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A CHARACTERIZATION OF THE ADJOINT L-KERNEL
OF SZEGO TYPE

SABUROU SAITOH

Let G be a bounded regular region in the complex plane
and E(z, %) the adjoint L-kernel of Szego kernel function
K’(z, iz) on G. Then, for any analytic function A(z) on G
with a finite Dirichlet integral, it is shown that the equa-
tion
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holds. Furthermore, for any fixed nonconstant 4(z), we show
that the function L(z,,2.) on GXG is characterized by that
equation in some class.

1. Introduction and statement of result. Let S denote an
arbitrary compact bordered Riemann surface. Let W(z, t) be a
meromorphic function whose real part is the Green’s function g(z, t)
with pole at ¢ S. The differential id W(z, t) is positive along oS.
For simplicity, we do not distinguish between points z2e€ S U aS and
local parameters z. For an arbitrary integer ¢ and for any positive
continuous function o(z) on 4S, let H{,(S)[p = 1] be the Banach
space of analytic differentials f(2)(dz)? on S of order ¢ with finite
norms

L q|p . 1 pa 1/p .
(L], 17 o@a W, op | < o
where f(z) means the Fatou boundary value of f at z€dS. Let
K, .,(z, @)(dz)? be the reproducing kernel for H{,(S) which is

characterized by the reproducing property

fy = L\ F@an K, o, D@ 0@l W, )]

for all f(z)(dz)?€ HS,(S) .

See [9]. Let L,,.(z, w)(dz)'* denote the adjoint L-kernel of
K, . .(z, w)(dz)". The function L,, (2, u)(dz)"* is a meromorphic dif-
ferential on S of order 1 — ¢ with a simple pole at « having residue
1. Moreover,
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We note that | K, (2, #)| and |L,, .(z, u)| can be extended continu-
ously on 9S. In addition, K,,,(2, @) = K,,.(u, z) and L,, (2, u) =
—L,_4,0-1(u, 2) on S.

If S is a bounded regular region in the plane, then we can
define the kernels for arbitrary real values of ¢. In this case, for
g =1/2 and p(z) =1, we have the classical Szego kernels Rz, @) =
Kipiaz, @)/27 and Lz, u) = Liys.,(2, w)/2z. Cf. [8] and [9].

A classical characterization of L, ,(z, w)(dz)'~? can be now stated
as follows:

ProprosiTION (P. R. Garabedian [3, 4], Z. Nehari [6, 7] and
S. Saitoh [8, 9]). The adjoint L-kernel L, (2, u)(dz)~? is character-
ized by the following extremal property

Ko o(u, @) = ‘21;8{“ | Lg,e.0(2, w)(dz)~?|*(0(2))"'[id W(z, t)]***
= min - |G, w)(@a)- o) id We, 1}

The minimum s taken here over all meromorphic differentials
F(z, u)(dz)*"* on S of order 1 — q with a simple pole at u having
residue 1 and with finite integral

SaSIF(Z, w)(dz)= [[id Wz, ] < oo .

In this paper, we establish the following theorem:

THEOREM 1.1. For any analytic function h(z) on S with a
finite Dirichlet integral, we have the equation
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Furthermore, for any fixed monconstant h(z), the adjoint L-
kernel L,,,(v,w) (dv)'~(du)? is characterized by the following ex-
tremal property:

(1.3) SAgww-mw@Mmmmwwmmz
X (o(v)~[id W(w, O)F*p(w)[id W(w, t)]*~*
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= min {{ [ 10:) = h@)F(, w(@vy-@uy
X (p(w)"fid Wi, Hl*p(wlid Wi, B} .

The minimum is taken here over all meromorphic differentials
F(v, w)(dv)~%(du)® on S x S such that

(1.4) Fv, w) = h_({)(ﬁ_;?;f

for an analytic differential f(u, v)(du)*(dv)*~? on S x S satisfying
(1.5) f(z,2) =h'(z) on S

and

a9 Sasgas'f (, v)(du)(dv)'~[[id W(u, OF[id W(v, )] < oo .

In particular, we note that when ¢ = 1/2 and p(2) =1, we can
define the adjoint L-kernels of the Szego kernels of S with char-
acteristics. Cf. D. A. Hejbhal [5] and J. D. Fay [2]. Then, the
adjoint L-kernels are, in general, multiplicative functions, but our
proof of Theorem 1.1 will show that Theorem 1.1 is still valid for
these adjoint L-kernels in a modified form.

2. Preliminaries. Let {@;(2)(dz))5, and {¥;(2)(dz)'"%):, be
complete orthonormal systems for H{,(S) and H;,%(S), respectively.
Let H = H{,(S)® H;,%:(S) denote the direct product of H;,(S)
and H},%:(S). The space H is composed of all differentials
f(z,, 2,)(dz)%(dz,)'"% on S X S such that

@D flnw) =535 Au0EE) . 33 1Al <

The scalar product (, )y is given as follows:
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where h(z, 2,) = 2.7 D Biw@(2)¥ (%) and X7, 335, [ By l* < oo
Cf. [1, §8].

We let Hp,, denote the subspace in H composed of all differen-
tials which wvanish along the diagonal setD = {(z, 2)|z€ S} and
(Hp)* the orthocomplement of H,, in H.

3. Proof of theorem. For h(z)e H!,(S), we set
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3.1) fiu, v) = Sash(z)Kq,t,,,(z, DKoz, 5)d% -
From (1.1) and the residue theorem, we have

(3.2) fiu, v) = —2miL,, (v, w)(h(v) — h(w))
and so

3.3) fu(z, 2) = —2mih’(z) on S .

When h(z) has a finite Dirichlet integral, from [12, Theorem 4.1]
and [11, