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ON THE LOCAL SPECTRUM AND THE ADJOINT

JAMES K. FINCH

Let X be a Banach space, X* the dual space, and sup-
pose that T is a closed linear operator on X. Assume that
the domain of T is dense in X, so that the adjoint operator
T* is a closed linear operator on X*. The local spectrum
σ(T, x) is defined below. In this paper we investigate some
of the relations between σ(T, x) and σ(T*, x*). In particular
we show that if σ(T, x) and σ{T*, x*) are both empty, then
x*x = 0.

The resolvent function of T is RT(X) = (XI — T)"1; it is an operator
valued function, and is defined and analytic for X not in σ(T), the
spectrum of T. Setting fx(X) = Rτ(X)x, then fx is analytic and satisfies
(XI — T)fx(X) = x for all X not in σ(T). However, it may be possible
to find analytic solutions to (λl — T)f(X) = x for some (or all) values
of X that are in the spectrum of T. So we are led to define a local
resolvent function of T at x as a vector valued analytic function /
which satisfies (λJ — T)f(X) — x. It is easily shown that for X not
in σ(T), the only local resolvent is /(λ) = Rτ(X)x. But for λ in σ(T),
there may be more than one local resolvent function. The local
resolvent set is the union of the domains of all the local resolvent
functions. The point at infinity is included if there is a local re-
solvent function which is defined and bounded for |λ| > r. The local
spectrum σ(T, x) is the complement of the local resolvent set. Clearly
σ(T, x) is a closed subset of the spectrum σ(T); it may be equal to
σ(T), properly contained in it, or even empty.

The operator T has the single valued extension property if there
is at most one local resolvent function defined near any X in C; that
is, whenever both / and g are local resolvent functions defined near
λ, then f = g there. In this case, there is a unique local resolvent
with maximal domain. It can be shown that T has the single valued
extension property iff σ(T, x) is not empty for any x Φ 0. (Note that
σ(T, 0) is always empty; the local resolvent f(x) = 0 is defined for
all λ.)

If both T and T* have the single valued extension property,
then σ(T, x) Π σ{T*, x*) = 0 implies x*x = 0 (see Lemma 1). This is
not true if σ(T, x) = 0 for some x Φ 0. For then x*x = 0 for all x*,
from which it would follow that x — 0. Similarly, it is not true if
σ(T*, x*) is empty. But in Theorem 3 we show that if both σ(T, x)
and σ(T*, x*) are empty, then x*x — 0.

Suppose that T does not have the single valued extension
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property. Then for some open set D ξZ C there are distinct local
resolvent functions for some x. Subtracting them, we find that
there is a nonzero analytic function / : D —> X which satisfies
(XI - T)f(X) = 0 for X in D. For a fixed λ0 in D, / has a series
expansion /(λ) = Σϊ=o #»(λ — λo)

%. It is not hard to show that
(λol - T)xn+1 = -xn, (Xj - T)x0 - 0, and (λol - T)n+1xn = 0. Also,
σ(T, xn) is empty for n = 0, 1, 2, . To show this, we give two
resolvent functions for xn, whose domains together cover the extended
complex plane. Set

- TfxJ(X - λo)
fc+1

= Σ »»-*/(λ - λo)
fc+1 for λ ^ λ 0 ,

fc=0

and

Λ»(λ) = Σ »»+i+*(λ - λo)
fc for I λ - λo I < r .

fc=0

The series for h converges in the same disk as the series for /.
Straightforward calculation shows that (λl — T)gn(X) = xn for λ Φ λ0.
To show that (λl — T)hn(X) = α?w for | λ — λ01 < r, first consider the
finite sum Sm(X) = Σ ^ 1 a?,+i+*(λ - λ0)*. Then (λJ - Γ)Sm(λ) = xn -

%̂+m(̂  — λ,0)
m, which converges to α?TO as m->°°. But Sm-+hn as

m-+ oo. Since Γ is a closed operator, we have (λ/— T)hn(X) = xn.
From the above remarks we see that when an operator T does

not have the single valued extension property, it acts something like
a left shift operator. For a specific example, consider an orthonormal
basis {en} for a separable Hubert space H. Let T be the left shift:
Ten+1 = en and Te0 = 0. Then we have (λl - T)f(X) = 0 on |λ| < 1
for /(λ) = ΣS° enX

n. And so σ(Tf en) is empty for all n. Actually
σ(T, x) is contained in the unit circle {λ: |λ| — 1} for all x in H,
although σ(T) = {X: \X\ ̂  1}. The function gx(X) = - Σ λ SΛ+1& is a
local resolvent defined on |λ| < 1, where S is the right shift: Sen —
en+ί. Further, it is not hard to see that σ(T*, x*) is the entire unit
disk {λ: |λ | ^ 1} for all cc* in if*. In Theorem 2 below we show that
this behavior is typical. This example was first given by Kakutani;
see Dunford and Schwartz, page 1932. Kakutani's formulation is on
the Hubert space of functions analytic on the unit disk.

