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PERIODIC GAUSSIAN OSTERWALDER-SCHRADER
POSITIVE PROCESSES AND THE TWO-SIDED
MARKOV PROPERTY ON THE CIRCLE

ABEL KLEIN AND LAWRENCE J. LANDAU

Gaussian processes in a class of stochastic processes as-
sociated with quantum systems at nonzero temperature (the
periodic stochastic processes satisfying Osterwalder-Schra-
der (OS) positivity on the circle) are studied. A represen-
tation of the covariance function of a periodic Gaussian
OS-positive process is obtained which gives a complete des-
cription of all such processes. The two-sided Markov pro-
perty on the circle is studied and it is determined which
periodic Gaussian OS-positive processes satisfy the two-sided
Markov property on the circle. It is shown that every per-
iodic Gaussian OS-positive process is the restriction of a
periodic Gaussian two-sided Markov process. For nonper-
iodic Gaussian OS-positive processes it is shown that the
two-sided Markov property is equivalent to the Markov
property.

1. Introduction. Certain stochastic processes are associated
with quantum systems (e.g., Nelson [11, 12], Simon [14], Hoegh-
Krohn [3], Albeverio and Hoegh-Krohn [1], Klein [5, 6], Driessler,
Landau and Perez [2]). If the quantum system is at a nonzero
temperature T then the associated stochastic process is periodic
with period equal to the inverse temperature B = (k¥7')~', where k
is Boltzmann’s constant (Hoegh-Krohn [3], Albeverio and Hoegh-
Krohn [1], Driessler, Landau and Perez [2]).

The simplest example is the Ornstein-Uhlenbeck process which
is associated with the quantum mechanical harmonic oscillator. The
Gaussian process X(t) indexed by the real line with mean zero and
covariance E(X(t)X(s)) = (2m)'exp(—|t — s|m) with m > 0 (the usual
Ornstein-Uhlenbeck process) is associated with the one-dimensional
harmonic oscillator with frequency m (i.e., with Hamiltonian H =
1/2(—d?¥/da? + m*x®* — m)) at zero temperature (e.g., Simon [14]). If
this harmonic oscillator is considered at a nonzero temperature T,
then the associated stochastic process is the periodic Gaussian pro-
cess X;(t) indexed by the real line with period B = (k7T)™* having
mean zero and covariance

E(X,()X(s)) = @m[1 — exp(—mp)])~(exp(—[t — s|m)
+ exp(—(B — [t — s[)m))
for |t — s| < 8 (Hoegh-Krohn [3]). We will call X,(¢) the periodic
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Ornstein-Uhlenbeck process with period g.

An important generalization of this example associates a gener-
alized stochastic process, the free Euclidean field, with the free
scalar relativistic quantum field (Nelson [12], Simon [14]). The free
Euclidean field with mass m(m > 0) in d + 1 space-time dimensions
is the Gaussian linear stochastic process @(f, t) indexed by (R X R
(here .2(R% is the real vector space of real-valued infinitely dif-
ferentiable functions on R? which together with its derivatives de-
creases faster than any polynomial at infinity) with mean zero and

covariance
E@(f, H)0(g, 5)) = (f, [2V =4 + m*|"exp(—|t — s| V' —4 + m?)g)

where f, g . (R, t, se R, 4 is the Laplacian operator in d-dimen-
sions, and (-, -) is the L*inner product. This process is associated
with the free scalar relativistic quantum field with mass m in d + 1
space-time dimensions at zero temperature. If the free relativistie
quantum field is considered at a nonzero temperature 7T, then the
stochastic process associated with it is the periodic Gaussian linear
stochastic process @,(f,t) indexed by .Z%(R*) xR with period 8 =
(T)™* having mean zero and covariance

E@y(f, )0x(9, 8)) = (f, [2V =4 + m*(1 — exp(—BV —4 + m?))]™*
x[exp(—|t — s[V'—4 + m®) + exp(—(8 — |t — sV —4 + mP)]g)
for f, ge S(R%, t, seR, |t —s| < B (Hoegh-Krohn [3]).
More generally, generalized free Euclidean fields are associated
with generalized free scalar relativistic quantum fields. A gener-

alized free Euclidean field is the Gaussian linear stochastic process
O(f, t) indexed by .&%(R? x R with mean zero and covariance

E@(f, 00, 5)) = | do(m?)(f, [2v/ =7+ m]~
xexp(—|t — s|V —4 + mdg) ,

where p is a measure on [0, ) such that Slm*ldp(mz) < o (and
1 oo

Inm~'dpo(m®) < o if d =1). This is the stochastic process associ-
[}

ated with the quantum system at zero temperature. At a nonzero
temperature T we get the periodic Gaussian linear stochastic pro-
cess @4(f, t) indexed by “(RY)XR with period g = (kT)* having
mean zero and covariance

E@,S, O0i(g, 5)) = | dotm)(f, [2v/ =7+ m?

X (1 — exp(—BV —4 + m®)][exp(—|t — s|V/ =4 + m?)
+ exp(—(8 — |t — sV —4 + m))]g) ,
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for [t —s| =B (at T >0 we also needrlnm—‘dp(mz) < oo if d =2,

"mdo(m?) < oo if d = 1). '

’ Other stochastic processes associated with quantum systems at
nonzero temperature (including non-Gaussian processes) are discussed
by Hoegh-Krohn [3], Albeverio and Hoegh-Krohn [1], and Driessler,
Landau and Perez [2].

These stochastic processes associated with quantum systems
have certain important properties in common. They are stationary,
symmetric, and satisfy Osterwalder-Schrader (OS)-positivity, which
was originally derived by Osterwalder and Schrader [13] from phy-
sical considerations in the context of quantum field theory. In the
nonzero temperature case OS-positivity must be properly interpreted
with respect to the circle of length g (the precise definitions are
given in §§2 and 3).

In the nonperiodic case (i.e., zero temperature) OS-positive pro-
cesses have been studied by Klein [4, 5, 6, 7, 8].

In this article we study in detail periodic (i.e., nonzero temper-
ature) Gaussian OS-positive processes. We obtain a representation
of the covariance function of such processes which enable us to
describe all periodic Gaussian OS-positive processes (Theorems 2.5,
3.8, and 3.8). In the simplest case, that of a periodic Gaussian
OS-positive process X(t) indexed by the real line with period g (§2),
we show that it has covariance function

E(X(t)X(s)) = S:o(e‘”'”“ + e” 10 dy (a)

for |t — s| =< B, where v, is a finite measure on [0, ) (Theorem
2.5), i.e., the most general covariance function is a positive combi-
nation of covariance functions of periodic Ornstein-Uhlenbeck pro-
cesses. The general case .of a periodic Gaussian OS-positive linear
process indexed by VxR, where V is a real vector space, is treat-
ed in §3.

For periodic processes the usual Markov property does not make
sense, as the “future” winds back into the “past”. The appro-
priate condition is the two-sided Markov property on the circle (see
§4). The periodic Ornstein-Uhlenbeck processes and the periodic
free Euclidean fields are examples of processes satisfying the two-
sided Markov property on the circle (Corollaries 4.4 and 4.5). We
determine which periodic Gaussian OS-positive processes satisfy the
two-sided Markov property on the circle (Theorem 4.1). In parti-
cular we prove that the periodic Ornstein-Uhlenbeck processes are
the only periodic Gaussian OS-positive processes indexed by the real
line satisfying the two-sided Markov property on the circle (Corol-
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lary 4.4), and similarly for the periodic free Euclidean fields in the
class of periodic generalized free Euclidean fields (Corollary 4.5).

For a periodic stationary symmetric stochastic process the two-
sided Markov property on the circle implies OS-positivity on the
circle. In particular restrictions (see §4 for definitions) of periodic
two-sided Markov processes are periodic OS-positive processes. For
Gaussian processes we prove the converse, namely that every per-
iodic Gaussian OS-positive process is the restriction of a periodic
Gaussian two-sided Markov process and there exists a minimal such
two-sided Markov extension (Theorem 4.6).

