k ^ 0, a finite set S2k+1 which is disjoint from (So U S± U U S2k).
A strategy for player II is a function τ which assigns to each pair-
wise disjoint sequence (So, Sl9 , S9fc+1) (fc ^ 0) a finite set S2k+2 which
is disjoint from (So U S : U U S2k+1).

DEFINITION 4.3. A strategy σ for player (I) in the game Γ is
said to be a winning strategy if, whenever (So, Slf •) is a play of
the game Γ in which S2k+1 = σ(S0, Si, , S2A;) for each k ^ 0, then
player (I) wins that play, i.e., the set St U S3 U S5 U has a limit
point in X. A strategy r for player (II) is a winning strategy if,
whenever a play (So, Sl9 S99 •) has S2k+2=τ(S0, Sl9 , S2fc+1) for every
/b ̂ > 0, then Sx U S3 U is a closed discrete subspace of X.
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REMARKS 4.4. In defining strategies for player (I) we often use
inductions in which S2fc+1 = σ(SOf Su , S2k) is defined only for those
sequences (So, Sl9 , S2k) which could result from an actual play of
the game using σ at all earlier stages, i.e., sequences (Sθ9 Sl9 , S2k)
in which St = σ(S0)9 Ss = σ(SQ, Slf S2), etc. To be precise, we should
define σ(Sθ9 Sl9 , S2k) = 0 for all other sequences. An analogous
remark applies to defining strategies for player (Π)-cf. 4.6.

EXAMPLE 4.5. (a) Suppose X contains a nontrivial convergent
sequence xlf x2, x3, . To define a winning strategy for player (I)
in Γ(X) we let σ(S0, S19 , S2k) = {xn}, where xn is the first point
of the sequence not in (SQ U Sλ U S2Jfc).

(b) Suppose X is a space in which every countable set is closed,
e.g., X is an uncountable set containing a point p such that each
point of X — {p} is isolated while neighborhoods of p are co-countable
sets. Then player (II) has an obvious winning strategy: for any
sequence (So, Sl9 , S2k+1), let τ(S0, S l f , S2k+1) = 0 . There is a
sense in which this is the only possible winning strategy for player
(II)—see 8.4.

THEOREM 4.6. If Cπ(X) is a Baire space, then player (I) cannot
have a winning strategy in the game Γ(X).

Proof. Let σ be any strategy for player (I). Using the fact
that Cπ(X) is a Baire space we will define a counterstrategy τ for
(II) and a finite starting set So such that in the play S09 Sj — cr(S0),
S2 = τ(S0, Sj), etc., player (II) defeats player (I).

We first define an array of finite subsets T(ilf - , ik) of X, one
for each finite sequence (ilf i2, , ik) of elements of ω, by induction
on k. Let Γ(0) = 0 and, if Γ(0), , T(n - 1) are defined, let
T{n) = σ(T(0) U U T(n - 1)). Suppose k ^ 1 and that T(iif , i*)
is defined for every λ -tuple of elements of ω. Let T(iίt , ikf 0) = 0
and, if Γ(ij, , ik, j) is defined for 0 <; i ^ n — 1, let r(i 1 # i2, , ik, n) —
σ(R0, Ru R2, , Λ^.,, T(ilf - , ΐfc, 0) U U Γfo, , ik, n - 1)) where
Ro = Γ(0) U U T(ix - 1), #x = ΓίiJ, R2 = Γ(ΐx, 0) U U Γ ^ i2 - 1),
i?3 - T(i19 %2)9 , Λ^., = T(il9 . , i,) and i?2 i - T(il9 -, ih 0) U U
2%, •• , i y , i y + i - l ) for j£k.

We next define open subsets ^"(h, •••, i*) of Cπ(X) inductively,
one for each λ -tuple of elements of ω. Let 30^(0) = 0 and, if
3^(0), , ^ " ( ^ - 1 ) are defined, let ζW{n) = Π {[{x}, (0,1)]: x e T(n)}-
cl CW(0) U U ^ " ( ^ - 1)). (This notation is defined in § 2.) Suppose
3^(ii, , i*) is defined for some k ^ 1. Let ^ ^ ( i x , , ikf 0) = 0 .
Suppose <j^(il9 - , it, i) is defined for every j e {0, , ^ — 1}. We
let W{i19 , ik9 n) - ^-(ΐ,, , ^) Π (Π {[{α?}, (& - 1, k)]: x e T(ii9 ,
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ik, n)}) - E where E = cl {W{il9 - - , ikf 0) U U ^ f o , , ik, n - 1)).
Now define Sf (w) = U{^(ίi, i , , i»): iy eωίoτl^j^n). Each

5 Λ̂ is open in Cπ(X). We claim that each g^ is dense. First consider
Sflβ Let ^ = n*=i ίfo }, ^y] be a basic open set in Cπ{X). Let F =
{#i, f #»}• Since i*7 is finite and the sets Γ(l), Γ(2), are pairwise
disjoint, there is a least positive integer p such that T(p)ΠF = 0.
Then either there is an integer j e {1, , p — 1} for which *& meets
^"( j ) c Sfi, or else (since X is completely Hausdorff and F U T(p)
is finite) ^ meets ^ ^ ( p ) c ^ . Therefore g^ is dense in Ct(X).
Suppose we know that ^n-λ is dense in Cπ(X). To show that gfΛ is
dense, it is enough to show that U ί ^ X v , i»_lf fc): & ̂  0} is dense
in <W(i1J , ^_i) for each (w — 1) tuple (ilf , iΛ_x). To that end, let
^ = Π*=j [{%j}, Vj] be any basic open set contained in <W(iVt , i»_i).
Since the set F — {xf 1 ^ j ^ fc} is finite and the sets Γ(ilf , ik, j)
are pairwise disjoint for j = 1, 2, 3, , there is a first positive
integer p such that T(ίlf , i%_u p) misses F. But then U Π
(UίSr fo, , i._!, Λ: 1 ^ i ^ p}) ^ 0 , so 5fM is dense in C,(X).

