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ON CELLULAR DECOMPOSITIONS OF
HILBERT CUBE MANIFOLDS

ZVONKO CERIN

M. Brown’s notion of a cellular set has proved useful in
the study of upper semi-continuous decompositions of finite-
dimensional manifolds. This paper introduces an infinite-di-
mensional analogue of it and studies decompositions of Hilbert
cube manifolds into cellular sets. Our results give evidence
that there is a close analogy between cellular decompositions
of finite-dimensional and infinite-dimensional manifolds.

1. Introduction. The purpose of this paper is to collect and
transliterate into the Q-manifold setting a body of the basic “shrink-
ing theorems” and to sort out some of the complications which arise
from the infinite-dimensionality. We give several new sufficient
conditions on an upper semi-continuous decomposition G of a @-mani-
fold M in order that the quotient space M/G is homeomorphic to M.

Let X be a closed subset of a @-manifold M. We shall say that
X is a cellular subset of M provided X can be represented as X =
N> K;, where XCintK,, K, =Q, BdK, = Q, and Bd K, is a Z-set
in K,, for each ¢ > 0.

It is clear that a cellular set X in a Q-manifold M has trivial
shape and that cellularity depends on the embedding X < M, not just
on X (for example, Wong’s wild arc in the Hilbert cube @ [8] is not
cellular (see (2.3)(a)). A compact Z-set X in M is cellular if and only
if X has trivial shape (see (2.3)(b)). On the other hand, the cube
Q % [0,1] is cellular in @ x [0, 2] but it is not a Z-set in @ X [0, 2].

In §2 we first prove a comprehensive Theorem (2.4) that gives
eleven necessary and sufficient conditions for a proper closed subset
X of a compact connected @-manifold M to be cellular. They include
the infinite-dimensional version of the famous MecMillan’s cellularity
criterion [32] and the equivalence of cellularity and the property of
being pointlike, i.e., that M — X be homeomorphic to M minus a
point. We also prove in Theorem (2.8) that a finite-dimensional com-
pactum of trivial shape in the Hilbert cube is cellular if and only if
it satisfies cellularity criterion. Hence, finite-dimensional cellular sets
in @Q-manifolds share many properties with cellular sets in finite-
dimensional manifolds. The infinite-dimensional cellular sets are more
difficult to characterize and recognize which explains numerous com-
plications that arise in attempts to find infinite-dimensional analogues
of some results about cellularity in finite-dimensional manifolds.

In the remaining §§ 3, 4, and 5 we consider upper semi-continuous
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decompositions G of a @-manifold M into cellular subsets (that we
call cellular decompositions) and, equivalently, proper maps f: M —»Y
(called cellular maps) of M onto Hausdorff spaces Y such that for
each y e Y the preimage f~'(y) is a cellular subset of M. The separa-
tion into three paragraphs corresponds to the three different assump-
tions that we make about the nature of the set p(H{*), the projection
of the union Hg of all nondegenerate elements H, of G under the
quotient map p: M — M/G. In §3 we do not make any restrictions on
p(HE), in § 4 this set is assumed 0-dimensional, and in §5 countable.

Our paper is only an introduction into the study of cellular
decompositions of @-manifolds. We leave many questions unanswered
and some of them are formulated in the form of three conjectures
stated in this introduction. These questions and our results are
motivated by corresponding questions and partial results about cellular
decompositions of finite-dimensional manifolds.

Let us describe §§3, 4, and 5 in more detail. The short §3
contains the important observation (a consequence of the Kozlowski-
Lacher Theorem [25], [28]) that a cell-like map f: M — N (i.e., f is
a proper map and f~'(y) has trivial shape for each y € N) between
@-manifolds is a cellular map. This implies that if we want a de-
composition G of a @Q-manifold M into sets of trivial shape to have
the quotient M/G homeomorphic to M then we must assume that G
is a cellular decomposition. A modification of Eaton’s argument for
the existence of dog-bone decompositions for higher dimensional
Euclidean spaces (see [12, p. 114]) shows that there are cellular de-
compositions G of @ with p(Hg) homeomorphic to a Cantor set and
with each nondegenerate element of G a Z-set arc such that Q/G is
not Q. Therefore, in order to get M/G = M, in addition to assuming
that G is cellular, it is necessary to make further assumptions
about G.

The remainder of §3 is concerned with the extension to @-mani-
folds of the appendix of Lacher’s paper [27].

In §4 we study upper semi-continuous decompositions G of a Q-
manifold M such that p(HF) is a 0-dimensional set in M/G (we call
such decompositions 0-dimensional decompositions). Two basic con-
jeetures concerning 0-dimensional decompositions G of a connected
@-manifold M are the following.

Congjecture 1. If G is a 0-dimensional cellular decomposition of
a connected Q-manifold M, then the product (M/G) x I of M/G with
the unit interval I = [0, 1] is homeomorphic to M.

Congjecture 2. If G is a 0-dimensional decomposition of a (com-
pact) Q-manifold M into compact sets such that M/G = M, then G is
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a cellular decomposition.

The best result supporting Conjecture 1 is Torunczyk’s Theorem
5" in [40] where it was proved that a cell-like decomposition G of a
@-manifold M such that M/G is an ANR and H¢ is contained in a
countable union of finite-dimensional compacta satisfies (M/G) x I = M.
In the example (4.12) we shall describe a noncellular set C in the
Hilbert cube @ which is not a countable union of finite-dimensional
compacta such that (Q/C) X I = Q.

The suggestion for Conjecture 2 comes from the observations in
the §4. We first recall the notions of weak shrinkable and shrink-
able decompositions from [41]. It follows from McAuley’s Theorem
2 in [21, p. 24] that shrinkability of a decomposition G of a @-mani-
fold M is a sufficient condition for M/G = M. In the case when G
is a cell-like decomposition, this condition is also necessary (see Theo-
rem (4.1)). We prove in Lemma (4.2) that shrinkable decompositions
of a @-manifold are cellular and in Theorem (4.4) that for a 0-dimen-
sional decomposition of a connected @-manifold into compact sets
shrinkability and weak shrinkability are equivalent. It follows that
a 0-dimensional weakly shrinkable decomposition G of a connected
@-manifold M into compact sets is cellular and M/G = M. Hence,
Conjecture 2 is true if a homeomorphism M/G = M is a consequence
of weak shrinkability of G. The conjecture is also true when either
M is contractible and p(H¢) is contained in a 0-dimensional Z-set in
M/G = M (Theorem (4.5)), or G is a countable decomposition into
compact sets of a contractible or a compact connected Q-manifold M
(Theorem (5.6) and Remark (5.7)). In Conjecture 2 the assumption
that G is 0-dimensional can not be weakened in general because by
crossing Bing’s example of a decomposition H of the interior of the
3-cell I*® into circles and figure eight’s such that I’/H = I® ([21, p. T))
with @ will give us a noncellular decomposition G of @ with
dim p(HZ) > 0 such that @/G = Q.