LEMMA 1 (Bishop 1959). Suppose f and g are analytic functions
with range in X and X* respectively, and which satisfy (Xl—T)f(X) = x
and (λ/* — T*)g(X) = x*. If the union of the domains of f and g
is the entire complex plane, and if f or g is bounded in a neighbor-
hood of infinity, then x*x = 0.
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The proof is an application of Liouville's Theorem to the function
h(X) = x*f(X) for X in the domain of /, and h(X) = g(X)x otherwise.

THEOREM 2. Let T be a closed linear operator with domain dense
in a Banach space X. Suppose that T does not have the single valued
extension property, so that there is an analytec function f:DQC—>X
with (Xl — T)f(X) = 0 for X in D. Assume that D is a connected
open set. Then for each x* in X*, either

( i ) x* is identically zero on the subspace spanned by {/(λ): X
in D}, or

(ii) σ(T*, x*) contains all of D.

Proof. Let Y be the closed linear span of {/(λ): X in D}. For
any λ0 in D, expand / in a Taylor series around λ0, f(X) = Σ %»(X — λo)*
Each xn is in Y, since

xn —

where Γ is a circle around λ0 contained in D. Moreover, Y is actually
spanned by {xn}. For if x*xn = 0 for all n, then x*f(X) = 0 wherever
the series converges. But x*/(λ) is analyic on the connected set D,
so x*f(X) = 0 for λ in D. It follows that x*y = 0 for all y in Y, and
so {xn} spans Y.

Now suppose that λ0 is in D, but is not in the local spectrum
σ(T*, x*). Then, by definition, there is an analytic function h defined
near λ0 with (xl* — T*)h(X) = x*. For each n, gn(X) = Σί=o ( — l)kθ^ol —
T)hxJ(X - X0)

k+1 satisfies (xl - T)gn(X) = xn for X Φ Xo. Then from
Lemma 1, x*xn = 0 for all n. Hence x* is identically zero on Y. •

Suppose that the local spectrums σ*(T, x) the σ(T*9 x*) are both
empty. Can we conclude that x*x = 0? The answer is yes, but not
directly from Theorem 2, for we do not know that x is in a subspace Y
as described there. Instead, we show that x is in the sum of a finite
number of such subspaces. Then since x* is identically zero on each
subspace, it is zero on the sum. And then x*x = 0.

Suppose that σ(T, x) is empty. Then in particular the point at
infinity is not in σ(T, x); by definition this means that there is a
bounded function g(x) defined on D — {X: \ X \ > r} which satisfies
(Xl — T)g(X) — x. This function g has a special form.

LEMMA 3. The function g(X) described above has the series re-
presentation g(X) = Σϊ=o Tnx/Xn+1.

Proof. Since g is bounded for λ in D, it must have a series
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representation Σ£=o xjxn. Then g(X) —• x0 as λ —• oo, and so g(X)/X —> 0.
But T(g(x)/X) = T(g(X))/X = (λ#(λ) - α;)/λ -» <B0. Γ is a closed operator,
hence #0 = T(0) = 0. Now, Xg(x) —>x1 as λ —> °o, and so T(g(X)) =
λflf(λ) — sc converges to a?! — a;. But g(X) —» 0; thus 0 = T(0) = #i — x,
or a?! = x.

We show that 2X = xn+1 for w ^ 1, and therefore that xn — Tnx,
using induction. Let

h(X) = a?w + ^+i/λ + #w+2/λ2 +
—- Λ* g\X) AJ $ I AJX%_I

Then

ΓΛ(λ) = Xn(Xg(X) — x) — λ * " 1 ^ — . . . — λtf%

—- A* g\.X) X *^i λjίίy ĵ

Thus as λ-^oo, h(X)-^xn and Th(X)—> xn+1. Since Γ is closed, we
have Γx% = αjn+1. Π

THEOREM 4. Suppose T is a closed linear operator on a Banach
space X with domain dense in X. If σ{T, x) and σ(T*9 x*) are both
empty, then x*x — 0.