Because Cπ{X) is a Baire space, there is a (continuous) function
/ e n{S^- n ^ 1}. Because the sets used to obtain each Ŝ Λ are pair-
wise disjoint, there is a unique sequence ilf i2, ••• such that / e
^^(i x , , ik) for each k ^ 1. Then /[Tfo, ί2, .., ik)] c (fc - 1, A?) so
that, since / is continuous, the set U {T(ilf , ifc): & ^ 1} has no limit
points in X.

Now consider the play of Γ which starts with So = T(0) U U
T(ίt — 1). Since player (I) uses strategy σ, Sx = σ(SQ) = T(it). Let
player (II) respond by specifying S2 = T(ilf 0) U U T(il9 % - 1).
Then player (I) must let

S3 = σ(SQ, Su St)

- σ(Γ(0) U U T{i, - 1, Γ(ϊλ Γ(ΐlf 0) U U Γ(iχ, i - 1)) ,

i.e., S3 = T(iu i2). Then player (II) lets S4 = ϊ 7 ^ , ΐ2, 0) U U
T(ilf i29 % — ΐ)9 and so on. In this play of Γ, we have Sx U S3 U Sδ U —
U{Γ(iif •••, it): fc ̂  1} which is known to be closed and discrete.
Therefore, σ could not have been a winning strategy for player
(I).

5* Special results on the game Γ* As Theorem 4.6 illustrates,
it is the nonexistence of winning strategies for Γ which is relevant
to the study of Cπ(X). It is possible to translate this condition out
of game-theoretic language, and that is the point of our first result
in this section.

THEOREM 5.1. The following are equivalent for any space X:
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(a) Player (I) has no winning strategy in the game Γ;
(b) given infinite, pairwise disjoint collections ^\9 <β^, of

finite sets, it is possible to choose infinite subcollections ^fcz^l
in such a way that U {F: F e ^lf for some n ^ 1} is closed and
discrete;

(c) given infinite, pairwise disjoint collections J^lf J^, of
finite sets, it is possible to choose one member Fn e ^ n such that
U {Fn: n ^1} is closed and discrete.

Proof. To prove that (a) implies (b), suppose no winning strategy
for player (I) in Γ exists, and that the collections _^7, J^, are
given. Write N = U {Nk: k ^ 1} where the sets Nk are infinite,
pairwise disjoint subsets of the set N of natural numbers. Now
define a strategy σ for player (I) as follows. Let So be any finite
starting set. Choose the unique index k having 1 e Nk. Define σ(S0)
to be the first member of ^ k which is disjoint from So. Suppose
(So, S ly '—,S2J is a pairwise disjoint sequence of finite sets. Find
the unique index k such that neNk and let σ(S0, Sly , S2n) be the
first member of ^\ which is disjoint from (So U U S 2J. By hy-
pothesis, this σ cannot be a winning strategy for player (I) so that
there must be a play of the game Γ, say (So, Sl9 S2, •)> such that
S2fc+i = 0(SQf , S2k) for each k ^ 1, and yet U {S2k+1: k ^ 0} is closed
and discrete. Then if we let ^ 7 = {S2k+1: S2k+1 e J ^ } we obtain an
infinite subcollection of J ^ , and U {F: F e ^ ' for some n ^ 1} =
Si U S3 U iS5 U is closed and discrete.

That (b) implies (c) is obvious.
To prove that (c) implies (a), suppose that σ is a strategy for

player (I) in game Γ. We will show how to find a finite starting
set So and a play (So, S19 S2, •) of Γ in which S2k+1 = σ(S0, , S2k)
and yet (Sx U S3 U •••) is a closed discrete set. Using the strategy
a, define finite sets T(ilf •••, ik) for each &-tuple of elements of ω,
exactly as in the proof of Theorem 4.6. Let J^= {T(j): j ^ 1} and
for each Λ-tuple (ilf i2, , ik) of elements of N, let ^{iλ, , ik) =
{T^!, , ifc, i ) : i ^ 1}. Applying our hypothesis about disjoint collec-
tions, we may choose one member from each of these collections in
such a way that the union of the chosen sets is closed and discrete.
To be more specific, let the chosen sets be T{m) 6 ^ and, for each
&-tuple (iu , ik), let T(iu •--,%, m(ilf i2, , ik)) be the chosen mem-
ber of ^{il9 i2, , ik). Now let j \ = m, j 2 = mij,), , i Λ + 1 =
mtii, j» 'f i ) D e f i n e * h e starting set So - Γ(0) U U T(ji - 1)-
Using the strategy σ, player (I) must specify the set St = σ(S0) —
σ(Γ(0) U[ U T{jί- 1)) = ΓOΊ). Then let player (II) respond by
letting S2 = ΓOΊ, 0) U U Γίii, i 2 — 1) so that, following strategy σ,
Player (I) must let Sδ = σ(S09 Sl9 S2) = σ(T(0) U U Γ0\ - 1),
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Uif 0)U U T(jίf j* - 1)) = T(jlf j2). And when player (II) takes
his or her nth turn, he or she lets S2n = T(i19 , in, 0) U U
T(i19 - - , in, in+i — 1) so that player (I) is forced to let S2n+1 =
σ(SQ, , S2n) = Γ(ilf , VH). But then, because U {Γ(ilf , ίfc):
& ̂ > 1} is closed and discrete, Player (I) has lost in this play of the
game and so σ could not have been a winning strategy.

REMARK 5.2. It is sometimes convenient to have an indexed
version of the property described in 5.1 (b). Obviously 5.1 (b)
equivalent to: (b)' given collections ^r

n = {F{n, a): ae An) of pair wise
disjoint finite sets where each An is an infinite index set, there are
infinite subsets A!*, c An such that U {F(n, a): a e A'n for some n ^ 1}
is closed and discrete. The version given in (b)' covers the case
where many of the sets F(n, a) belonging to ^ n are empty, and
that will simplify the proof of 6.5 below.

6* Sufficient conditions involving the game Γ. In this sec-
tion, let Σ be the class of all collection wise Hausdorff [3] spaces X
in which the set Xd — {x e X: x is not isolated} is a discrete subspace
of X. Other characterizations of members are given in our next
lemma, whose proof is elementary.