We close §4 with Theorems (4.7), (4.9) and (4.11). The first gives
a sufficient condition for a 0-dimensional cellular decomposition G of
a Q-manifold M to satisfy M/G = M analogous to Price’s condition
in [36]. The second proves that a 0-dimensicnal cell-like decomposi-
tion G of a @Q-manifold M equivalent in the sense of Armentrout-
Lininger-Meyer [2] to a cellular decomposition of M is itself cellular.
The last is a restatement of an observation from [34] in the @Q-mani-
fold setting used in (4.12) mentioned above.

The final §5 studies decompositions of @-manifolds with at most
countably many nondegenerate elements (such decompositions are
called countable decompositions). The best result known for these
decompositions is the following special case of Torunczyk’s Theorem
3 in [40].
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THEOREM (Torunczyk). If G is a countable decomposition of a
Q-manifold M into Z-sets of trivial shape, then M|G = M.

The key open question for countable decompositions of @-mani-
folds, suggested by Bing’s countable pointlike decomposition G of E*
such that E°/G is not homeomorphic to E° [21, p. 12] and a decom-
position of the nm-sphere (» = 5) with analogous properties constructed
recently by Daverman [17], is the following.

Conjecture 3. There is a countable cellular decomposition G of
the Hilbert cube @ such that Q/G is not homeomorphic to Q.

As long as we do not know that the above conjecture is false it
is interesting to look for sufficient conditions on a countable cellular
decomposition G of a @-manifold M that would imply M/G = M. We
observe (Theorem (5.1)) that this is the case if H¢ is a Gs,-set in M
and in Theorem (5.3) we prove that a decomposition G of @ into a
null sequence of tame subcubes of @ (i.e., subsets K of @, K= Q,
such that Bd K = @ is collared in both K and @Q-int K) satisfies
Q/G = Q. Finally, in Theorem (5.6) we show that, for a countable
decomposition G of a contractible @-manifold M into compact sets, if
the quotient M/G is a @-manifold, then G is cellular and M/G = M.
This result implies (see (5.8)) that the condition from (4.7) is also
necessary for a countable decomposition G of a contractible @-mani-
fold M into compact sets to yield a @-manifold as a quotient M/G.

We assume that the reader is familiar with notions and results
of infinite-dimensional topology. An excellent reference is [12].

I am grateful to Andrea C.F. Shadenhofer for support while I
was writing this paper. We also thank the refree for valuable re-
marks which greatly improved our results and presentation.

2. Cellular subsets of Q-manifolds.

DEFINITION 2.1. A closed subset K of a space M is a mormal
cube in M if K and the boundary Bd K of K in M are homeomorphic
to the Hilbert cube @ and Bd K is a Z-set in K.

Observe that Bd K is a Z-set in K if and only if Bd K has a
collar in K [12, p. 25]. Hence, normal cubes in @ are the same as
closures of open subsets of @ of type (Q) defined by Wong in [43]
(see Theorem 2 of that paper).

DEFINITION 2.2. A closed subset X of a @-manifold M is cellular
provided X has arbitrarily small open neighborhoods whose closures
are normal cubes in M.
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ExAMPLE 2.3. (a) Cellular subsets of @-manifolds have trivial
shape since they are intersections of a decreasing sequence of Hilbert
cubes [4, p. 261]. But cellularity of a closed subset X of a @-mani-
fold M depends on the embedding X © M and not just on X. For
example, it follows from Theorem (2.4) that Wong’s wild arce in
the Hilbert cube @ [8] is not cellular because @/« is not homeomorphic
to Q.

(b) A Z-set X in a compact @-manifold M is cellular if and only
if X has trivial shape. Indeed, the first half of this statement fol-
lows from (a) above, while the second is a consequence of Theorem
(2.4) (v)=(i) and Theorem 9 in [13] which implies that M — X is
homeomorphic to N — {p} for some compact @-manifold N and a point
p€EN.

(¢) The standard example of a cellular set that is not a Z-set
is the half-cube @ x [0, 1] in the product @ x [0, 2]. The middle slice
Q x {1} in @ x [0, 2] shows that by defining cellular sets as inter-
sections of decreasing sequences of Hilbert cubes (without any con-
ditions on their boundaries) we get an unsatisfactory notion because
(@ x [0, 2D/(Q x {1}) is obviously not homeomorphic to @ x [0, 2].

(d) A simple way of constructing cellular sets in @ is through
the use of hyperspaces of closed subsets. Let Y be a compact con-
nected ANR and let ACY be a closed connected subset which is the
intersection of a decreasing sequence of connected ANR neighborhoods
N, DN, DN,D--- such that N, # Y and Bd N, is a Z-set in N, for
each 7 > 0. Then X = 24 is the intersection of a decreasing sequence
of Hilbert cubes {2¥i} [15]. Since the boundary Bd2": of 2V in the
Hilbert cube M = 2" is 2¥{(Bd N,) = {Be2"|BNBAN, # @} we see
(using Theorem 5.2 in [16]) that Bd2": = @ and Bd2'¢ is a Z-set in
2%, If A has a nonempty interior in Y, then X = 24 will not be a
Z-set in M = 2",

The following theorem describes the structure of cellular sets
and illustrates the close analogy between that notion and M. Brown’s
notion of a cellular subset in an n-dimensional compact metric space
[6]. In its statement we shall use some definitions from [11] that
we recall first.

Let & be a class of topological spaces. A noncompact leccally
compact space M is &-trivial at oo provided that for every compact
subset A of M there is a compact set B, BD A, such that every
map f: K— M — B, where K€%, is null-homotopic in M — A. If
. (F”%) denotes the class of all finite polyhedra (of dimension < k),
then &7— (F7*—) trivial at <o spaces are called simply trivial (k-
trivial) at oo.

A noncompact locally compact space M is movable at <o if for
every compact set A in M there is a larger compactum B with the
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property that for every compactum C in M, CD A, and every map
f:K— M — B, where Kec 2”, there is a homotopy fi: K— M — A
(0<t=1) such that f, = f and fi(K)c M — C.

THEOREM 2.4. Let X be a proper closed subset of a compact con-
nected Q-manifold M. The following statements are equivalent.

(i) X is cellular in M.

(il ) X 4s locally shrinkable in M ([21, p. 23)), i.e., for every
e > 0 and every open set U containing X there is a homeomorphism
h: M — M such that h is supported on U and diamh(X) < e.

(iii) X 4s of type (P) in M ([43)), i.e., for each open set U
containing X there is a mapping f of M onto itself such that f is
supported on U, 1 — 1 outside X, and maps X onto a point.

(iv) M and M/X are homeomorphic.

(v) X has trivial shape and M/X is a Q-manifold.