Finally, we look at the two-sided Markov property for (non-
periodic) Gaussian OS-positive processes (§5). In general the usual
Markov property implies the two-sided Markov property, but the
converse is not true. For Gaussian OS-positive processes we prove
that the Markov property and the two-sided Markov property are
equivalent (Corollary 5.4).

Non-Gaussian periodic OS-positive processes will be studied in a
subsequent paper (Klein and Landau [9]).

2. Periodic Gaussian OS-positive processes indexed by the
real line. Let X(t) be a stochastic process indexed by the real line.
We will call X(¢) a periodic stochastic process which period (B > 0)
if Xt + B) = X(t) for all te R. In this case X(f) can be considered
as a stochastic process indexed by the real numbers modulo g,
which are identified with the circle of length 3 (denoted by S;).

The stochastic process X(¢) is said to be stationary if the pro-
cesses X(t) and X(t + s) are equivalent stochastic processes for all
se R; X(t) is said to be symmetric if the processes X(¢) and X(—¢t)
are equivalent. For a periodic stochastic process with period g
considered as being indexed by the circle S;, stationarity and sym-
metry correspond to translation and reflection on S;, respectively.

A periodic stochastic process X(t) with period g is said to be
0S-positive on S, in case

E(FX(~t), -+, X(~t)F(X(), -+, X(¢)) 2 0

whenever ¢, ---, t,€[0, 8/2] and F' is a bounded measurable function
on R (for any n=1,2, ---).

Let us now consider a Gaussian process X(t) indexed by the
real line, periodic with period B, stationary, continuous in quad-
ratic mean, and OS-positive on S;. For brevity we will call such
a process a periodic Gaussian OS-positive process with period S.

A Gaussian process X(¢) is determined by its covariance and
mean. Without loss of generality we assume its mean to be zero.
If the Gaussian process is stationary,
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r(t) = BE(X(0)X(?) = E(X(s)X(s + 1))

for all ¢, se R is its covariance function.
We can characterize the covariance function of a periodic Gaus-
sian OS-positive process.

ProrosiTiON 2.1. Let X(t) be a periodic Gaussian OS-positive
process with period B, and let r(t) be its covariance function. Then

(1) »@®) 1s a real-valued continuous periodic function with
period (3.

(ii) »(t) is a positive definite function.

(iii) »(t) is OS-positive on S;, i.e.,

S et +t) =0 for all e, -, e, ety -, t,e[0, 8/2] -
i,5=1

Conwersely, if () satisfies (i), (ii) and (iii) then it is the covari-
ance function of a periodic Gaussian OS-positive process with
period 3.

Proof. Let r(t) be the covariance function of a periodic Gaus-
sian OS-positive process with period 8. Then (i), (ii) are immediate.
(iii) follows from the OS-positivity on S; as

n
=

Ferttor ) = B[ Sex(-t) [ Sexw]).
1= 3=
Conversely, (i) and (ii) imply that »(¢) is the covariance func-
tion of a Gaussian process X(t), stationary and continuous in quad-
ratic mean. The periodicity of the process follows from the perio-
dicity of the covariance function, as

EX@®)X({E + B) = r(8) = 7(0) = E(X(¢)") = E(X(¢))"EX({ + B))"*

which implies that X(¢) = X(¢ + 8). OS-positivity on S; follows
from (iii) by the same argument as in the proof of Proposition 3.1
in ‘Klein [8], with the obvious modifications. 1

A function 7(¢) satisfying (i), (ii) and (iii) will be called a
periodic OS-positive covariance function with period (.

REMARK 2.2. Equivalently, a periodic OS-positive covariance
function with period B can be given as being a function » on S;
such that

(i’) 7 is real-valued and continuous on S;.

(ii") = is a positive definite function on S,.

(iii) 7 is OS-positive on S;.
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REMARK 2.3. Let 7(t) be a periodic OS-positive covariance func-
tion with period 8. Then (iii) implies that »({) =0 forallte R. It
also follows that »(¢) is symmetric (i.e., »(t) = r(—t) for all te R)
as every real-valued positive definite function is symmetric. As a
consequence, periodic Gaussian OS-positive processes are symmetric.

A symmetric function »(¢) satisfying (i) and (iii) of Proposition
2.1 will be called a periodic OS-positive symmetric function with
period .

The following lemma will be useful.

LEMMA 2.4. Let r(t) be a symmetric function. Then () is
periodic with period B if and only if r(t) is symmelric around B/2,
i.e., r(B/2+t) = r(B/2 —t) for all tcR.

Proof. Suppose 7(t) is a periodic symmetric function with period
B3. Then

rB2+ 1) =r(=p2—-t)=r(8 - B2 —t) =r(B/2—1).

Conversely, let () be symmetric (around ¢ = 0) and symmetric
around gB/2. Then

(B + 1) =rB/2+ (B2 + 1) =rB2— (B2 + 1) =r(=t) =20 . [

We have already encountered periodic OS-positive functions with
period B, namely the periodic functions with period B defined by
() = e 4 e~¥*Y* for te[0, B8], with @ > 0. The positive defini-
teness follows from

rt) = 3 e,(@e s

where ¢,(a) = [(@3)* + @7n)*][28a(1 — e )] 2 0, and 3,..c.(a) =
1+ e < o (Hoegh-Krohn [3]). The OS-positivity follows from
the fact that e~ is easily seen to be OS-positive for any real b.
Up to multiplication by a constant, these are the covariance fune-
tions of periodic Ornstein-Uhlenbeck processes. Other examples are
the trivial covariance functions, i.e., 7(t) constant. Clearly positive
linear combinations of those give additional periodic OS-positive
covariance functions. Remarkably, these are all.

THEOREM 2.5. Let 7(t) be a real-valued function of a real vari-
able. The following are equivalent:

(i) »@) s a periodic OS-positive covariance fumction with
period S.

(ii) »@®) is a periodic OS-positive symmetric fumction with
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period B.
(iii) ~(t) is periodic with period B and there exists a finite
measure Y. on [0, «) such that

r(t) = S:((r‘a + e 9dy,(a) for all tel0, 8] -

@iv) r(t) is periodic with period B and there exists a measure
Yy on [0, o) with S e?Pedp (o) < oo such that
0

r(E) = S”cosh[(g/.z-t)a]dm(a) for all telo, 8] .
0
Furthermore, vy and fy are unique.

Proof. Let us first notice that (i)= (ii) by Remark 2.8 and
that (iii) = (iv) as e 4 e~¥~"¢ = 2¢~¥?cosh [(B/2 — t)a]. It is also
clear that (iii) = (i) as e + e~*~"* is a periodic OS-positive covari-
ance function with period 8 for all «a = 0. Thus we must only
prove that (ii) = (iii). So let »(f) be a periodic OS-positive sym-
metric function with period 8. In particular »(f) is a continuous
function on [0, B8] satisfying condition (iii) of Proposition 2.1. It
follows by a Theorem in Krein [10, p. 141] that there exists a finite

measure ¥ on R Withg e~P*dy(a) < + o such that

@) = Sle"“dv(a) for all te [0, B8] .

Such a measure v is unique due to the uniqueness of the Fourier
transform of a finite measure on R and to an analytic continuation
argument. By Lemma 2.4 r(t) is symmetric around B/2. It follows
that for all ¢ €0, g/2] »(B/2 + t) = r(8/2 — t) and thus

Sw et Pey(a) = Sw e“e= ¥ dy(a) = r e e?Mdy(—a)
—c0 ~00 —00

for all ¢€[0, 3/2]. By the same argument used to prove the uni-
queness of v it now follows that e~?¢dy(a) = e"¥?*dy(—a) and thus
that dv(—a) = e~*dy(a). Hence there exists a unique finite measure
v, with support on [0, ) such that

dy(a) = dvi(a) + e*dv.(—a) .