LEMMA 6.1. The following properties of a space X are equiva-
lent'.

(a) XeΣ;
(b) X is paracompact and Xd is discrete;
(c) X is a topological sum X — @{Ya: as A) of Hausdorff spaces

Ya each having at most one nonisolated point.

The notation Λ^if, S, ε) was defined in § 2. We need the fol-
lowing constructive lemma.

LEMMA 6.2. Suppose that, in the product space Rx, we have
a sequence ^V(fn, Sn9 εn) of basic open sets with Λ^if*,, Sn9 sΛ) Z)
^^X/Λ+I, Sn+l9 2εn+1) for each n ^ 1. Suppose lim^ε,, = 0 and let T =
U {Sn: n ^ 1}. Then the sequence </Λ> converges pointwise to some

function g on the set T and g e Πl/KtΛ, S9, εn): n ^ 1} whenever
g e Rx has g\τ = g. Furthermore, if peT and if, for each n, En

is a (possibly empty) subset of Sn for which fn[EΛ] c [fn-x{p) — εn_lf

fn-i(p)- + εn-i]> then for every ε > 0 there is an integer N = N(e)
such that g[ U {En: n^N}](Z (g(p) - ε, g(p) + ε).

Proof. Fix any t e T. Choose any n such that t 6 Sn. If i,
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then fif /, e Λ\fy Sn, ε j so that |/<(t) - fj(t)\ < 2en. Therefore the
sequence </*(£)) is a Cauchy sequence in R and has a limit, say g(t).
Let g eRx agree with g on T. With n fixed and teSn, for each
A^w + 1, Λ e ^T(Λ+ 1, SU, εΛ+1)and so/»(t) e (Λ+1(ί)-εΛ+1, Λ+1(ί) + e.+1).
Therefore £(ί) = limk fk(t) e [fn+1(t) - en+u fn+1(t) + e.+1] c (/.(*) - en,
fn(t) + ε j . Hence g e n p T ( Λ , S , ε j : Λ ^ 1}.

To prove the final assertion, suppose peSNi. Fix ε > 0 and choose
N2 so large that whenever n ^ N2, both εw < ε/3 and | fn(p) — g(p) \ <
ε/3. Let N = max (ΛΓX, iV2) and consider ^ [ ^ j where n ^ N + 1. Fix

β Then
(a) g(t)e[Mt)-εn,fn(t) + en];
(b) Λ(t) 6 [Λ^^) - εn_lf fn^(p) + εΛ_J;
(c) from (a) and (b),

d(t) e [fn^(p) - εn^ - εn9 fn^(0) + εΛ_, + εiV] .

(d) Because n — 1 ^ iSΓ,

- ε/3, g(p) + ε/3] and so

(e) ^(p) - ε < g(p) - ε/3 - εn^ - εn ^ Λ_i(p) - eΛ_! -
Λ^(p) + ε ^ + ε, < g(p) + ε/3 + ε ^ + εn < g(p) + ε.
Therefore, n ^ N + 1 implies (/[iίj c (g(p) — ε, g(p) + e).

We are now in a position to characterize those members X of
Σ for which Cr(X) is a Baire space.

THEOREM 6.3. Let XeΣ. Then Cπ(X) is a Baire space if and
only if player (I) has no winning strategy in Γ(X).

Proof. In the light of Theorem 4.6, it remains only to prove
that if player (I) has no winning strategy in Γ(X), then Cπ(X) is a
Baire space. We establish the contrapositive, namely (cf. Lemma
2.4) that if Cπ{X) is a first category space, then there is a winning
strategy for player (I) in Γ.

Since Xd is a discrete subspace of X, there is a partition
{Vp: p e Xd] of the space X into open subspaces for which {p} =
Xd Π VP. Since Cπ(X) is the first category there is a sequence &x z>
5?2Z) of dense open subsets of Rx having (Π {ί̂ V n^l})Γ\ CX(X) = 0
(cf. Lemma 2.5).

Now suppose So is any finite starting set for the game Γ. Player
(I) should let f0 = 0 and ε0 = 1. Then ^Γ(fQ, So, ε0) must intersect
the dense open set ^ . Player (I) chooses a basic open set
J^Uiy Tl9 2εJ c gfx Π ^T(/o, So, ε0). Without loss of generality, ε1 e
(0, 2"1]. Furthermore, enlarging Tx if necessary, we may assume
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that if Vp Π So Φ 0 then p e Tx. Player (I) should now define S, =
σ(S0) = Γi — So. For induction hypothesis, suppose sets So, Slf ,
Sa,,..!, numbers e0, •• ,e2 w_1 and functions f0, flf •• ,/ 2 n-i are defined
in such a way that

(a) 6,6(0,2"'];
(b) if VpΠ(Ό{Si:O^iS2n-2})Φ0 then p e SoU^U U S ^ ;

(c) ^ r ( / 8 i - l f 2V,, 2ε2i_x) c gf2i_1 n ,.Λ~(/2i_2, Γ2i_2, ε2i_2) if i ^ n,
where Γfc = SQ U Sk;

ί/2i-i(p) if ^ e S 2 i n Vp for some
(d) f2j(x) = otherwise.

Now suppose S2w is a finite set which is disjoint from (So U S2 U U
S2»_i). Define a function /2ft by

/2»-i(p) if » e S 2 % n T^ for some p e Γ

otherwise.

Let ε2w = (l/2)ε2%_1. Let T2n = So U S, U U S ^ U S2Λ. Then the
basic open set ^i^(f2n, T2n, ε2n) must intersect the dense open set
^2n+1 so that there is a basic open set ̂ Γ(f2n+1, T2n+1, 2e2n+1)a&2n+1r\
^ ( / 2 » , T2n, 62J. Enlarging Γ2%+1 and shrinking ε2%+1 if necessary, we
may assume ε2%+16 (0, 2~{2n+1)] and that if F p n Γ 2 ^ 0 , then p e Γ2w+1.
Player (I) should now define S2n+1 = T2%+1 — T2w. Thus the strategy
σ is defined.