(vi) X has trivial shape and the point X of M| X corresponding
to X s a Z-set in M/X.

(vil) X s pointlike in the sense that M — X is homeomorphic
to M — {p} for some point pe M.

(viii) For some point pe M, the Q-manifold M — {p} is proper
homotopy equivalent to M — X.

(ix) X has trivial shape and the Q-manifold M — X has one
end and is trivial at oo.

(x) X has trivial shape and the Q-manifold M — X has one
end and is movable at «~ and k-trivial at oo for every k = 0.

(xi) X has trivial shape and the Q-manifold M — X has one
end and 1s {S*}-trivial at o« for every k =0 (S* denotes the k-dimen-
stonal sphere).

Proof. We shall prove that (i) = (ii), (ii) = (iii), (iii) = (iv), (v) =
(iv), (v) = (vi), (iv) = (vii), (v) = (ix), (vii) = (i), (vii) = (viii), (viii) =
(v), (ix) = (x), (x) = (xi), and (xi)= (V).

(i) = (ii). Let ¢ > 0 and an open neighborhood U of X in M be
given. Since X is cellular there are normal cubes K, and K, such
that Xcint K,c K,Cint K, Cc K, c U. It follows from results in [43]
and [12] that there is a homeomorphism of quadruples f: (K, K;
Bd K, Bd K;) — (C(Q), C,x(@); @ X {1}, @ X {1/2}) where C(Q) = (Q X
[0, 1D/(Q x {0}) is the cone of Q and C,(Q) = {[g, t]eC(@)|0 <t < s}
for every s€[0, 1]. By changing only [0, 1]-coordinates of points in
C(Q) we see that for every 6 > 0 there is a homeomorphism g,: C(Q) —
C(Q) such that ¢,|Q X {1} = id and diam ¢,(C,»(Q)) < é. Let h M- M
be an extension by the identity outside K, of a homeomorphism
flogsof: K, — K,. Clearly, h is supported on U and diamh(X) < ¢
for a sufficiently small 6.
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(v) = (iv). This implication follows from Chapman’s CE Approxi-
mation Theorem [12].

(vi)=(v). Since X has trivial shape, the quotient M/X is an
ANR [23]. It was observed by Ferry [21] (see also [40]) that then
M/X is a Q-manifold if and only if the point X is a Z-set in M/X.

(viii) = (v). One easily proves that the Q@-manifold M — X admits
a boundary of trivial shape [13]. Hence, @Q-manifolds M — X and
M — {p} are homeomorphic near oo [13, Theorem 7]. That X has
trivial shape now follows from the argument below used to prove
that (vii) = (i).

(vil)=(1). Let h: M — {p}— M — X be a fixed homeomorphism
and let U be an arbitrary open neighborhood of X in M. Let KC
(U — X) U {p} be a copy of the Hilbert cube such that Bd K = @
is bicollared in M and let p €int K. We claim that K’ = (K — {p}) U X
is a normal cube in U containing X in its interior. Let L’ denote
the union of M — K’ and a small collar of Bd KX’ in K’ — X. Then
M=K UL and K'NL' = Bd K x [0,1). By Van Kampen’s theorem,
7w, (M) is a free product of groups #,(K’) and 7, (L'). But M — K' =
M — K= M — {p} so that #,(M — K') = n,(L') = n,(M — {p}) = =,(M).
It follows from Grusko’s theorem that =, (K') is trivial. On the
other side, the Meyer-Vietoris sequence of the pair (K’, L’) gives
H(K"Y® H, (L") = H (M) for every g =2. We know already that
L' and M have the same homotopy type. Thus, H(K') = 0 for all
g = 2. This means that K’ is a contractible @-manifold and therefore
is homeomorphic to the Hilbert cube by [12, Theorem 22.1].

(x) = (ix). We observed in [9, p. 139] that a movable at - space
that is also k-trivial at <o, for every nonnegative integer %, is trivial
at oo,

(xi) = (v). We shall show that the @-manifold M — X admits a
boundary of trivial shape [13]. This will imply by [13, Theorem 9]
that M/X = (M — X)U o is a Q-manifold. Clearly, it suffices to
prove that for every open neighborhood U of X, the inclusion
U— X< U is a homotopy equivalence. In order to do this, by
Whitehead’s theorem, we must check that the pair (U, U — X) is
n-connected for every n =0, i.e., that every map f: (4%, Bd4")—
(U, U — X) of the standard m-simplex 4™ is homotopic (rel Bd 4) to
a map into U — X.

Pick neighborhoods V,cV,c---cV,,CV, = U of X such that
inclusions V, = V., are null-homotopic in V., and every map +: S* —
V, — X is null-homotopic in V,;;, — X, for every 0 <k <% and 1 =
0,1, ---,n — 1.

Consider an arbitrary map f:(4*, Bd4")— (U, U — X). Cover
f(X) with the interiors of a finite number of disjoint n-cells
Ty, ***, Tn Which do not meet Bd 4" such that the ¢, are simplices of
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a subdivision T of 4" and are such that f(z,)CV,. Let M* = Ur, k-
skelton of 7,), 0 <k <, and let N = 4 — U™, (int 7).

We shall prove, by induction, that for every s, 0 < s < n, there
is a homotopy o@i: M* — V, such that ¢ = f|M*, o{(M*)CV,_., — X
and 9| M°NN= f|M°N N.

Indeed, assume ;™! has already been defined. If o€ M*® is an
arbitrary s-simplex, then ¢{~*|Bd¢: Bdo — V,_, — X extends to a map
P10 —V,, — X. Since the inclusion V,_, = V, is null-homotopic, the
map on (Bdo) X ITUo x {0,1} defined as + on o x {1}, as f|o on
o x {0} and as @;~'|Bd o on (Bdo) X I can be extended to a homotopy
in V, of f|o with the map . Piecing all such homotopies together
will give us a required homotopy ;.

We now extend @ to all of 4 by defining 7| N = f|N for each
t. Thus f is homotopic to a map @ 4" — U — Xrel N and hence
rel Bd 4~

The remaining implications in the above plan of our proof are
obvious.

REMARK 2.5. The implication (ix) = (i) can be regarded as the
infinite-dimensional version of McMillan’s cellularity criterion [32]
while the implication (vii) = (i) is the extension to @Q-manifolds of a
theorem due to Christenson and Osborne [14] for n-manifolds. Simple
examples show that in general our assumptions can not be weakened.
In particular, the requirement that M be compact and connected is
essential in the implication (vii)= (i). Indeed, let Y = (S' x Z+Vv
Z) U oo be the one-point compactification of the disjoint union of the
product of the circle S' and nonnegative integers Z+ and the integers
Z. Let : Y — Q be an embedding of Y onto a Z-set in @. Let
M=Q —@(S*'x NVZ)U «)and X = (S* x {0}). Then X is point-
like in M but is not cellular.