Therefore

(t) = Sj‘e’” + e *9%dy (a) for all tel0, 8]
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for a unique measure v, on [0, «<]. |
Combining Proposition 2.1 and Theorem 2.5 we get:

COROLLARY 2.6. Let X(t) be a Gaussian process indexed by the
real line. Then X(t) is a periodic Gaussian OS-positive process
with period B if and only if there exists a finite measure v, on
[0, o) such that

BXOXE) = | (e + )iy (@)
for all t, se R with z€[0,8], =t — smod .

3. Periodic Gaussian OS-positive processes indexed by VX R.
Let us now consider a stochastic process @(v, t) indexed by VXR,
where V is a real vector space, which is linear (i.e., ®(v, t) is linear
in v for each teR). Such a process will be said to be periodic
with period B(B > 0) if @(v,t + B) = O(v,t) for all veR. In this
case O(v, t) can be considered to be a stochastic process indexed by
V% Sp.

We will call the stochastic process @(v, t) stationary if the pro-
cesses O(v, t) and @(v, t + s) are equivalent for all se€ R; @(v, t) will
be said to be symmetric if the processes @(v, t) and d(v, —t) are
equivalent. If @(v, t) is a periodic stochastic process with period g3,
stationary and symmetry correspond to translation and reflection on
the circle S;, respectively.

A periodic stochastic process @(v, t) with period B is said to be
O0S-positive on S, if

E(F’(@(vly '——tl), Tty @(vm —'tn))F(@(vl’ tl), %y @('vm tn))) g 0

whenever %, ---, t,€[0, B8/2], v,--+, v, €V, and F is a bounded meas-
urable function on R" (for any » =1, ---).

Let us now consider a Gaussian linear stochastic procss index-
ed by VX R, periodic with period B, statiomary, conlinuous in
quadratic mean (i.e., for each ve V the process @(v, t) indexed by
the real line is continuous in quadratic mean), and OS-positive on
S;. Such a process will be called a periodic Gaussian OS-positive
process with period S.

A Gaussian process is determined by its covariance and mean.
Without loss of generality we may assume the mean to be zero. If
the process is stationary we can assume, also without loss of gene-
rality, that E(@(», 0)*) = 0 for all ve V (i.e., @(v, 0) is not the zero
random variable; by stationarity neither are @(v, t) for any te R).
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Thus V can be given the inner product (v, w) = E(@(v, 0)@(w, 0))
and the mapv+— @(», 0) extends to the completion V of V under
this inner product. It follows that we could assume without loss of
generality that Vis a real Hilbert space with (v, w) = E(®(», 0)0(w, 0)).
For reasons that will be clear later we will only assume that V is
a real Hilbert space with inner product {-, -> and that there exists
a finite constant C such that E(&(v, 0)*) < C|v|]* for all ve V. We
will denote by V, the complex Hilbert space that is the complexi-
fication of V and we will extend by linearity the process @(v, t) to
a complex process indexed by V,x R, which we will also denote by
o(v,t). By £(V,), £(V) we will denote the Banach spaces of
bounded linear operators on V., V, respectively.

Let @(v,t) be a stationary Gaussian linear stochastic process.
As

| E(D(v, 0)0(w, £))| = E(|9(v, 0)[")"E(| D(w, t)[*)"*
= E(|9(v, 0)[)"E(|@(w, 0)))” = Clv] [|w]]

for », weV, teR, we can define an operator-valued function
r: R— £ (V,) by v, r{O)w) = E(@, 0)0(w, t)) for all v, we V,, te R.
For each tc R r(t) is a well defined bounded linear operator on V,
with ||7(@)|| =< C, leaving V invariant. We will call »(¢) the (operator-
valued) covariance function of the process @(v, t).

PROPOSITION 3.1. Let @(v, t) be a periodic Gaussian OS-positive
process with period B indexed by VX R, and let r(t) be its (operator-
valued) covariance function. Then

(i) @) leaves V invariant, is weakly continuous, and periodic
with period B.

(ii) (@) is an operator-valued positive definite function, i.e.,

S (v 7t — tJy 20 for all w, -, 0.6 V., b, -, t,eR.

i,3=1

(iii) »@) 1s OS-positive on S,, i.e.,

i <’vl7 7.(tl + tj)vj> g O for all vl’ ot .’ /vn e VC, tl’ ot .7 t% e [O} 6/2] .

2,§=1

Conversely, if r: BR— £ (V.,) satisfies (i), (ii) and (iii) then it s
the covariance function of a periodic Gaussian OS-positive process
with period B indexed by VX R.

Proof. Similar to the proof of Proposition 2.1. Just notice
that



350 ABEL KLEIN AND LAWRENCE J. LANDAU

3w, rtt+ oy = B(| Zow, -t |[Zew, »)]). O

A function r: R — <2(V,) satisfying (i), (ii) and (iii) will be call-
ed a periodic OS-positive covariance fumction with period 8. In
view of (i) we can also consider » as a function r: R — ¢2(V) whose
extension to V, satisfies (i), (ii) and (ii).

REMARK 3.2. Remarks 2.2 and 2.3 apply to operator-valued
covariance functions with the obvious modifications. In particular
7(t) is symmetrie (i.e., »(#) = r(—t) for all ¢ R), and a bounded non-
negative self-adjoint operator leaving V invariant for all te R. It
will follow from the next theorem that (i), (iii), and symmetry
imply (ii).

We will now obtain a representation for periodic OS-positive
operator-valued covariance functions which extends the representa-
tion obtained in Theorem 2.5 for real-valued covariance functions.
For that we need operator-valued measures. An operator-valued
measure on an interval ICR with values in (V) (or equivalently,
with values on &(V,) leaving V invariant) is an additive map I’
from the Borel sets in I to the bounded nonnegative self-adjoint
operators on V, leading V invariant, such that if {4,} in an in-
creasing sequence of Borel subsets of I and A = U, 4,, then
I'(A,) — I'(A) weakly as » — «. Given such an &2(V)-valued meas-
ure I and ve V,, v,(A) = (v, '(A)v) for A a Borel subset of I gives
a finite measure on I, and by polarization v, ,(4) = {v, '(A)w) gives
a complex measure v,, on I for all », we V,. Moreover the map
(v, w) v, is sesquilinear. If f is a bounded measurable function

or I, by T= S fla)dl'(a) (weakly) we mean that <o, Tw) =
I

S fla)dy, (a) for all v, we V,. To show that T is well defined let

I

us first assume that f is nonnegative. Then (v, w)w—»S fla)dy, (@)

I
is a positive semi-definite sesquilinear form on V,, so by the Cauchy-
Schwarz inequality

| f@ds..@| = (], r0d@)" (] f@av@)”
< 1IN T o] 1wl

It follows that S fla)dI'(a) is a well defined bounded operator on V,
I
leaving V invariant. For an arbitrary bounded measurable funection
f or I, g fla)dI'(a) is defined by writing f as a linear combination
I

of four bounded nonnegative measurable functions. For unbounded
measurable functions f the same analysis applies as long as one has a
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bound of the form S [fla)|dv,(a) = D ||v|]* for all v V for some finite
I

constant D. We will denote by L*(I, V,;dI") the complex Hilbert

space which is the completion of the space of bounded measurable

functions F:I—V, with finite-dimensional range and inner product

(F, &)= (F@), AT @G@), i.e., if Fla)=3 f(a)v, (@)= g ),
where f;, g;, 1 =1, --+, n, are bounded measurable functions on I,
v, -, v, €V, (any F, G with finite-dimensional range can be written
in this form), then

(F, 6) =3 | Ty (@, .

i,5=1

The positive semi-definiteness is proven by an approximation argu-
ment using characteristic functions. By L*(I, V; dI") we denote the
real Hilbert space of V-valued functions in L* (I, V,; dI).