We claim that in any play (So, Sx, S2, •) of Γ in which S2n+ί =
σ (S0, S l f , S2n) is defined as above, the set (S1 U S3 U /S5 U •) must
fail to be closed and discrete. For suppose the set T0 = Sι U S2 U S3 U
is closed and discrete. Let TE = S 0 US 2 US 4 and let Γ = Γ0U Γ^.
Because part (b) of the induction step, T is a closed set. Let Tr =
{^eΓ: p i s a limit point of T^}. Then Γ . U f c Γ. According to
Lemma 6.2, the sequence </„> converges pointwise to some func-
tion g: T —> R. We claim that g is continuous on T. Certainly g
is continuous when restricted to the closed discrete space To. To
see that g is also continuous on TE U Tf, let peT' and let ε > 0.
We apply the final conclusion of Lemma 6.2 with En = 0 if n is
odd, and En = SnΓ\ Vp if % is even. Then fn+1(En+1) c [/w(p) - en,
fn(p) + ε

%] f ° r e a c ^ ^ ^ 1 so that, corresponding to the given ε, there
is an integer N having g[{p} U (U {Sn Π Vp: n is even, n ^ iSΓ})] c
(fl̂ (ί>) — e> θ(P) + ε) Now Fp Π (T^ U T') is a relative neighborhood
of p in TEΌ T't and y p n (TE U T') = {p} U (U {S% ΓΊ V9\n is even}).
Because X is Hausdorff and U {Sn: n < N} is finite, the set {p} U
(U {Sn Π F p : n is even and n ^ iV}) is a relative neighborhood of p.
But that establishes continuity of g at p. Since peT' was arbitrary,
£ is continuous on (TE U T'). Since (2^ U T') is closed in Γ, flr is
continuous on Γ.
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But X, being in Σ, is normal (cf. 6.1) so that because T is a
closed subspace of X, there must be a continuous g e Cπ(X) which
extends g. But then

which is impossible.

Perhaps the most important open question raised by our results
asks whether the game Γ(X) characterizes category in Cπ(X) for
every space X (or for every normal space X). In view of the known
pathological behavior of the class of Baire spaces under the forma-
tion of products [6], the following result leads us to conjecture a
negative answer, and may point the way to the anticipated counter-
example.

THEOREM 6.4. Suppose Xx and X2 are spaces for which
and Cπ(X2) are Baire spaces. Then either

(a) CΓC-XΊ) X Cπ(X2) is a Baire space; or else
(Jo) Cπ{X1 0 X2) is a first category space even though player (I)

has no winning strategy in the game Γ(Xι 0 X2).

Proof. Suppose Cπ(Xj) x Cπ(X2) is not a Baire space. According
to 2.6, Cπ(Xt) x Cπ(X2) is homeomorphic to Cπ(Xι 0 X2) so that, by
2.4, CK{X1 0 X2) is of first category. Therefore, to complete the
proof, it is enough to show that player (I) cannot have a winning
strategy in the game Γ played in X10 X2. That is the point of our
next lemma which uses the indexed version of 5.1 (b)—cf. Remark
5.2.

LEMMA 6.5. Let {Xa: a e A} be any family of spaces such that
for each a e A, player (I) does not have a winning strategy in Γ(Xa).
Then player (I) cannot have a winning strategy in Γ((£){Xa: a e A}).

Proof. For each n, let J^n — {F(n, β): β 6 Bn] be an infinite pair-
wise disjoint family of subsets of 0 {Xa: a e A}. We may assume
that each Bn is countably infinite. Then there is a countable Aocz A
such t h a t \j{F(n,β):βeBn,n^l}c:(&{Xa:aeA0},a3LγAJ={aι,a29 •••}.

Applying 5.2 to the space Xai, we find infinite sets Bn(ΐ) c Bn such
that Ό{Xai ΓΊ F(n, β): βeBn(l), n ^ 1} is a closed discrete subset of
Xai. We inductively choose infinite sets Bn(l) =) Bn{2) => Bn(3) z> -
such that for each k ^ 1, ϋ{Xak Π F(n, β): βeBn(k) for some n ^ 1}
is closed and discrete in Xajc. Now choose βn e Bn(ri) c Bn. Fix k ^ 1.
Then XakΠ (U{F(n, /9j: n^l}) - [F((l, ft) U UF(k-1, &_,)) Π X«k] U
[{J{F(n, βn): n ^ k} 0 Xa]c] which is the union of a finite set and a
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closed discrete set. Hence \J{F(n, βn): n ^ 1} is closed and discrete
in 0 {Xa: a 6 A}.

Using the idea in the proof of 6.4 we can obtain a positive
result about products of certain Baire spaces, namely,

THEOREM 6.6. Let {Xa: aeA} be any subfamily of Σ. If each
space Cπ{Xa) is a Baire space, then so is Π{Cπ(Xa): aeA}.

Proof. As in the proof of 6.4, Π{Cπ(Xa): a e A} is homeomorphic
to Cπ(ζ&{Xa: ae A}). Because each Cπ(Xa) is a Baire space, player
(I) cannot have a winning strategy in any of the games Γ(Xa) so
that, in the light of 6.5, player (I) has no winning strategy in
Γ((B {X« a e A}). But 0 {Xa: aeA} is a member of Σ so that, by
6.3, Cr(0 {Xα: α e A}) is a Baire space.

REMARK 6.7. Theorem 6.6 might lead the reader to conjecture
that for XeΣ, if Cπ(X) is Baire, then Cπ(X) must have one of the
stronger completeness properties (e.g., subcompactness, pseudocom-
pleteness) which were designed to make product spaces have the
Baire property. That is not the case, as a combination of Example
7.1 and Theorem 8.4 shows.

7* Applications of the game Γ. In this section we present
some countable regular spaces whose function spaces are Baire.

EXAMPLE 7.1. Let X be a countable subspace of βω for which
Xd is discrete (Xd is defined in § 6). Then Cπ{X) is a Baire space.