REMARK 2.6. For a simply-connected compact Q-manifold M in
(v), (vi), (ix), and (x) (but not in (xi) as is clear from the discussion
below) we can weaken the requirement that X has trivial shape with
the condition that X has trivial reduced Cech cohomology with integer
coefficients. Indeed, in (38.4) we shall show this for (v) while in the
above proof that (vi) implies (v) this time we need an improvement
of [20] due to Kozlowski (see [13, p. 207]) in order to get that M/X
is an ANR without using the fact that X has trivial shape.

Finally, for (ix) and (x) we first observe that because M — X is
one-ended and {S'}-trivial at < there are arbitrarily large compact
Q-manifolds M, in M — X such that Bd M, is simply-connected and
collared both in M, and in M — int M, (see [13, p. 198]). Since M
is simply-connected it follows from Van Kampen theorem that
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M — int M, is simply-connected and therefore that X is an UV'-
compactum. Applying Hurewicz theorem [28] (see also [31]) we get
that X is an UV*-compactum, for each &k = 0. It is well-known (see
[4], [19]) that, in general, we can not conclude now that X has trivial
shape (or, equivalently, that it is an UV~ -compactum). This will
follow however in the cases when X is either movable or it has finite
(fundamental) dimension (see [19] and [35]). In our situation we
proceed to this conclusion as follows.

The idea again is to show that M — X admits a boundary of
trivial shape. Since X is the intersection of open neighborhoods U
of finite homotopy type and since the above proof of the implication
(xi) = (v) can be applied to get that the inclusion U — X = U is a
homotopy equivalence, M — X is tame at -« [13]. By the Practical
Boundary Theorem in [13] we see that M — X admits a boundary.
This boundary must have trivial shape because M — X is trivial at
co (see [11, Theorem (3.2)]).

The following amusing application of (2.4) improves Theorem 2
in [43].

COROLLARY 2.7. Let X be a compactum of trivial shape in the
Hilbert cube Q and let W be a component of @ — X. If W is {S¥}-
trivial at o for every k = 0, then W is homeomorphic to @ X [0, 1)
(and W* =W U X is homeomorphic to @ i1f X is a Z-set in W*).

Proof. Let Z denote the union of other components of @ — X.
Then Z*=ZU X and W?* are compact subsets of @ such that
Z*UW*=Qand Z* N W* = X. By [4, p. 322], Z* has trivial shape.
Since Q@ — Z* = W, we can apply Theorem (2.4) (xi) = (vii) to show
that Z* is pointlike in @ and hence get the result because Q —
{point} = C(Q)—{vertex} = Q x[0, 1) [12]. The statement within paren-
theses follows from [20].

We turn now our attention to the characterization of cellularity
for finite-dimensional sets. Surprisingly, McMillan’s Theorem 1 in
[32] holds for them without any additional assumptions. Observe
that a compact set X in the interior of a manifold M* satisfies
cellularity criterion ([28, p. 539]) if and only if M — X is {S'}-trivial
at oo.

THEOREM 2.8. Let X be a finite-dimensional compactum of
trivial shape in the Hilbert cube Q. Then X is cellular im Q if
and only if M =Q — X is {S'}-trivial at oo.

Proof. We established in (2.4) that {S*}-triviality at < of M is
a necessary condition for X to be cellular. We shall now prove its
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sufficiency when X is finite-dimensional.

Since X is finite-dimensional, M has one end and therefore is LC*
at o [13, p. 198]. Also, H, (M) is trivial [26]. By the corollary to
the Practical Boundary Theorem in [13], we know that there is a
compact @-manifold N and a Z-set B in N such that N — B = M.
Since we can embedd a cone C(B) on B into N in such a way that
C(B) is a Z-set in N and the base of C(B) agree with B, applying
Anderson-Chapman Homeomorphism Extension Theorem [12, p. 30]
we see that there are maps of N onto N/B = Q/X with arbitrarily
small preimages. It follows by Eilenberg’s theorem [3, p. 221] that
N is homotopy dominated by the absolute retract @Q/X [23]. Hence,
N is contractible and therefore N = @ [12, p. 36]. This is a key
fact which implies that B has trivial shape. Indeed, by Proposition
(6.5) in [10], B has trivial reduced Cech cohomology. But we also
know that B is approximatively 1-connected (or, equivalently, an
UVi-compactum) [11, Theorem (3.2)]. Applying Hurewicz theorem
in the shape theory (see [4], [28], and [31]), we get that B has all
homotopy pro-groups trivial. In other words, B is approximatively
k-connected for every k=0 (or, equivalently, an UV*-compactum
for every k = 0). This implies (by [11, Theorem (3.2)]) that M is
{S*}-trivial at o« for every k= 0. Now, from (2.4) (xi)= (i) we
conclude at last that X is cellular.

REMARK 2.9. In the above theorem it suffices to assume that X
has trivial reduced Cech cohomology with integer coefficients because
we can apply an argument from §3 in [29] to get that X is an
UV'-compactum which implies that X has trivial shape (see (2.6)).

ExampLE 2.10. In the first version of this paper the author
erroneously claimed that a finite-dimensional subset of a compact
connected @-manifold with {S'}-trivial at - complement is a Z-set.
In particular, that finite-dimensional cellular sets in @ are Z-sets.
Now we shall sketch the construction of a cellular arc in @ which
is not a Z-set in Q.

The first step is to observe that there is a wild arca in @
with simply-connected noncontractible complement. The arca can be
constructed by adapting methods in [18] to the Hilbert cube using
techniques from [44]. Note that (Q/a) x [0, 1] = Q. Hence, the cone
CQ/a) = (Q/a) X [0, 1]/(Q/ax) x {1} is also homeomorphic with @ [12]
(because (Q/a) x {1} is a Z-set of trivial shape in (Q/a) x [0, 1]). The
required arc 3 is the image of {&} x [0, 1] in C(Q/«) under the quotient
map (@& denotes the point of Q/a corresponding to a).

Indeed, the complement of B in C(Q/a) is homeomorphic to
(@ —a) x [0,1). This implies that g is not a Z-set in C(Q/a) because
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its complement is not contractible and that g is cellular (by (2.8))
because (@ — a) x [0, 1) is {S'}-trivial at o (see Lemma (3.2) in [8]
and Theorem 7 in [32]).

REMARK 2.11. With obvious modifications the proofs in §4 of
[32] and Theorem (2.8) give us the following results.

(i) Let X be a finite-dimensional compactum in the Hilbert
cube Q. If @ — X is locally 1-connected at each point of X [32],
then every compactum of trivial shape which is a subset of X is
cellular in Q.

(ii) Let A be a cellular arc in the Hilbert cube. Then each
subare of A is cellular.