THEOREM 3.3. A function »: R — £ (V,) 1s a periodic OS-posi-
tive covariance function with period B if and only if »(t) is perio-
dic with period B and there exists an operator-valued measure I,
on [0, ) with values in (V) such that

(t) = S“’(e—w 4 AT (@) (weakly) for all te[0, 8] .
0
Movreover such [’y is unique.

Proof. Let us first prove that if I', is an operator-valued
measure or [0, o) with values in <2(V) and if »: R— &~ (V,) is a
periodic function with period g defined by »(¢) = S (e7' + e~ (a)

0
(weakly) for ¢e[0, B), then 7(t) is a periodic OS-positive covariance
function. Condition (i) is immediate, we must only prove (ii) and
(iii). Those will follow from the fact that e 4 ¢~ ¥~"* is a real-
valued OS-positive covariance function for a« = 0. We will show
first that »(¢) is OS-positive on S;. So let v, ---,v,€V, ¢, ---, ¢, €
[0, B/2]. Then

n L=
; ,Z:"l (v, vt + vy = MZ.=1 SO (emttttile  gmtf-ttuttidi)dy, ., (a)

n
(e—tia,v” e-—tja?}j) + Z (e—(ﬂ/Z—tz)a,Ui’ e—(ﬁ/z-tj)avj)

1 i,5=1

n n n
e—iia,ui’ Z e—-tjavj> 4 (Z e—(ﬁ/z—muvi’ > e—(ﬁ/Q—tj)a,vj) >0.
=1 i=1 i=1

M

i

i
Ms

K

Il
-

Here (-, -) is the inner product in L*([0, =), V., dl'y), and v, () =
</U, r+('>w>
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To prove that »(¢) is positive definite, let us recall that
e 4 gt = %Zc”(a)e“’"‘ ¥t for all tel0, B8],
where

ci(@) = [(@B)’ + @rn)' 7' [2Ba(1l — e*)] = 0,

S0

S,on(@) =1+ ¢ < + o (Hoegh-Krohn [3]),

and the right-hand side (for all ¢te R) defines a periodic function
with period 8 on R. Thus for all te R

r(t) = |, cul@e=nary(a) = 3, 60| "o, (@)l (a) .

The interchange of summation and integration can be justified by
looking at <{v, 7(¢)v) and using Fubini’s theorem. Hence, if v, ---
v,€V,t,- -, t.eR,

’

35 @, it — tv) = 5 (S e, | e @l 3 o) 2 0
ij=1 neZ \j=1 0 i=1

as ¢,(@) = 0 for all neZ, ael0, ). Thus S“’(e—ta + T, (a) is
a periodic OS-positive covariance function Wgth period g.

Now let »:R— <(V,) be a periodic OS-positive covariance
function with period 8. For each ve V, v, »(t)v) is a real-valued
periodic OS-positive function with period B, so by Theorem 2.5
there exists a unique finite measure v, on [0, ) such that (v,
r)v) = r(e““ + e~®"9dy (a) for all ¢€[0, 8]. It follows by polar-
ization thoat for every v, we V, there exists a complex measure v,,,
on [0, ), real-valued if », we V, such that (v, r(t)w) = Sm (e7 +
e~ %y, ,(a), and moreover (v, w)+v,, iS a sesquilinearomap on
V,. Thus if A is a Borel subset of [0, =) then (v, w)+— v, (A) is a
positive semi-definite sesquilinear form on V,, real-valued on V.
Hence by the Cauchy-Schwarz inequality

o] = 2.4y = ((Tav@) " ([ @)

= (v, r(0)v)"*(w, rO)w)** = [|rO)] o]l [w] < Cllv]l |w]]
for all », weV,.

Thus there exists a unique bounded nonnegative self-adjoint operator
I'.(A) on V, leaving V invariant such that v, (A4) = (v, I'.(A)w)
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for all v, we V.. The map A+ I'.(A) is clearly an operator-valued
measure on [0, «) with values in <~(V). Moreover, for all », we V,

<v, S: (et + e-(ﬁ—z>a)df+(a)w> = S:' (e + e~-99dy, (@) = (v, rE)w)

for t€]0, B8]. Therefore »(t) = r(e“" + e~¥-99qT (a) (weakly) for
0
all tef0, g8].

The uniqueness of I', follows from the uniqueness of v, for each
veV,. O

REMARK 3.4. Equivalently, a periodic OS-positive covariance
function 7(t) with period g8 is given by 7»(t) = Sw e—*dl'(a) for te
[0, B8] for an operator-valued measure /" on R with values in £ (V)

such that dI'(a) = dI'i(a) + ¢**dl".(—a), where I', is an operator-
valued measure with support on [0, «) and values in Z(V).

REMARK 3.5. Let @, (v,t) be a periodic Gaussian OS-positive
process with period B3, indexed by V,x R, where V, is a real vector
space. It follows from Theorem 3.3 and its proof (see also Theorem
3.8) that there exists a unique inner product (-, -) on V, and an
unique operator-valued measure I'; on [0, ) with values in Z(V),
where V is the completion of V, in the inner produect (-,-), such

that (v, w) = r('v, dl'(a)w) for all v, we V, and if 7,(t) is the co-
0

variance function of the periodic Gaussian OS-positive process @, (v, t)

(defined with respect to the inner product (-,-)) then

r®) = | (e + e tt)dl(a) for telo, 6]

Moreover, if we define the periodic function with period 8 75,: R —

)

A(V) by r(t) = S (7' + e~ M)dI" (a) for t €0, B], then 74(t) is a
periodic OS-positi\;e covariance function with period B for any
B> 0.

Thus, starting from a given periodic Gaussian OS-positive pro-
cess @, (v, t) with period B,, indexed by V,xR, we can construct a
periodic Gaussian OS-positive process @,(v, t) indexed by V,X R with
period B for any 8 > 0. Knowledge of one of the (v, t) is equi-
valent to knowledge of all.

REMARK 3.6. As 8 — oo, 74(t) = 7(t) weakly for all ¢ € R, where
ru(t) = S:e“"“df+(a) + T4 (o)

is a (nonperiodic) OS-positive covariance function from which we
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can construct a (nonperiodic) Gaussian OS-positive process @.(v, t)
(Klein [8]). In case I ({0}) = 0 this process is different from the
(nonperiodic) Gaussian OS-positive process naturally associated with
I',, namely the one with covariance function »(¢) = r e " d I (a)
(see Klein [8, Remark 2.7]). Of course 7.(t) can be ;'ewritten as
ro(t) = Swe‘”'“dF;(a), where I, = I';. on (0, ) and I'",({0}) = 2I".({0}),
and vice-versa (see also Theorems 5.1 and 5.2).

REMARK 3.7. One can also obtain periodic Gaussian OS-positive
process with any period 8 > 0 from @, (v, t) by scaling. These pro-
cesses are different from the ones we discussed in Remark 3.5 and
are not very interesting. The scaled covariance functions are 7,(f) =

76,((Bo/B)t), and thus

7ilt) = | e + e -dr(8/800)

corresponds to a scaling of I',. As B— oo 7y(t) — Sm(1+6_5oa)dr+(a)
0
(weakly), which is a trivial covariance function.
Theorem 3.3 can be reformulated in terms of a semigroup in a
bigger Hilbert space, on the lines of Theorem 2.3 in Klein [8].

THEOREM 3.8. Let V be a real Hilbert space. Then r: R —
L(V) is a periodic Gaussian OS-positive covariance function with
period B if and only if r(t) is periodic with pertod B and there
exists a real Hilbert space W, a monnegative self-adjoint operator
H on W, and a continuous linear map j: V— W such that

r(t) = g¥(e " + e~ )5 for tel0, B].