Proof. There is a countable collection {Vn: n ^ 1} of pairwise
disjoint open subsets of X having X = U {Vn: n ^ 1} and such that
each Vn contains at most one limit point of X. Therefore X is the
topological sum ®{Vn\n^l} so that XeΣ. Because Cπ{X) ~
Π{Cπ(Vn): n ^ 1} and because each Cπ(Vn) is a separable metric space,
a theorem of Oxtoby [6] shows that CZ(X) is a Baire space provided
each Cπ(Vn) is Baire. But that is an easy consequence of 6.3 and
5.1. For suppose ^7, jβ^, ••• is a sequence of infinite, pairwise
disjoint subcollections of finite subsets of Vn. Let F1 and F[ be
distinct members of &\. Inductively choose distinct members Fn, Fi
of J ^ which are disjoint from the finite set F, U F[ U U Fn..x U FLi
If the set F1 U F2 U is closed and discrete, we are done. And
otherwise, p is a limit point of (Fλ U F2 U •) — {p}- Since disjoint
subsets of ω cannot have a common limit point in βoo, it now follows
that U {Ff

n\ n ^ 1} is closed and discrete.
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EXAMPLE 7.2. There is a countable regular space X having
exactly one nonisolated point such that CK{X) is Baire and yet X
cannot be embedded in βω.

Proof. Let 0 and E be the odd and even positive integers
respectively. Let p be an ultrafilter of subsets of O and let q be
an ultrafilter of subsets of E. Let J^= {S\J T\Sep, Teq}.

Topologize ω by isolating each n Φ 0 and by letting neighborhoods
of 0 have the form {0} U F where F e ̂ 7 If X denotes the resulting
space, then X cannot be embedded in βω since not every function
on X — {0} can be continuously extended over all of X However,
Cπ(X) is a Baire space, again in the light of 6.3 and 5.1. For let
^7, *^7, be infinite collections of pairwise disjoint finite subsets
of X. Inductively choose distinct sets Fn, F'n, F" from ^ in such
a way that Fn+ι U FUi U Fϊ+1 is disjoint from (J\ U F[ U F[9 U U
FnUF'nUFή'). Suppose that neither ( ^ U ^ U ) nor {F[UFζU )
is closed and discrete. Then each neighborhood of 0 meets Fx U F2 U
so that Fj U F2 U F3 U contains a member of p or a member of
φ. We may assume that some member Sep is a subset of F =
Fi U ^2 U . Similarly, ί7' = ίV U JFY U contains either a member
of p or a member of q. Since F ' n F = 0 , F ' must contain a mem-
ber of q. But then ί7" = F[f U F2" U cannot contain a member
of p or of q so that F" must be closed and discrete.

REMARK 7.3. It would be of interest to have a filter ά?" on N
so that

(a) ^ is constructed without invoking the axiom of choice;
and

(b) if ω is topologized by using {{0} U F: Fe ^) as the filter
of neighborhoods of 0, then Cπ(ω) is Baire.

8* Completeness properties stronger than Baire* It is well-
known that the family of Baire spaces is badly behaved under the
formation of Cartesian products and this fact has led researchers to
formulate completeness properties which are well-behaved under the
formation of products (see [1] and [5] for surveys). In this section
we concentrate on three such properties: weak α-favorability [7],
pseudocompleteness [6] and Cech-completeness.

DEFINITION 3.1. [6]. A pseudocomplete sequence for a space Z
is a sequence Φl9 Φ2, of collections of nonempty open subsets of
Z such that

(a) for each n^l, if U Φ 0 is open then some PeΦn has
0 Φ Pa U
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(b) if a sequence Pn e Φn has cl (PΛ+1) c Pnf for each n ^ 1, then
n { P n : ^ ^ l } ^ 0 .
The space Z is called pseudocomplete if ^ has a pseudocomplete se-
quence and has the property that each nonvoid open set contains
the closure of some nonvoid open set.

DEFINITION 8.2. [7]. The space (X, ^~) is said to be weakly
a-favorάble if there is a sequence (φn) of functions satisfying

(a) Φ*:^*-*^*, wheτejΓ* = {Uej^.U^0}> with φn[U]czU;
(b) the domain of φn is Ψn = {(Ul9 U2, . . . , ff.)e(jr*) : tfi+1c

^(t/x, , Z7y) for each j = 1, 2, , w - 1} and 0n: ??*„ -> ̂ * satisfies
^»(Di, * ', Un) c C7% whenever n ^ 2;

(c) if DΊ, [/?, is a sequence having (iTΊ, •••, Un)eΨn then

n { f / Λ : ^ ^ i } ^ 0 .

The first major result in this section requires that the space X
be pseudonormal, i.e., that if H and K are disjoint closed sets, one
of which is countable, then there are disjoint open sets U and V
with HaU and Kc V. The crucial property of pseudonormal spaces
required by the theorem is given in the next lemma.

LEMMA 8.3. If Y is a countable closed discrete subspace of a
completely regular, pseudonormal space X, then every real-valued
function on Y can be extended to a continuous real-valued function
on X.

THEOREM 8.4. Let X be pseudonormal and completely regular.
Then the following are equivalent:

(a) Cπ(X) is pseudo-complete;
(b) Cπ(X) is weakly a-favorable;
(c) player (II) has a winning strategy in the game Γ(X);
(d) every countable subset of X is closed;
(e) Cπ{X) intersects every nonvoid Gδ-subset of Rx.

Proof. The implication (a) => (b) is always true [7]: We prove
(b) ==> (c) - (d) - (a) and (d) - (e).

(b) => (c). Let (φn) be the sequence of functions given by weak
α-favorability of Cπ(X). We define a strategy τ for player (II) in
the game Γ(X) as follows. Suppose disjoint finite sets SQ and Sx are
given. Player (II) should let 2\ = SQ U Sί9 eί = 2~\ and should define
feR* by the rule

0 if xeX~S19

1 if
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Because Cπ(X) is dense in Rx, the set ^Y[ = Λ^(flf Tl9 ex) Π CX(X) is
a nonvoid open set in Cπ(X) so that Φ^^Vl) is defined. Then there
is a basic open set ̂ Γ2 = ^ ( / 2 , T2, ε2) having ^ ( / 2 , T2, 2ε2) c &CΛT).
Without loss of generality we may assume ε2 <; 2~2. Player (II)
should define S2 = r(SOf Sx) = Γ2 - 2Y.