REMARK 2.12. In several proofs in this section we referred to
results from [13]. The paper [13] is based on Siebenmann’s unpublished
thesis [38] and on [39] and is nonelementary because of a complicated
algebra involved. Since we used [13] only in the “trivial case” where
there is no algebra (when the arguments in [13] are much simpler)
and because of the elementary nature of the rest of our paper we
shall briefly describe how to avoid [13].

(a) Example (2.3) (b): The cellularity of Z-sets of trivial shape
is established in [12], where the Engulfing argument on pp. 14-15
works in general, employing Theorem 19.4 on pp. 30-31.

(b) Theorem (2.4) (viii) = (v): This is the same as (a) in spirit;
using the fact that M — X is proper-homotopy equivalent to M — {p},
we provide by controlled Z-set engulfing a homeomorphism of
Ux[0,1)UN x [0,1] onto U x [0, 1], where U is a closed neighbor-
hood of « in M — X and N is a compact neighborhood in U of the
boundary of U in M. Now by the same Z-set engulfing argument
Chapman gives in Chapter V of [12], we show that some neighbor-
hood Vc U of « in M — X is homeomorphic with @ x [0, 1), which
is a neighborhood of o« in M — {p}.

(¢) Theorem (2.4) (xi) = (v): Our proof has essentially established
that M — X is trivial at o, ie., (xi)= (ix); now we show that
(ix) = (vii) by rigidifying to a proper homotopy equivalence, which
is easy in this case.

(d) Remark (2.6) and Theorem (2.8): The corollary to the Prac-
tical Boundary Theorem can be proved elementary following the proof
in [5] (this is an unpublished result of Chapman).

3. Cellular decompositions and cellular maps. An upper semi-
continuous decomposition G of a Q-manifold M is a cellular decom-
position provided that each element of G is cellular in M. Similarly,
a proper map f: M —Y of a @-manifold M onto a Hausdorff space
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Y is called a cellular map if the preimage f*(y) of every point
yeY is cellular in M.

An important class of cellular maps is that of cell-like maps be-
tween @Q-manifolds. This follows from the following more general
observation.

THEOREM 3.1. Let f: M— N be a cell-like map of Q-manifolds.
A compact subset Y of N is cellular in N if and only if X = f~4Y)
is cellular in M.

Proof. We recall that a cell-like map between ANRs is a he-
reditary shape equivalence and a proper homotopy equivalence at the
same time [25] (see also [27]). This implies that X has trivial shape
if and only if Y has trivial shape and that M — X is trivial at the
end of M — X corresponding to X if and only if N — Y is trivial
at the end of N — Y corresponding to Y. Now, we apply the im-
plication (ix) = (i) in (2.4).

COROLLARY 3.2. A proper map f: M— N of Q-manifolds is
cellular if and only if it is cell-like.

REMARK 8.8. It is clear from the proof of (3.1) that the above
corollary can be improved by assuming that N is just a locally com-
pact ANR each point % of which has an open neighborhood V such
that V — {y} is trivial at the end of V — {y} corresponding to y.

We shall now extend the appendix of Lacher’s paper [27] to Q-
manifolds. These results show that certain types of isolated singu-
larities do not exist.

Let M be a Q-manifold, ¥ a Hausdorff space, and let f: M— Y
be a proper map onto Y. Define two “singular sets” as follows:

C, ={yeY|f(y) is not cellular in M},
and

Qs ={yeY|Y is not locally @ at the point y} .

Recall [27] that an onto map f: M — N between Q-manifolds is
strongly acyclic if and only if the reduced Cech cohomology of f~'(y)
is trivial for each y &€ N.

THEOREM 3.4. Let M and N be Q-manifolds and let f: M — N
be a proper, strongly acyclic map of M onto N. If M is simply-

connected, then C, has nmo isolated points.

Proof. Suppose that a point y,€ N has an open neighborhood V
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such that f~(y) is cellular in M for each yeV, y# 1y, Let U=
V), Vo=V —{y}, and U,= U — f'(y,). Observe that f|U,
U,—V, is a cellular map of Q-manifolds. Hence, f|U, is proper
homotopiec to a homeomorphism h: U, — V, [12, p. 105]. But y, has
arbitrarily small compact neighborhoods W such that (W —{y,}, BA W) =
(@ x [0,1), @ x {0}). Hence, f'(y,) is the intersection of @-manifold
neighborhoods Z = A~ '(W — {y,}) U f~'(y,) such that BdZ = Q. By
using the Van-Kampen theorem and the assumption that M is simply-
connected we see that Z is simply-connected so that f~'(y,) has
property UV*'. It follows that f~'(y,) is an UV*-compactum for all
=0 (see [27]). But f'(y, is also movable because neighborhoods
Z can be compressed by a homotopy as close to f~'(y,) as we please.
This implies that f~'(y,) has trivial shape [19] and therefore that it
is cellular in M.

ExampPLE 3.5. The condition that M is simply-connected can not
be dropped. Indeed, let X be an acyclic ANR such that 7, X is not
trivial (X can be obtained from a nonsimply connected homology
n-sphere, n = 3, by deleting the interior of a simplex). The product
X X @ is a nonsimply connected Q-manifold [12, Theorem 44.1]. Let
N be a normal cube in X X @. Then a map f: X X @ -~ N/BdN,
obtained by shrinking X x @-int N to a point, is a strongly acyclic
map of @-manifolds such that C; is a single point (see [27]).

THEOREM 3.6. Let M be a compact Q-manifold and let Y be a
Hausdorfl space. If f:M—Y is a cellular map, then Q; has no
isolated points.

Proof. We shall present two proofs. The first is more involved
because it uses Chapman’s CE Approximation Theorem.

Let y,¢Y and suppose that y, has an open neighborhood V such
that V — {y,} is a Q-manifold. Let W = f(V — {y,}). The restric-
tion fI|W: W—V — {y,} is a cell-like map of @-manifolds. By [12,
Corollary 43.2], f|W is proper homotopic to a homeomorphism W —
V — {y,}. Hence, if ¢ is the end of W corresponding to f~'(y,), we
see from (2.4) ()= (v) that [WU f~(w)llf 7" (y) =WUe=V is a
Q-manifold.

We can arrive to this conclusion also in the following way. By
Kozlowski and Lacher ([25] and [28], resp.), f|W is a proper homo-
topy equivalence. It follows from (2.4) (i) = (ix) that V — {y,} is
trivial at the end corresponding to y,. Now invoke [37, Theorem
(4.2)} or [7, Theorem (4.2)] to conclude that V is an ANR and {y,} is
a Z-set in V. Applying Ferry’s observation [20] we see that V is a
®-manifold.
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4. O-dimensional cellular decompositions. Let G be an upper
semi-continuous decomposition of a @-manifold M. Let H, be a col-
lection of all nondegenerate elements of G and let HY denote the
union of all elements in H,. If the natural projection p = p;: M —
M|/G of M onto the quotient space M/G of G carries Hf onto a
0-dimensional set we call G a 0-dimensional decomposition. In this
section we shall mostly consider 0-dimensional cellular decompositions.