Moreover, W, H, and j are uniquely determined (up to isomor-
phisms) by the requirement that the limear span of {e*jv|t =0,
ve V} be dense in W.

Proof. Let r(t) be a periodic Gaussian OS-positive covariance
function with period 3. By Theorem 3.3 there exists an operator-
valued measure 'y on [0, ) with values in .&#(V) such that »(t) =

S”(e—m + e~ t-9d () for te[0, 8]. So let W= L]0, o), V;drl)
0

and j: V—W be given by (jv)(a) = v for all a €[0, ). Then j is
a continuous linear map, as

(v, 30) = | @, arv@w = "o, @ + el @w
= (v, 700} < [FO)[<v, vy so |Gl = @) .
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We now define H as the negative of the infinitesimal generator of
the strongly continuous self-adjoint semigroup P(t) on W given by
(P@)F)a) = e*F(a) for all Fe W and ¢t =0. H is thus a non-
negative self-adjoint operator on W with P(t) = ¢ *#. Moreover,

@, )y = | (e + ), AT (@w)
0
= (gv, (e7® + e~ "M jw) for all », weV,tel0, 8],

and hence r(t) = j*(e "% + ¢~ ¥-"#)5 for all te[0, B]. It is also true
that the linear span of {e~*jv|t = 0, ve V} is dense in L*[0, B), V;
ar.).

Conversely, let W be a real Hilbert space, j: V— W a continu-
ous linear map, and H a nonnegative self-adjoint operator on W,
and let us define r: R — <2(V) as the periodic funetion with period
B such that »(t) = j*(e*# + e~ ¥*~9#)j for te[0, B]. We let E be the

spectral projection of H so ¢ % = oce"“’olE‘(a) for all ¢t = 0. In par-

ticular E is an operator-valued méasure on [0, o) with values in
L(W);, we let I'.(-) = 5*E(-)j. Then I'. is an operator-valued
measure on [0, «) with values in &2(V) and

r@) = ¥ + eV j = j*(iw(e—ta + e—(ﬁ—t)a)dE(a)>j
0

Il

S“(e—w + el (@) for tel0, ].

It follows from Theorem 3.3 that »(t) is a periodic OS-positive co-
variance function with period g.

The uniqueness of W, H, and ;7 with the requirement of the
linear span of {¢—*#jv|t = 0, v€ V} being dense in W follows from

(=750, ejw) = | e=t4%(iv, dE(@)jw)

- S“e—<t+s>«<v, Al (@w) for all s,t=0,v, weV,

0

and from the uniqueness of I', given by Theorem 3.3. N

REMARK 3.9. The analysis in Remarks 3.5 and 3.6 can be re-
formulated in terms of Theorem 3.8 which gives a preseription for
constructing periodic Gaussian OS-positive processes @,(v, t) indexed
by Vo,xXR (V, a real vector space) for any period 8 > 0. First, one
furnishes V, with an inner product and completes V, into a real
Hilbert space V. Second, one picks a real Hilbert space W having
V as a subspace. Third, one chooses a nonnegative self-adjoint
operator H on W. Then the periodic function 7,: R — &£(V) with
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period B given by 7,(1) = g(e™** + e~¥-"#)g* for te[0, B8], where ¢
is the orthogonal projection of W onto V, is a periodic OS-positive
covariance function with period 8 for any 8 > 0. All periodic Gaus-
sian OS-positive processes are obtained in this way. Moreover
ro(t) = qle™""'% + E({0}))g* for all te R. The natural (nonperiodic)
OS-positive function associated with W and H would be () =
ge "Hg* (Klein [8, Theorem 2.8]). If H does not have zero as an
eigenvalue we have 7.(t) = 7(f) (see also Theorems 5.1 and 5.2).

REMARK 3.10. We may, without loss of generality, suppose that
H does not have zero as an eigenvalue, since if it does, the pro-
cess may be decomposed into stationary periodic Gaussian OS-posi-
tive processes with nonzero mean and such that H does not have
zero as an eigenvalue. Let X(¢) be a Gaussian process indexed by
R with mean m and covariance CA’(tl, t,). The characteristic function
is

A
Em(etx(f)) = gim§ALf (8 g=1/2§dtidtaf (21)f (82)C Lty t0) ,

where X(f) = Sdtf(t)X(t). Now consider the process X(t) with cha-
racteristic function

E(eixm) — \/ 2b Sm dme—(1/2b)m2Em(eiX(f)) .
TC —o0

That is, we have decomposed the expectation E as an integral over
the expectations F,. Then X(f) is a Gaussian process with mean
zero and covariance C(¢, t,) = C(t, t,) + b. If now X(¢) is a station-

)

ary periodic process with covariance »(¢) =S (e7* + e~ %dy, (a)
0

for t €0, B], we write

r(#) =b + 7(t), where b= 2v.(0),

7(t) = [ (e + e-dvi@) for telo, 1,

0
and v, = (6/2)6(0) + D, (P, has no support at ¢ = 0). The previous
discussion shows that the process can be decomposed into processes
with mean m and covariance #(t).
A similar discussion can be given for the Gaussian process &(v, t)

indexed by VxXR. For example, if [, ---I, are linear functionals
on V, and &(v, t) denotes the Gaussian process with mean

By(@(v, 1) = S mli®), m = (m,, -+, m,)

and covariance operator C, then
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E(.) = ———-(2%1)%/2 S:dml- . -dm,.e“”z‘"‘fﬂ““"”i)Eﬂ(-)

is the expectation of the Gaussian process @(v, t) with mean zero
and covariance operator

c=C+Xu1.

In this way if I'(0) has finite range the process can be decomposed
into processes such that 7'(0) = 0. In general, 7'(0) can be approxi-
mated by operators with finite range, and this shows that the
general process is in the closed convex hull of processes with
ro =o0.

REMARK 3.11. In the nonperiodic (8 = <o) case (see §5) the de-
composition in Remark 38.10 is the ergodic decomposition of the
given process into extremal stationary processes. To see this, note
that if =, denotes translation by z, (z,X)() = X(¢ + x), then

E(eiX(f)z-xeiX(g)) — E(eiX(f+rzy)) — eimgdt(f+g)e—1/2E<X(f+tzg)2)

— gim§dtf g=12B(X(f)D) gim(dtg p—1/2E(X(9)D) o—E(X(f)X(z59))
— E(eix(f))E(eiX(g))e—E(X(f)X(rxg)) .

Thus if v.(0) = 0, E(X(f)X(z.9)) [P 0 and so

E(eiX(f)z-zeiX(g))

l l — E(eiX(f))E(eiX(Q)) .
x| —0c0
This asymptotic independence property (clustering) implies that the
o-algebra of translation invariant functions is trivial and thus the
process is ergodic. A similar discussion holds for processes @(v, t)
indexed by VXR.

4, The two-sided Markov property on the circle. For per-
iodic processes the usual Markov property does not make sense as
the “future” winds back into the “past”. The appropriate condition
is the two-sided Markov property on the circle. This can be for-
mulated as follows. A periodic linear stochastic process @(v, t) with
period B can be considered as indexed by VxS,. For ICS; we
will denote by >); the o-algebra generated by {@(v,t)|ve V,tel},
and by E; the corresponding conditional expectation. If r, s€.S,,
we will write [, s] for the closed interval from = to s in the coun-
terclockwise direction. Thus [s, »] is the closure of S,\[r,s]. We
will say that @(v, t) has the two-sided Markov property on S, if and
only if for all 7»,seS;, Ey . E,.a= E, B, wWhere {r, s} = {s, r}
denotes the set consisting of the two elements 7 and s. Equiva-
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lently, it says that >, . and >, , are independent given 3}, ..