For induction hypothesis, suppose n ^ 1 and that pairwise dis-
joint finite sets So, Su , S2Λ, numbers εlf , ε2% and functions
At '",fzn^Rx are defined in such a way that

(a) ε, e (0, 2"*] for 1 ̂  ΐ ^ 2w;

(b) if ^ = C,(X) D J^{fk, Tk, εk), where Tk = So U Sx U U Sk,
then (ΛΊ, , ̂ ^ J + 1 ) is in the domain of ^, for 1 ^ j" ̂  w;

(c) Λ c α ( I ) n ^ ( / 2 3 , Γ2y, 2%)c^ U^, , ^ - i ) for i^ i^^.
Suppose that player (I) specifies some finite set S2n+1 which is disjoint
from Γ2 Λ. Then p layer (II) should let Γ 2 Λ + 1 = T2nUS2n+1, ε2n+1 =
and should define f2n+1 e i ί x by t h e rule t h a t

(a?) if ^ e X - S 2 Λ + 1 ,

+ 1 if x e S 2 w + 1 .

Because Cπ{X) is dense in Rx, the set ̂ ς Λ + 1 = Λ^(f2n+1, T2n+1, ε2n+1) ΓΊ
GK{X) is nonempty, open, and has Λΐn+ι c ^ ς Λ c Φn{^K, <yPΊ, , ^ί»-i)
so that (^Vl, , c-^ϊn-!, ^ i + i ) belongs to the domain of φn+1. Then
the nonempty open set φn+1(^K, * , *ΛΪ*+d must contain a basic
open set Cr(X) Π ^ ( / 2 * + 2 , r2 w + 2, 2ε2Λ+2) where we may assume ε2Λ+2 ^
(l/2)ε2Λ+1. Let ^ Λ + 2 - C,(X) n ^ ( / 2 * + 2 , Γ2n+2, ε2Λ+2) and define S2Λ+2 -
τ(S0, S :, , S2Λ+1) = Γ2Λ+2 - Γ2Λ+1. Thus the strategy τ is defined.

To show that τ is a winning strategy for player (II) we note
that weak α-f avorability of Cπ(X) yields a g e Cπ(X) having g e ,yK[ Π
^K Π <yK Π . As in Lemma 6.2 the sequence </2Λ+i> converges
pointwise to the limit function g on the set T — 2\ U Tz U Γ5 U
and for ί 6 T2n+I,.g(t) e [f2n+1(t) - ε2Λ+1, /2#+1(ί) + ε2 Λ + 1]. In particular,
for teS2n+1,

g(t) 6 [(2n + 1) - ε2Λ+1, (2w + 1) + ε2Λ+1] c [2n, 2^ + 2]

so that the set g[S1 U S3 U Sδ U •] has no limit point in R. Because
g: X—> R is continuous, the set S1 U Ss U Sδ U has no limit point
in X, i.e., player (II) wins the game Γ.

(c) => (d). Suppose player (II) has a winning strategy in Γ(X).
Then player (II) also has a winning strategy in each game Γ(Z) for
every subspace Z of X. We begin by examining the case where
Z — {xn: n ^ 0} is a countable subspace of X; we claim that player
(II) has a winning strategy r* for Γ(Z) such that if (So, Sl9 S2, •)
is a play of Γ(Z) in which S2Λ = τ*(ί?o, S^ S2, •) for each n, then
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U {S2Λ+1: n ^ 0} is a closed discrete subspace of Z and U {Sn: n ^ 0} = Z.
To define r* we begin with τ, a winning strategy for player (II) in
Γ{Z). Let So, Sx be disjoint finite sets in Z. Compute S2 = r(S0, Sx)
and let Et = {xt: 0 ^ i ^ 2} - (So U Sx U SJ). Define S2 = τ*(S0, Sλ) to
be S2 U E2. Suppose (So, Slf S2f S8) is a pairwise disjoint sequence of
finite subsets of z with S2 = τ*(S0, Sx). Then Ŝ  == r(S0, S,) c S2 so that
(So, Slf S2, S5) belongs to the domain of τ. Compute Si = τ(S09 S19 S2, Sz)
and E4 = { & « | 0 ^ i ^ ^ - ( S o U ^ U & U S3). Define S4 = r*(S0,8 l 9 8t9 S3) =
JSI U £̂ 4. Continuing in this fashion, we recursively define τ* in such
a way that if SQf Sl9 , SZΛ+1 is a pairwise disjoint sequence of finite
sets in Z having S2j = τ*(S0, S1? S2, , S2i_i) whenever 1 <; i ^ ^
then, writing Si = τ(SQf Sx), 81 = r(S0, S,, S2, S3), etc., we have S ^ c S 2 i

for each i £ n9 and {^ 10 ^ i ^ 2n} c Ul=i S<. I t follows that when-
ever (So, Slf S2f •) is a play of Γ(Z) in which player (II) has used
strategy τ*, then (So, Si, S2, S3, S4', •) is also a play of Γ(Z) in which
player (II) has used strategy τ, so that Sx U S3 U Sδ U must be
closed and discrete in Z.