We first recall two definitions on shrinkability of decompositions
from [41]. A decomposition G of M is called weakly shrinkable
if for each open set U containing Hf and each ¢ > 0, there is a
homeomorphism h: M — M supported on U such that diamhi(g) <e¢
for each g € H;. It is named shrinkable in case that for each covering
7 of H} by saturated open subsets of M (i.e., by open sets UcC M
satisfying p~*p(U) = U), for each ¢ > 0, and for an arbitrary homeo-
morphism 4: M — M there exists a homeomorphism f: M — M such
that

(1) f agrees with & outside Zz* = U{U|Ue %}, and

(2) for each ge @, (a) diam f(g9) < ¢ and (b) there exists De %
such that n(D)>h(g) U f(g).

THEOREM 4.1. Let G be a cell-like decomposition of a Q-manifold
M. Then M/G = M if and only if G is a shrinkable decomposition.

Proof. If G is shrinkable, then McAuley’s Theorem 2 in [21,
p. 24] implies M/G = M.

Conversely, suppose M/G = M. Then the map p: M — M/G = N
is a cell-like map of @-manifolds. By Corollary 43.2 in [12] such a
map is a near-homeomorphism, i.e., (see 26.1 in [12]) for every
open cover 7 of M and every open cover 7 of N there is a homeo-
morphism f=f,,: M— M such that pof is 7-close to p and for
each ge G there is Ue Z with f(g)c U.

Now, let Z be a covering of Hf by saturated open sets of M
and let ¢ > 0 be given. By an argument on page 31 of [41] it suffices
to find a shrinking homeomorphism f satisfying (1) and (2) above in
the case when s = id, the identity. In order to do this, let %’ be
a normal cover [22] of the open set Z* refining % and consisting
of open sets with a diameter <e. Let 7 be an open covering of
the open set p(Z*) such that the star St 7" of 7 refines p(%) =
{p(U)|Ue %}. For a cell-like map p|#%*: Z* — (% *) of @Q-mani-
folds construct a homeomorphism f’ = f,. ,: Z* — Z*. Clearly, f’
can be extended by the identity outside Z* to a required homeo-
morphism f: M — M.

By replacing n-cells with normal cubes in the proof of Lemma
2.4 in [41] we get the proof of the following.
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LEMMA 4.2. Let G be a shrinkable decomposition of a Q-mani-
fold M into compact sets. Then G s cellular.

The best information about 0-dimensional weakly shrinkable de-
compositions of @-manifolds available is the following special case of
Lamoreaux’s general theorems in [30] (in particular, consult Theorems
4, 10, and 13 in [30]).

THEOREM 4.3. Let G be a weakly shrinkable 0-dimensional
decomposition of a connected Q-manifold M into compact sets. Then
M|G = M and each element g of G is pointiike.

In the case when M is compact, combining (4.3), (4.2), and (2.4)
(vii) = (i) it follows that a weakly shrinkable 0-dimensional decom-
position G of a compact connected Q-manifold M is cellular and
M/G = M. With only minor changes in the proof of Lemma 2.5 in
[41] (Voxman’s Lemma 2.1 was established for an arbitrary locally
compact connected metric space in [30, Theorem 3] while his Lemma
2.3 follows from our Theorem (4.83) and the fact that a pointlike
compact subset of a connected @-manifold must be connected) we can
prove the following result which implies that in the above argument
the requirment that M is compact can be removed.

THEOREM 4.4. Suppose G is a 0-dimensional decomposition of a
connected Q-manifold M into compact sets. Then G is weakly shrink-
able if and only if G s shrinkable.

THEOREM 4.5. Let G be a 0-dimensional decomposition of a
contractible Q-manifold M into compact sets such that M/G is a
Q-manifold and p(HE) is contained in a 0-dimensional Z-set in M/G.
Then G is a cellular decomposition.

Proof. Let xep(HF) and let K be a normal cube neighborhood
of z in M/G. We can identify K with the cone C(Q) of Q (see the
proof of (i) = (ii) in (2.4)). The assumption about p(H¢g), the fact
that every compact 0-dimensional space embedds into the Cantor set,
homogeneity of the Cantor set, and Anderson’s Homeomorphism Ex-
tension Theorem [12, Theorem 11.1] imply that there is a homeomor-
phism h:C(Q) — C(Q) such that A(p(HZ) N K) is contained in the
standard Cantor set in the interval I. = {[Z, t]eC(Q)|0 =t <1}
(where €@ is a fixed point) and h(x) is the vertex [¢7, 0] L.
It is clear that h(x) has arbitrarily small normal cube neighborhoods
N whose boundaries are bicollared in C(Q) — h(p(HZ) N K). This gives
that M can be written as the union M = p~*A*(N) U (M — p~'h~'(int N))
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with the intersection p~'A~'(N)N (M — p~*A~'(int N)) = p~*(Bd N)
homeomorphic to Q. It follows from [22, p. 49] and [12, p. 36] that
p7'h~'(N) is a contractible @Q-manifold and thus is a normal cube
neighborhood of p~'(x) in M. Hence, G is a cellular decomposition.

REMARK 4.6. The above theorem is not true for noncontractible
@-manifolds M because if f: @ — M is an embedding of @ onto a
Z-set in M, then the mapping cylinder M(f) of f is homeomorphic
to M and M(f)/M is homeomorphic to @ [12]. It is not true even
if we assume that M/G = M. Indeed, for each negative (nonnegative)
integer n attach to the product @ X R of @ with the real line R a
copy M, of M(f)/M(M(f)) along the base @ x {0} onto @ X {n} and
let N be the new Q-manifold. By shrinking the copy of M in M, C N
to a point we shall obviously get N again. This example shows
that Conjecture 2 is not true in general without the assumption that
M is compact.

Another (besides (4.3)) sufficient condition for a cellular decom-
position G of a connected @-manifold M to give M as a decomposition
space M/G is the following analogue of Price’s main result in [36].
In (5.8) below we shall show that for countable decompositions of
contractible @Q-manifolds into compact sets this condition is also
necessary.

THEOREM 4.7. Let G be an upper semi-continuous decomposition
of a conmnected Q-manifold M. Suppose that for each element g € H,
there exists a sequence {K{}>, of normal cubes in M such that for
each positive integer 1

(1) Kf,cCintKY,

(2) NLK! =g, and

(3) (BAK)NHE = @.
Then the decomposition space M|G is homeomorphic to M.

Proof. Since the decomposition G is 0-dimensional (every point
of p(HZ) has arbitrarily small open neighborhoods in p(H¢) with
empty boundaries) and cell-like, by combining Theorems (4.1) and
(4.4) and Theorem 10 in [30], we see that it suffices to prove the
theorem for the case M = Q X [0, o).