If @(v,t) is a periodic symmetric process with period 3, then
the two-sided Markov property on S; implies OS-positivity on S;.
For let F be a bounded measurable function on R®, and let ¢, ---,
t. €0, B/2], vy -+, v, € V. Then F(®(v,t,), -, O(v,, 1), F(@(v,, —1,),
---, O(w,, —t,), are measurable with respect to Dt s, Dir—s2,0 T€-
spectively, and by symmetry

E(O,ﬂ/ﬂ(F(@(vly tl)y ) @(’vm tm))) = E(0,5/2)(F(@('v1y _tl)y ) @<vm _—tn))) ’
hence it follows from the two-sided Markov property on S; that

E(F(@(Ul, —tl); ct Ty @(’U”, —tﬂ))F(@(vly tl)’ Tty @(’U”, t’n)))
= E(|E\,p(F(@(vy, 1), + -+, (0, £))) = 0 .

Let us now consider Gaussian process. For such it suffices to
look at their second-order properties. So let @(v,t) be a periodic
Gaussian linear stochastic process with period B8 that we will con-
sider indexed by V'xS;. For ICS; we will denote by o, the closed
complex Hilbert space spanned by {@(v, t)jlve V, t €I} in the L*norm,
¢; will denote the orthogonal projection of os, onto g;. We will say
that @(v, t) has the two-sided pre-Markov property on S, if and
only if for all », s€S;, €,,1€r,50 = €r0€ir1- For Gaussian processes
the two-sided pre-Markov property is equivalent to the two-sided
Markov property (see the discussion in Klein [8, proof of Proposi-
tion 3.1]).

We now restrict our attention to periodic Gaussian OS-positive
processes. We can determine which such processes satisfy the two-
sided Markov property on the circle.

THEOREM 4.1. Let @(v,t) be a periodic Gaussian OS-positive
process with period B indexed by V,x R, where V, is a real vector
space. Then @(v,t) has the two-sided Markov property on S; if
and only vf V, can be given an inner product with respect to which
the covariance function r: R— <2 (V) of the process can be defined,
where V is the completion of V, with this inmer product, and such
that there exists a nonnegative self-adjoint operator H on V for
which () = e + e~ for te[0, B].

In particular, given a real Hilbert space V and a nonnegative
self-adjoint operator H on V, the periodic fumnction r;: R— F(V)
with period B defined by 7,(t) = e + =¥V for tel0, B] is the
covariance function of a periodic Gaussian OS-positive process with
period B satisfying the two-sided Markov property on S, for any
B> 0.

REMARK 4.2. In terms of V, W, H, j as in Theorem 3.8, Theorem
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4.1 says that @(v, t) has the two-sided Markov property on S, if and
only if jV = W, i.e., e~ leaves jV invariant for all £ > 0.

Proof of Theorem 4.1. TFor a periodic Gaussian process @(v, £)
with period 8 the two-sided Markov property on S; is equivalent
to

€i5,71€0r,51 = €r,5)Clr,s] for all 7,8 eS,g .

AS  €14,100r, 50 = €ir,5)Clr,e] < €1r,51€lar] = €is,n€isr), 1t Suffices to consider
7, s€S, with |r — 8] < g/2. If the process is stationary there is no
loss of generality in assuming that » =0, s = T with 0 < T < g/2.
It follows that for a periodic Gaussian stationary linear stochastic
process @(v,t) with period B, indexed by V,xR, the two-sided
Markov property on S; is equivalent to E(@(u, s)@(v, t)) = E(®(u, s) X
[e0,r@(v, ©)]) for all w, ve V,, te[0, T], sel[T, Bl

Let us now assume that V is a real Hilbert space with inner
product <-,->, H a nonnegative self-adjoint operator on V, and let
us define the periodic function r: R — (V) with period g by
rt) = e + e~¥% for te[0, 8]. By Theorem 3.8 »(¢{) is the co-
variance function of a periodic Gaussian OS-positive process @(v, t)
with period g, indexed by VxR. Let us show that @(v, f) satisfy
the two-sided Markov property on S;. To doso we fix 0 < T < g/2,
and define f.(x) = (" — e 7*)(¢"® — e™™) for each 0 < » < T. Then
f.(x) is a bounded continuous function on [0, ) vanishing at o.
Let veV, tel0, Tl, and v, = fr—.(H)v, v, = f(H)v. Then for all
weV, selT, 8],

E(@(u, 8)0(v, 1)) = u, (67" 4 e~ #-0=D M)y}
On the other hand,

E(0(u, s)(@(vy, 0) + (v, T)))
= (u, (€71 + ¢~ F—H)y, + (¢-DU 4 g~B-G=tH)p N

But
ey, + e TNy, = gm0y
and
g~ BTy g (B=G-TNHy — p—(p—(—0)Hyy
Thus

E(@(u, 5)0(v, 1)) = E(D(u, 8)[P(v,, 0) + D(v,, T)))

for all weV, se[T, B8], which proves the two-sided Markov property
on Sﬁ.
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Let us now prove the converse. So let @(v, t) be a periodic
Gaussian OS-positive process with period 8 indexed by V,x R, where
V, is a real vector space. By Theorem 3.8 (see also Remark 3.9) V,
can be given an inner product {-,-) in which it is completed into
a real Hilbert space V, and there exists a real Hilbert space W
having V as a subspace, and a nonnegative self-adjoint operator H
on W such that for all », ueV, t, s€|[0, 8],

E(@(u, 5)0(v, 1)) = (u, (7"~ + e F-1=0 M)y

Moreover W can be taken as L*[0, ), V; dI';), where [ is the
operator-valued measure on [0, <) with values in &#(V) constructed
in Theorem 3.3 (see the proof of Theorem 3.8), so ¢—*# is just multi-
plication by e¢**. So let I' be the operator-valued measure on R
with values in ,iﬂ(V) given by dl'(a) = d[‘+(a) + ef*dl" . (—a) (see
Remark 3.4), and let W LXR, V;dI') and V the subspace of con-
stant functions, i.e., ={Fe Wl there exists ve V such that
F(a) = v for all a € R}. Clearly V =V as sets, and if (-,-) is the
inner product on W, (v, u) =, 1 + e *)uy, where {-,-) is the
inner product on W. Let H denote the self- adjoint operator on W
which is the infinitesimal generator of the strongly continuous uni-
tary one-parameter group U(t) on W, = LXR, V.;dI') given by
(URF)(a) = e*F(a) for FeW,, i.e., such that U@t) = ¢ for all
te R (H is first defined on W but it leaves W invariant). H is not
bounded from below, but ¥ is in the domain of ¢~*% for ¢ < [0, 8/2].
Moreover it is not hard to see that the linear span of {e*V|te
[0, 3/2]} is dense in W. Furthermore, for all u, ve V, s, t [0, 3/2],

E@(u, —)0(0, 1)) = Cu, (e=7 + gy = (g=+Ty, gy)

We now assume that &(v, t) satisfies the two-sided Markov property
on S;. In particular if Te]0, g/2], ve V,

E(@(u, —s)@(v, T/2)) = E@w, —s)[e,n®(v, T/2)])
for all ueV, s€[0, 3/2]. By an easy computation,
eo,n@®w, T/2) = O(v,, 0) + @(v,, T') ,
where
v, = (r(0) + »(T))'r(T/2)v

and 7(t) is the covariance function of the process defined with re-
spect to the inner product {.,-> on V (notice »(0) =1, »(T) = 0).
Thus