Now suppose Y is a countable subspace of X and fix p β X — F.
Let Z = YΌ{;p} and let τ* be a winning strategy for Γ(Z) as de-
scribed above. Then if (So, Sl9 S2, •••) is any play of the game Γ
in which player (II) uses strategy r*, the set {p} U S2 U S4 U is
guaranteed to be a relative neighborhood of p in the space Z. Now
consider two plays of the game Γ(Z) in which player (I) experiments
with two different strategies and player (II) uses strategy r*. In
the first play of the game, the starting set is Ro — {p}. Player (I)
specifies the set Rt = τ*(ψf Ro). Player (II) must respond by choosing
R2=τ:iί(R09R1). In general, player (I) specifies R2n+i=^(ΦyRQ9Ru ># 2 J
and player (II) is forced to respond with the set R2n+2 = τ*(Ro, Rί9 ,
R2n+1). Because of the special properties of r*, we are guaranteed
that the set {p} U R2 U R± U is a neighborhood of p in Z. In the
second play of Γ(Z), the starting set is To = 0 . Player (I) chooses
to let Tx = i?0. Then Player (II) is compelled to let T2 = r*(Γ0, ΓJ.
For ^ ^ 1 , player (I) defines T2n+1 = τ*(ϊ\, Γ8, •••, Γ 2 J and player
(II) responds with Γ2Λ+2 = τ*(T0, Γ2, ••., Γ2Λ+1). The result of this
play is that the set {p} U T2 U Γ4 U Γ6 U is known to be a neigh-
borhood of p in ϋΓ. But any easy induction shows that Tk — R^
whenever k ^ 1 so that {p} U T2 U Γ4 U Tδ U ••• = {p} U ^ U i28 U i?β U ••••
Because (i22UΛ4Ui26U )Γl(i2iUi23Ui25U •) = 0 , it cannot be that
both {p} U i?2 U R4 U and {p} U ^ U Rz U i?5 U are neighborhoods
of p in Z unless p is an isolated point of the space Z. Therefore
p cannot be a limit point of Y. Since p was an arbitrary point of
X — Y, Y must be closed. Hence (d) is established.

(d) => (a). Suppose each countable subspace of X is closed. For



164 D. J. LUTZER AND R. A. MCCOY

each n, let Ψn be the collection of all basic neighborhoods of the
form ^V(f, S, ε) where feCπ(X), S is finite, and ε < 2"\ Suppose,
for each n^l, ^Γ(fn, Sn, ε j 6 Ψn with ^ r ( Λ , Sn, ε j => cl ( ^ ( / Λ + 1 ,
Sn+1, εΛ+1)). Let T = U{S%: w ̂  1}. Then Γ is countable, and hence
a closed and discrete, subspace of X, and on the set T the sequence
</•) converges pointwise to some function g on T. Because T is a
discrete space, g e Cπ(T). Because X is pseudonormal and T is count-
able and discrete, it is possible to find a function g e Cπ(X) which
extends g (cf. 8.3). But then, as in Lemma 6.2, ge f]{^Γ(fn, Sn, ε j :
% ;> 1}, as required to establish (a).

(d)=>(e). Let ̂ = Π{S^:w^l} be any nonvoid Gδ subset of
Rx where each &n is open in Rx. FixfeS^ and choose basic neigh-
borhoods ̂ V(f, Sn, ε j of /having ^V{f9 Sn, ε j c &n. We may assume
εn is so small that ^T(f9 Snf 2εJ c ^r(ff Sn_u en^) and εn e (0, 2-).
Let T = U{S »: ^ ^ 1}. Then Γ is a countable closed discrete subspace
of X. Hence f\τ is a continuous function on T. As above, pseudo-
normality of X allows us to find a function / e Cπ(X) which extends
f\τ. But then feCπ(X) Π ̂  as required.

(e) => (d). Let 7 be a countable subspace of X and suppose
p 6 X - Γ. Let ̂  = Γ U {p} and define a function / e Rx by the rule
that f(x) = 1 if x e Γ and /(a?) = 0 if x e X - Y. Index Z as Z =
K : w ̂  1}. Let Sn = {a?4: 0 ̂  i ^ }̂ and let eΛ = 2~%. Then the set

is a nonempty G5-set in Rx so that (e) yields a continuous function
# eSf. But then ^(p) = 0 while g(x) = 1 for each x e Γ , so that p
cannot be a limit point of Y. Therefore (d) is established.

REMARKS 8.5. It is easy to see that, in 8.4, (a) =» (b) => (c) <=* (d)
for any space; no additional separation hypotheses are needed. Fur-
thermore, the pseudonormality hypothesis in 8.4 can be replaced by
any hypothesis which enables (continuous) functions on countable
closed discrete subspaces to be extended to continuous functions on
all of X. One such hypothesis is that X be strongly collectionwise
Hausdorff [3] and completely regular. Examples show that some
hypothesis beyond complete regularity is needed to prove 8.4 since
there is a completely regular pseudocompact space X in which each
countable set is closed [4, 5.1 and 5.3] and for such an X, CπiX)
cannot even be a Baire space (cf. 3.3). Finally, assertion (c) of 8.4
is equivalent to the formally stronger statement "every countable
subset of X is closed and discrete".
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Students of Baire category theory recognize pseudocompleteness
as being a very weak completeness property. One very strong com-
pleteness property is called Cech-completeness: a space Z is Cech-
vomplete if Z is completely regular and is a (?δ-subset of its Stone-
Cech compactification βZ. It is known that Z is Cech-complete if
and only if Z is a Grsubspace of any completely regular space in
which Z is densely embedded. Our next result shows that, important
as Cech-completeness may be in the general theory of Baire category,
there is little point in studying Cech-completeness in Cπ(X).

THEOREM 8.6. The following properties of a space X are equiv-
alent:

(a) Cπ(X) is Cech-complete;
(b) X is countable and discrete;
(c) CX(X) is a completely metrizable space.

The proof of 8.6 requires a lemma which may be of some
interest in its own right.

LEMMA 8.7. Suppose that Cπ(X) contains a nonempty Gδ-subset
of Rx. Then there is a countable closed and open subset T of X
such that each point of Y — X — T is isolated^ and then Cπ(X) ~

x Rγ.