The proof for this case can be given following Price’s proof of
Theorem 1.4 in [36] provided we can prove an analogue of his Lemma
1.1 (stated below as Lemma (4.8)) and then replace the balls B(k) in
the construction on page 431 of [36] with Hilbert cubes @ X [0, k].

LEMMA 4.8. Let G be a monotone decomposion of the cone C(Q) =
(@ X [0, 1D/(Q X {0}) on Q and assume that no nondegenerate element
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of G intersects the top Q, = Q@ X {1} of C(Q). Then given ¢ > 0, there
exists a homeomorphism f of C(Q) onto itself such that (1)
diam f(g) < & for every ge @G, and (2) f 1s pointwise fixed on Q..

Proof. The homeomorphism f affects only the second coordinate
of every point [q, t] € C(Q) and it pushes all elements of diameter = ¢
into the (¢/2)-neighborhood of the vertex v = [q, 0], it does not stretch
much those elements whose diameters are < ¢, and it keeps @, point-
wise fixed. The details of the construction of f are clear if one is
familiar with the proof of Lemma 1.1 in [36].

The following definition is adopted from [2]. Let F and G be
decompositions of a @-manifold M. Then F and G are equivalent
provided there is a homeomorphism h: M/F — M/G such that % maps
the closure Cl(p (H})) onto Cl(p.(H#)).

THEOREM 4.9. Suppose F and G are equivalent cell-like decom-
positions of a compact connected Q-manifold M such that the closures
Cl(pp(H})) and Cl(p.(H)) are both finite-dimensional. If F is cel-
lular, then G is also cellular.

Proof. For geG select feF such that h(p,(f)) = p.g), where
h: M/[F — M/G is a homeomorphism with the property that
h(Cl (pp(H}))) = Cl(p,(Hi)). Consider the diagram

M—f M~—yg
Pz«'l pal
(M/F) = pi(f) == (MIG) — pulg) -

Since M/F' and M/G are ANR’s (by a theorem of Kozlowski [25];
this is also a consequence of an unpublished result of R. D. Anderson
proved in [42]), maps p, and p, are proper homotopy equivalences
[25], [28]. This implies that M — ¢ is one-ended and trivial at o
because M — f is one-ended and trivial at oo (since f is cellular).
It follows from (2.4) (ix) = (i) that ¢ is cellular.

Now we recall a simple condition from [34] which implies that
shrinking compact sets C and A in a @-manifold M produces equivalent
decompositions.

Let N.(X) denote the open e-neighborhood of a subset X in a
metric space.

DEFINITION 4.10. Let C be a compact subset of a @-manifold M
and let A be a closed subset of C. We shall say that C compresses
towards A if for every ¢ > 0 there is a homeomorphism f: M — M
fixing M — N,(C) and A such that f(C)c N.(A).
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The results in [34] can be stated in our situation as follows.

THEOREM 4.11. Let C and A, ACC, be compact subsets of a
Q-manifold M. If C compresses Atowa'ids A, then there is a homeo-
morphism h: M/C — MJ/A with h(C) = A.

We close this section with an example of a strongly infinite-
dimensional noncellular set C in the Hilbert cube Q and a wild arc A4,
AcC, in @ such that C compresses towards A. It follows from
Theorem (4.11) and [8] that (Q/C) X I = (Q/A) X I = @. Hence, the
decomposition G of @ with the only nondegenerate element C is an
example of a noncellular decomposition of @ such that (Q/G) X I = @
and to which we can not apply Torunczyk’s theorem mentiond in
the introduction.

ExAMPLE 4.12. Let @, be a compact convex infinite-dimensional
subset of the Hilbert space I, and assume that @, contains the origin
0 of I,. Let Q@ denote the suspension of @, geometrically realized as
the join of @, X {0} with points (0, —1) and (0, 1) in the product
I, X R of I, with the real line. Let A be a wild arc in @ N (Q, X
(— 0, 0]) [8] which intersects @, x {0} only at the point (0, 0). Next,
we select a compact convex infinite-dimensional set Q,, in @ N (I, X
{1/2}) such that @Q,, does not intersect the boundary of @ in I, R.
Let C’ denote the join of Q,, with (0,0) and put C=C'"UA. By
[24], Q, Q, Q..,, and C’ are Hilbert cubes. Using linear transforma-
tions along rays from the point (0, 0) and phasing them out outside
the e-neighborhood of C it is easy to see that C compresses toward A.

5. Countable cellular decompositions. In this final section we
shall consider countable decompositions G of a connected @Q-manifold
M, i.e., decompositions with at most countably many nondegenerate
elements.

Since each cellular set in a Q-manifold M is locally shrinkable in
M (see (2.4) (i) = (ii)) from McAuley’s Theorem 1 in [21, p. 23] we
immediately get.

THEOREM 5.1. Suppose that G is a countable cellular decomposi-
tion of a Q-manifold M such that HF is a G; im M. Then the
decomposition space M|/G is homeomorphic to M.

Our next theorem gives another sufficient condition for a count-
able decomposition G of the Hilbert cube @ in order that Q/G = Q.
The restriction is on the nature of elements of G (they are tame
cubes) and on their size (G is a null family, i.e., for every ¢ >0
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only finitely many elements of G have diameter > ¢). The proof of
this theorem follows closely Meyer’s proof in [33] of a similar result
for E°.

DEFINITION 5.2. A Hilbert cube K in Q is called a tame cube
provided Bd K = @ and Bd K is bicollared in Q.

THEOREM 5.3. Let G be an upper semi-continuous decomposition
of @ such that G is a null family and each mondegenerate element
of G is a tame cube in Q. Then the decomposition space Q|G is
homeomorphic to Q.

Proof. It is clear that G is a countable cell-like decomposition
so that by (4.1) and (4.4) it suffices to prove that G is weakly shrink-
able. This will be accomplished in Lemma (5.5) below whose proof
is based on the following technical result.

We shall consider the cone C(Q) as obtained from the Hilbert cube

Q={&)ellz, =1, x| <V38-27 for i > 1}

by joining each point in @ by a straight line segment with the origin
0=1(0,0,---). For eachn, 0< <1, let

Cy(Q) = {(x) e C(@) |2, = 7} .

LEMMA 5.4. Let 6 >0 and 0 < e < 1/2 be real numbers, and let
{K.}iso be a null family of mutually disjoint compact sets of dia-
meter < 0 in CQ) — Cy Q). Then there exists a homeomorphism h
of the cone C(Q) onto itself such that diam h(C,(@)) <0, diam h(K,)<o
for every i >0, and h|C(Q) — Cyp+(Q) = id.