E(O(u, —s)0(v, T/2)) = E(P(u, —8)[D(v,, 0) + P(v;, T)]) .
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Hence
(e=*Fu, e~T*Hp) = (e~*Fuy, v, + ¢~ "7v)

for all ue V, s€[0, 3/2]. As the linear span of {2V |se[0, 8/21}
is dense in W, this implies that (1 + e7%)v, = ¢~7*%y, and thus
(1 + e T8y gty =y eV for all wveV. So let fla)=
(1 + e 7%)~'e~7/»= Then f(x) is a bounded continuous function on R
vanishing at o, and strictly decreasing in [0, ). We have proved
that f(H) leaves V invariant. Now we let E. = Xqo(H) +
(1/2)X(H) where X, is the characteristic function of the set I. As
W = L¥[0, o), V;dI'y), W = LXR, V;dI') with dI'(a) = dl(a) +
e*dI",(—a), and V, V are the constant functions in W, W, respec-
tively, it follows that E.W = W, E,.V = V, E.H = HE,, and thus
E.f(H)= f(H)E,. As E.V =V and f(H) leaves V invariant, we
conclude that f(H) leaves V invariant. But as f(x) is a bounded
continuous function on [0, «), strictly decreasing and vanishing at
oo, it generates a dense sub-algebra of Cy ([0, «)) by the Stone-
Weierstrass theorem. As a consequence e¢~*7 leaves V invariant for
all {=0 and thus V= W. ]

REMARK 4.8. The proof of Theorem 4.1 shows that the two-
sided Markov property for periodic Gaussian OS-positive processes
is equivalent to a much weaker property, namely that there exists
a Te(0, 3/2] for which

€r8/2,818(7/20 = €10,11€ (712} -

COROLLARY 4.4. The only periodic Gaussian OS-positive pro-
cesses indexed by the real line satisfying the two-sided Markov pro-
perty on the circle are the periodic Ornstein-Uhlenbeck processes
(wp to multiplication by a constant), i.e., the ones wilth covariance
function of the form 7r(t) = Cle™* + e~ 9% for te[0, B8], where
a=0, C>0.

Proof. If r(t) is the covariance function of a periodic Gaussian
OS-positive process indexed by the real line with period B, then by
Theorem 2.5 there exists a finite measure v, on [0, «) such that

o

r(t) = S (e + e dy,(a) for ¢€[0,B]. In the notation of
Theoreril 3.8, V=R, W= LX[0, o), dv;), jb is the constant func-
tion b for all be R, and H is multiplication by a. By Theorem 4.1
(see also Remark 4.2) the process satisfies the two-sided Markov
property on S, if and only if V = W, i.e., if and only if L*[0, o),
dy.) is one-dimensional, and thus if and only if v.(a) = Céla — a,)
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for some C > 0, a, = 0, where d(a) is the o/-function, (i.e., the pro-

bability measure that gives measure one to the set {0}). This pro-
ves the corollary. [l

The analogous result is true for generalized free Euclidean
fields.

COROLLARY 4.5. The only periodic generalized free Euclidean
fields which satisfy the two-sided Markov property on the circle are
the periodic free FHuclidean fields (up to multiplication by a con-
stant).

Proof. As in the proof of Corollary 4.4, all we have to do is
to identify V, W, and H of Theorem 3.8. The periodic generalized
free Euclidean field with period 8 is the periodic Gaussian linear
stochastic process @(f, t) indexed by .&4(R?% X R with covariance

BO(f, 90(g, 5)) = | dpme)(f, (2 =TF m(1 — exp(—gV =A T m)]
x[exp(—|t — s|V'—4 + m®) + exp(—(B — |t — s|)V —4 + m?)]g) ,

for f» 9€ F(RY, t, s€0, B8], where p is a measure on [0, ) with

m-dp(m?) < oo (andg Inm="do(m?) < o if d = 2, S m-'dp(m?) < oo
1f d =1), and (-,-) is the L*inner product. Thus V is the comple-
tion of .&4(R% in the inner product

o> = dpmi) s, (2 =T F w1 — exp(— V= F m)I7g) ,
W is the completion of S%(R*X][0, c)) in the inner product

F, & = | dotm)(F (., m), 2V =T m*

X (1 — exp(—pV —4 + m)]7'G(-, m?) ,
H=1V—4+m}, i.e., (e""F)(x, m*) = exp(—tV —d+md)F(-, m*)(x) ,

and (5)(x, m?) = f(x) for fe S(R*) so we can identify V and jV.
By Remark 4.2 the process has the two-sided Markov property on
S; if and only if eV V for all ¢t = 0, hence if and only if o(m?)
Co(m?* — m?) for some m: =0, C >0, i.e., if and only if the process
is a multiple of the periodic free Euclidean field with period 8. [

In general, given two linear stochastic processes @(v,?) and
¥(w, t) indexed by VXR and WX R, respectively, where V and W
are real vector spaces, we will say that @ is a restriction of ¥, or
that ¥ is an extension of @, if V can be identified with a subspace
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of W and under this identification @(v, t) and ¥ (v, t) are equivalent
processes indexed by VX R. Restrictions of OS-positive processes
are always OS-positive, but restrictions of two-sided Markov pro-
cesses are not necessarily two-sided Markov, they are only OS-posi-
tive. In the Gaussian case this is the general situation, i.e., perio-
dic Gaussian OS-positive processes are restrictions of periodic Gaus-
sian two-sided Markov processes (by a periodic Gaussian two-sided
Markov process we mean a periodic stationary stochastic linear pro-
cess, continuous in quadratic mean, satisfying the two-sided Markov
property on the circle; in other words, a periodic Gaussian OS-posi-
tive process satisfying the two-sided Markov property on the circle).

THEOREM 4.6. FEwvery periodic Gaussian OS-positive process has
a periodic Gaussian two-sided Markov extension. Moreover there
exists a minimal such extension.

Proof. Let ®@(v,t) be a periodic Gaussian OS-positive process
indexed by VxR with period 8, and let W and H be as in Theorem
3.8 (we identify V and jV). Then the periodic Gaussian process
¥(w, t) with period g indexed by WX R having covariance function
e+ e~ #9H for te[0, B] is an extension of @(v,t) satisfying the
two-sided Markov property on S; by Theorem 4.1. Moreover Z'(w, t)
is the minimal periodic Gaussian two-sided Markov extension, for
suppose ¥’'(w’, t) is another such extension indexed by W, X R where
Ws is a real vector space. Then by Theorem 4.1 there exists an
inner product {-,-> on W, and a nonnegative self-adjoint operator
H'’ on the real Hilbert space W’ which is the completion of W, such
that for wi, w;e W', tel0, 8],

E@'(wi, 0)¥'(wy, t)) = (wy, (677 + e~ ="y |

In particular, as ¥'(w’, t) is an extension of @(v, t), if v, v,€ V, and
() is the covariance function of @(v,t), we have (v, r({t)vy =
vy, (€77 4 e~ #9")p,» for t€[0, B]. So let W be the closed linear
span of {¢**'V|t = 0}, and H" the restriction of H’ to W”. It fol-
lows from the uniqueness in Theorem 8.8 that W”, H” can be
identified with W H and thus ¥'(w’, ¢) is an extension of ¥(w, t). [

5. The two-sided Markov property for nonperiodic pro-
cesses, Let @(v, t) be a linear stochastic process indexed by VXR,
where V is a real vector space. If ICR we will denote by >.; the
o-algebra generated by {@(v, t)jlve V, t € I}, and by E, the correspond-
ing conditional expectation. We say that @(v,¢) has the Markov
property if and only if Ej, B _wgy = EyHE ., for all teR; and
that @(v, t) has the two-sided Markov property if and only if
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E vt B = EyyBpg for all s, teR, s < t.

The Markov property implies the two-sided Markov property.
This follows from the fact that the Markov property requires that
BB o = EyE g and Ey, By« = EyEy,e- for all s,te R, and
that the two-sided Markov property is equivalent to K, 1F -w,ui,e =
E,4FE o= for all s,teR, s <t. The converse is however not
true. In general the two-sided Markov property does not imply the
Markov property. We will prove, though, that for (nonperiodic)
Gaussian OS-positive processes the two-sided Markov property and
the Markov property are equivalent.