Proof of 8.7. Let £f= Π {SfΛ: n ^ 1} be a nonempty G,-subset
of Rx with ^ c Cπ(X) and each 5f% being open in Rx. Choose /e<£"
and for each n find a basic open set Λ~(ff Sn, εn) c &n. Let T —
U {Sn: n ^ 1}. Then T is countable and whenever g eRx has g\τ ~ f\T9

then g e Cπ(X). We claim that Xd, the set of nonisolated points of
X, is a subset of T. For if not, choose peXd — T and define a
function g: X-+R by g(x) — f(x) if x Φ p, g{p) = f{p) + 1. Since
ΰ\τ — f\τ, 9 G Cπ(X). But / and g agree on the dense set X — {p} so
that continuity forces f — g, which is impossible. Hence Xd c Γ,
so that T is closed. Next we claim that the set T is also open.
For otherwise there is a point qeT which is a limit point of X — T.
Define a new function h: X-* R by h{x) = f{x) if x e T and h(x) =
f(x) + 1 if x e X — T. As above, h e Cπ(X). But then, because q is
a limit point of X — T, h(q) = f(q) + 1, contrary to h(q) = f(q).
Therefore T is also open. Let Y = X — T. Since Xd a T, each point
of Yis isolated and Xis the topological sum X — T φ Γ , Therefore
(see 2.6) Cπ{X) s Cπ(T) x Cπ(Y). But Y is a discrete space so that
CX(Y) = Rv, as required.

Proof of 8.6. Obviously (c) implies (a). To see that (b) implies
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(c), note that if X is countable and discrete then Cπ(X) ~ Rω which
is completely metrizable. It remains only to prove that (a) implies
(b). Assuming Cπ(X) is Cech-complete, Cπ(X) is a G3-subset of Rx

since Cπ(X) is dense in Rx. According to 8.7 there is a countable
set T which is both closed and open, such that if Y = X — T then
Cπ(X) = CZ(T) x Rγ. Since any Cech-complete space is pseudocomplete
[1] Theorom 8.4 forces every countable subset of X to be closed.
(No additional separation hypotheses are needed; cf. 8.5.) But then
every countable subset of X is closed and discrete. It is known that
if card (Y) ^ ωlf then Rγ cannot be Cech-complete. But, being a
factor of the Cech-complete space Cπ(X), Rγ is Cech-complete, so Y
is also countable. Therefore I = Γ 0 7 is a countable discrete
space.

REMARKS 8.8. (a) The proof of 8.6 yields a related result which
may be of some interest, namely:

THEOREM. The following properties of a space X are equivalent:
(a) Cπ{X) is a Gδ-subset of Rx;
(b) X is a discrete space;
(c) Cπ(X) = Rx.

Proof. Obviously (b) => (c) => (a). To prove that (a) => (b), use
8.7 to obtain X~ Γ φ ( I - T) where T is a countable closed and
open subset of X and (X — T) is discrete. Because Cπ(X) is a dense
<?δ-subset of the weakly α-favorable space Rx, Cπ(X) is weakly α-
favorable [7, 2]. (We remark that Rx is also pseudocomplete; how-
ever it is not yet known whether a dense G^-subset of a pseudo-
complete space must be pseudocomplete.) But then the proof of 8.4,
(b) => (d) applies to show that every countable subset of X is closed
and discrete (even though we are not assuming that X is completely
regular and pseudonormal; cf. 8.5) so that X is a discrete space as
required.

It might be interesting to know more about the descriptive
theory of Cπ(X) in Rx.

9* The function spaces Cπ(X, Y")* The results concerning Gπ(X)
in earlier sections can be generalized to spaces of functions which
are not real-valued and in this section Cπ(X, Y) will be the set of
continuous functions from X into the space Y, endowed with the
topology of pointwise convergence, i.e., topologized as a subspace of
the product Yx. We will assume that members of Cπ(X, Y) separate
points of X or, equivalently that Cπ(X, Y) is dense in Yx. That
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would be the case, for example, if X were completely Hausdorff and
Y contained an arc.

The following result is an immediate generalization of 4.6.

THEOREM 9.1. Suppose Y contains an infinite discrete family
of open sets. If Cπ{X, Y) is a Baire space, then player (I) cannot
have a winning strategy in Γ(X).

The hypothesis in 9.1 that Y contains an infinite discrete col-
lection of open sets is equivalent (for Y completely regular) to the
assertion that Y is not pseudocompact. If the domain space X is
countable, then 9.1 can be strengthened considerably.

THEOREM 9.2. Let X be countable and let Y be any infinite
regular space. If Cπ(X, Y) is a Baire space, then player (I) cannot
have a winning strategy in Γ(X).

Proof. We construct a subspace Z of Y such that CX(X9 Z) is
Baire and Z contains an infinite discrete collection of open sets.
Given such a Z, Theorem 9.1 would apply.

Since Y is an infinite regular space, Y contains an infinite pair-
wise disjoint collection V of open sets whose union is dense in Y.
We let Z — U 3^ The inclusion j : Z —> Y induces an embedding
j \ : Cπ(X, Z) —> Cπ(X, Y) and we let % denote the image of j * . Since
Cπ(X, Y) is Baire, Cπ(X, Z) will be Baire provided we show that
Cπ(X, Y) — ̂ Γ is a first category subset of Cπ(X, Y). For each xeX,
let J^ = {/e Cπ(X, Y): fix) eY~ Z}. Each ^ is a closed, nowhere
dense subset of Cπ(X, Y) and U {J^: xeX} = Cπ{X, Y) - %Ί as
required.

The sufficiency proved in 6.3 can be generalized to Cπ(X, Y)
provided Y is a complete metric space.

THEOREM 9.3. Let XeΣ and let Y be a complete metric space.
If player (I) has no winning strategy in Γ(X), then Cπ(X, Y) is a
Baire space.

Combining 9.2 and 9.3 we obtain:

THEOREM 9.4. Let XeΣ and suppose Y is a complete metric
space. If either (i) Y is not compact or (ii) Y is infinite and X is
countable, then Cπ(X, Y) is a Baire space if and only if player (I)
has no winning strategy in Γ(X).
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We also point out that Theorems 8.4, 8.6 and 8.8 can be gener-
alized to Cπ(X, Y) in the case where Y is a noncompact complete
metric space such that every continuous function from a countable
closed discrete subspace of X into Y admits a continuous extension
over all of X.
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