Proof. The idea is to show that if σ(T, x) is empty, then x is
in a finite sum of subspaces spanned by/fc(λ), where (λJ — T)fk(X) — 0
for X in the domain of fk. It then follows from Theorem 2 that
x*x = 0.

If σ(T, x) is empty, then for every complex number z9 there is
an analytic function gz(X) which satisfies (XI — T)gz(X) — x and which
is defined (at least) on some disk Dz around z. In particular, there
is such a function #oo(λ) defined on Iλo = {λ: |λ | ^ r0}. Take Bz an
open disk around z contained in Dz; and B^ & neighborhood of oo
contained in Zλo. The B's form an open cover of the extended com-
plex plane, which is compact. Hence a finite number of them, Boo,
Bly - , Bn also form an open cover. Let g0, glf , gn be the cor-
responding functions. Now the idea is that where the domains of
gt and gά overlap, the function fjk = gό — gk satisfies (λ7 — T)fjk(X) = 0.
The problem is to show that x is in the sum of the subspaces generated
by all the /ifc's.

We may assume that no B5 is in the union of the previous B's;
drop any that is. We may also assume that no Bά is in the union
of the closure of the others, by taking the B3 slightly smaller if
necessary. Now define closed sets by Co = cl (£») and Ck — cl (Bk —
Co — — C^). We see that Boo U Bλ U U Bk is contained in
Co U U Ck and that Ck is disjoint from B^, Bί9 , Bk_γ. Thus the
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family Ck is a closed cover of the extended complex plane. The sets
Ck may have more than one component, but each component is
bounded by a finite number of circular arcs. Let Γs be the boundary
of Cά. Given a point on Γj9 any neighborhood of that point contains
interior points of Cό and interior points of some other Ck; by the
construction, the point must then be on Γk. That is, every point
on Γ5 is on at least one other Γk. Also, a point where three or
more of the Γk meet must be a point where two or more of the
original circular boundaries of the Bk meet. Only a finite number
of such points exist, since distinct circles intersect in at most two
points.

Note that 2πix — Σ i \ 9jM dX, where the integral around ΓQ is
J Γ j

in the counterclockwise direction and the others in the clockwise di-

rection. This is true since 1 gό — 0 for j = 1, , n, and I g0 =
2πix from Lemma 3. Now consider an arc 7 on Γ5 that extends from
one intersection of three or more Γk to another, without passing
through a third (if there are not two such intersections on Γά, let
7 = Γj). Each interior point of 7 is on exactly one other Γk; in
fact, all interior points are on the same Γk since otherwise an inter-
section of three Γk would be an interior point of 7. The paths of
integration of I g$ and I gk both contain 7, and the integrals "go

)rά )rk

over" 7 in opposite directions. Thus these portions of those integrals

may be combined to ±1 (gs — gk). Doing this for each arc on each

Γj9 we see that the expression for 2πix becomes a linear combination

of integrals of the form 1 (gs — gk). Since (λJ — T)(g5 — gk) — 0,
setting fjk = gd — gky we have x in the sum of the spaces spanned
by the fjk. •

THEOREM 5. Suppose that T is as above, and in addition the
range of T is closed. If for every x Φ 0 the local spectrum σ(T, x)
contains the disk D = {λ: |λ| ^ r}, then T* does not have the single
valued extension property. In particular, there are elements x* Φ 0
in X* for which σ(T*, x*) is empty.

Proof. First T is one-one. For if Tx = 0, then /(λ) = x/X is a
local resolvent function defined for all X Φ 0. And then σ(T, x) £ {0},
contrary to our assumption. However, 0 is in the spectrum of T.
Thus T cannot be onto. Since the range of T is closed, T* is onto
but not one-one. This is sufficient to show that T* does no have
the single valued extension property. For take any xf with α?0* = 1
and T*x* = 0, and form a sequence xf, xf, xf, with T*xS+1 = xt.
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Because T* is an open mapping, this can be done so that ||α£+1 | | <
k\\ xi ||. It is then fairly easy to show that /*(λ) = Σ #ίλ* converges
for |λ | < 1/fc and satisfies (λl* - Γ*)/*(λ) = 0. Π
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