Proof. Since Cy(Q) has diameter (V'5/2)y, if 6 > VV'5/4, the
identity function has the desired properties. Therefore, assume that
6 <1v'5/4. Let s be (20)/(2 + V'5). There is a positive integer M
such that 0 < (V'5/2)((1/2) — Ms) < 4.

Suppose that 6 < a<b<e<(1/2) +e. Let f,,. be a homeo-
morphism of the closed unit interval [0, 1] onto itself such that

( i ) if xe [Oy a]’ fa,b,c(x) =% — (x/a’)s,

(ii) if zela, b], fou (@) =2 — s,

(iii) if xelb, c], fus. (@) = — ((c — 2)/(c — b))s, and

@iv) if zele, 1], fus,.(x) = 2.

Let G, ., be a homeomorphism of C(Q) onto itself defined by G, ; .(zq) =
fone@)g for geQ and 0 <2 <1. Observe that d(G.,,.(xq), xq) <
(V5 /4)| fun.®) — x|. Hence, d(zq, yr) < s in C(Q) implies d(G,,,,.(xq),
G, (yr) = 0.
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It is now clear how to proceed as in the proof of Lemma 1 in
[33] to finish the proof.

LEMMA 5.5. Suppose G is an upper semi-continuous decomposi-
tiom of Q into points and tame cubes in Q such that G is null family.
Then G is weakly shrinkable.

Proof. Let a >0 and an open set U containing HF be given.
Let H; = {9, 9, ---} be the enumeration of nondegenerate elements
of G. Since H, is a null family, there is an index N such that
2 > N implies diamg, < a. Let V,V,, ---, Vy be mutually disjoint
open sets such that if ¢ < N, then g,CcV,cC U.

For each index 1 <4 < N, a homeomorphism %, of @ onto itself
will be constructed such that A, will be supported on V,, h; will
shrink g, to a set of diameter < «, and h, will stretch no element of
H, to a diameter as much as «. The composition f = hyo---oh, is
the required shrinking homeomorphism.

Let 7 be a positive integer less than or equal to N. Since g, is
a tame cube in Q, by results in [43], there is a homeomorphism
k: @ — C(Q) such that k(g;,) = C,,(Q) and k(Bd g, = BdC,,(Q). There
exists v >0 such that C.,,+/(Q)) Ck(V,). Let K = k(Cyu+/{(Q)).
Observe that %' is uniformly continuous on C,+,(Q) and %k is
uniformly continuous on K. Thus there exists d > 0 such that if
LcCyp(Q) and diam L < 6 then diam k(L) < a; and there exists
B> 0 such that if Mc K and diam M < g then diam k(M) < 6. Also,
there exists ¢, 0 < e < v, such that if j > Nand ¢;Nk™(C0+(Q))# T,
then diamg; < 8 and g; C K.

Let D=1{d, d, ---} be the enumeration of the set {k(g;)|g; N
Y (Cum+(Q)* @ and 7 > N}. Since k is uniformly continuous on K,
D is a null family. By Lemma (5.4), there exists a homeomorphism
G: C(Q) — C(@) such that diam G(C,,(@)) < 4, diam G(d;) < ¢ for every
d;eD, and G|C(Q) — Ciyp+(Q) =id. Let h, = ko Gok.

The verification that f is a required homeomorphism is the same
as the argument on page 603 in [33].

We return now to Conjecture 2 and prove that it is true for
countable decompositions of both contractible and compact connected
@-manifolds. This result resembles Armentrout’s main theorem in
[1] for the 3-sphere.

THEOREM 5.6. Let G be a countable decomposition of a contractible
Q-manifold M into compact sets such that M|/G is a Q-manifold.
Then G is a cellular decomposition and M|G = M.

Proof. By Corollary (3.2) and Chapman’s CE Approximation
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Theorem, it suffices to prove that G is a cell-like decomposition. Let
g€ G and let K be a normal cube in M/G which contains p(g) in its
interior. Let h: K — C(Q) be a homeomorphism which takes the point
»(g) to the vertex v of the cone C(Q). We can assume that the
projections of points {hop(§)|§ € G and p(§) € K} onto the [0, 1]-factor
of C(Q) are rational. Hence, we see that p(g) is the intersection of
Hilbert cubes {K};.,, selected from Hilbert cubes {r(C,(@))|0 < 7 <1
is irrational}, such that Bd K; = @ and (Bd K,) N p(H&) = @. Then
L = p~Y(K,) has a boundary homeomorphic to the boundary of K,.
Hence, M = LUCI (M — L) where LNCl(M — L)=BdL = Bd K, = Q.
It follows that L is an AR [22, p. 49] and we conclude that g =
p7'p(g) is cell-like.

REMARK 5.7. The argument for the implication (viii)= (i) in
Theorem (2.4) essentially shows that the contractibility hypothesis of
Theorem (5.6) is superfluous if M is compact because g is pointlike
(since M= Cl(M — p~'h(C. (@) Uph(C.(Q) —intC. (@)U --- U
2 'h(C, (Q)) for each finite decreasing sequence 7, 7,, -« -, 7, of irra-
tional numbers and we have almost all of the p~'2~*(C.,(Q) — int C.,, (Q))
contractible).

COROLLARY 5.8. Let G be a countable decomposition of a con-
tractible Q-manifold M into compact sets such that M/G is a Q-mani-
fold. Then for each element g€ H, there exists a sequence {K[},., of
normal cubes tn M such that for each positive integer i conditions
1)-(3) im the statement of Theorem (4.7) hold.

Proof. We know from Theorem (5.6) that G is a cellular decom-
position and M/G = M. Let ge H, and let the natural projection
p: M — M/G maps g into the point x of M/G. Since M/G is a Q-
manifold, there is a normal cube K in M/G such that x€int K. Let
h: K — C(Q) be a homeomorphism which takes x into the vertex v» of
C(@), and let »: C(Q) — [0, 1] be a projection of C(Q) onto its [0, 1]-
factor (it maps a point [g, t] € C(Q) = (@ X [0, 1])/(Q X {0}) into ¢). By
assumption, 7o h(K N p(H§)) is a countable subset of I = [0,1]. We
can assume that this set consists entirely of rational numbers and
that roh(x) = 0.

Let t, 0 <t <1, be an irrational number. The restriction
Pl ohop)(0, t): (rohop)([0, t)) — (o h)7([0, t)) is a cell-like map
of @-manifolds. By applying CE Approximation Theorem [12, Corol-
lary 43.2] with a normal cover relative to (rohop)™(f) we find a
homeomorphism of (rohep)~*([0, t]) onto (roh)7*([0, t]) which agrees
with » on the set (rohop)~'(t). Hence, (rohop) ([0, t]) is a normal
cube in M containing ¢ in its interior whose boundary (7ohop)~'(t)
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does not intersect HF. By taking ¢ sufficiently close to 0 this neigh-
borhood will be as close to ¢ as we please.
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