By a (nonperiodic) Gaussian OS-positive process we will mean
a Gaussian linear stochastic process indexed by VxR, where V is
a real vector space, which is stationary, continuous is quadratie
mean, and satisfies Osterwalder-Schrader positivity (see Klein [8]).
Such a process is automatically symmetric. Gaussian OS-positive
processes were studied by Klein [8]. The results we will need are
listed in the next theorem.

THEOREM 5.1. (Klein [8]). Let ®(v,t) be a Gaussian OS-posi-
tive process indexed by V,XR, where V, is a real wector space.
Then there exists a real Hilbert space W, such that V, can be
identified with a subspace of W, and a mnonnegative self-adjoint
operator H, on W, such that for all u, veV, t,scR,

™ E@(u, $)0(v, 1)) = (u, e”'""Fow)

Conversely, given such a W, and H,, there exists o Gaussian OS-
positive process O(v, t) indexed by V,X R such that (*) holds. More-
over, W, and H, are unique (up to isomorphisms) if we require
that the linear span of {e~*#°V |t = 0} be dense in W,.

Furthermore, (v, t) is a Markov process if and only if V, is
dense in W,.

COROLLARY 5.2. Let O, t) be a Gaussian OS-positive process
indexed by V,xX R, where V, is a real wvector space. Then there ex-
1sts a real Hilbert space W such that V, can be identified with a
subspace of W, and a mnonnegative self-adjoint operator H on W
with spectral projection E, such that for all u, ve 'V, t,seR,

** E@(u, $)0(v, 1)) = {u, (7" + E({0h)v) .

Conversely, given such a W and H, there exists a Gaussian OS-
positive process @, t) indexed by V,X R such that (**) holds. More-
over W and H are unique 1f we require that the linear span of
{7 V,|t = 0} be dense in W.
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Proof. Due to Theorem 5.1, it suffices to show that given a
real vector space V,, then if W, is a real Hilbert space having V,
as a subspace, and H, is a nonnegative self-adjoint operator on W,,
then there exists a real Hilbert space W with V, a subspace of W,
and a nonnegative self-adjoint operator H on W with spectral pro-
tection E, such that for all w,ve V,, and ¢ = 0,

Cuy €700)0 = Cu, (67 + E{O))v) ,

where {-,->, {+,-> are the inner products in W, W, respectively;
and vice-versa.

To do so let E, be the spectral projection of H,, and introduce
a new inner product {-,-> on W, by

Cwyy, wyy = (1/2)<wy, Ef({0Dwy, + (w, (1 — E({0)w.,

for all w,, w,€ W,. The new inner product is equivalent to the
original one and thus W, with the new inner product form a real
Hilbert space W with V,cW. Let J: W,— W be defined by Jw=w
for all we W,. Then J is a real vector space isomorphism, bounded
with bounded inverse, and JV,=V,. Let H = JH,J. Then H is a
nonnegative self-adjoint operator on W such that if F is its spectral
projection, E({0}) = JE,({0})J*, and for all u,»eV, and t = 0

{u, (€7 + E{OD)v) = <u, J(e=™0 + E({0D)T ~v) = <u, e~ ov), .

The converse is proved in a similar way. 1

We now give a characterization of Gaussian OS-positive pro-
cesses satisfying the two-sided Markov property.

THEOREM 5.3. Let @(v, t) be a Gaussian OS-positive process im-
dexed by V,x R, where V, is a real wvector space, and let W, H, E
be as in Corollary 5.2. Then @(v,t) has the two-sided Markov pro-
perty if and only if V, is dense in W.

Proof. The proof of Theorem 4.1 applies with the obvious
modifications. The fact that if V, is dense in W then @(v, t) satis-
fies the two-sided Markov property also follows from the fact that
if V, is dense in W then V, is dense in W, (of Theorem 5.1) by the
construction in the proof of Corollary 5.2, and thus by Theorem 5.1
O(v, t) satisfies the Markov property, which implies the two-sided
Markov property. O

COROLLARY 5.4. Let ®(v,t) be a Gaussian OS-positive process
indexed by V,xX R, where V, is a real wvector space. Then @(v,1t)
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has the Markov property if and only if it has the two-sided Mar-
kov property.

Proof. It follows easily from Theorem 5.1, Corollary 5.2 (and
its proof), and Theorem 5.3. |

We can now relate the two-sided Markov property on the circle
for periodic Gaussian OS-positive processes to the Markov property
for the (nonperiodic) Gaussian OS-positive process obtained by lett-
ing the period 8 go to «~ (see Remark 3.6). More precisely, we
have:

THEOREM 5.5. Let @ (v, t) the periodic Gaussian OS-positive
process with period B, indexed by V,X R, where V, is a real vector
space, and for each B >0 let @y(v,t) be the periodic OS-positive
process with period B indexed by V,X R constructed from @4v, t) in
Remark 8.5, and let @.(v,t) be the (nonperiodic) Gaussian OS-posi-
tive process obtained by letting 3— o (Remark 3.6). Then the fol-
lowing are equivalent:

(i) @ (v, t) has the two-sided Markov property om S,

(ii) @y(v, t) has the two-sided Markov property on S; for all
g > 0.

(ili) P(v, t) has the Markov property.

Proof. It follows from Theorems 4.1, 5.3, and Corollary 5.4. []

REFERENCES

1. S. Albeverio and R. Hoegh-Krohn, Homogeneous random fields and statistical mecha-
nics, J. Functional Analysis, 19 (1975), 242-272.

2. W. Driessler, L. Landau and J. Perez, Estimates of critical lengths and critical tem-
peratures for classical and quantum lattice systems, J. Stat. Physics, 20 (1979), 123-162.
3. R. Hoegh-Krohn, Relativistic quantum statistical mechanics in two-dimensional space-
time, Comm. Math. Phys., 38 (1974), 195-224.

4. A. Klein, A characterization of Osterwalder-Schrader path spaces by the associated
semigroup, Bull. Amer. Math. Soc., 82 (1976), 762-764.

5. ————, When do Euclidean fields exist?, Let. Math. Phys., 1 (1976), 131-133.

6. —————, The semigroup characterization of Osterwalder-Schrader path spaces and the
consiruction of Euclidean fields, J. Functional Analysis, 27 (1978), 277-291.

7. —————, A generalization of Markov processes, Ann. Probability, 6 (1978), 128-132.
8. ———, Gaussian OS-Positive Processes, Z. Wahrscheinlichkeitstheorie verw. Ge.

biete, 40 (1977), 115-124.

9. A. Klein and L. Landau, Stochastic processes associated with KMS states, J. Functional
Analysis, to appear.

10. M. Krein, General T heorems About Positive Definite Functionals, in “Some Questions
in The Theory of Moments” by N. Aheizer and M. Krein, American Mathematical
Society, Providence, Rhode Island, 1962, 124-153.

11. E. Nelson, Construction of quantum fields from Markoff fields, J. Functional Analy-



PERIODIC GAUSSIAN OSTERWALDER-SCHRADER POSITIVE PROCESSES 367

sis, 12 (1973), 97-112.

12. E. Nelson, The free Markoff field, J. Functional Analysis, 12 (1973), 211-227.

13. K. Osterwalder and R. Schrader, Axioms for Euclidean Green’s functions, I, Comm.
Math. Phys., 31 (1973), 83-112; II, Comm. Math. Phys., 42 (1975), 281-305.

14. B. Simon, The P(p), Euclidean (Quantum) Field Theory, Princeton Series in Physics,
Princeton University Press, Princeton, N.J., 1974.

Received November 29, 1979. The first author was partially supported by the N.S.F.
under grant MCS 78-01433.

UniversiTy oF CALIFORNIA
Irving, CA 92717

AND

Beprorp CoLLEGE
UniversiTy oF Lonpon
Lonpon NWI 4NS
ExcrLanp








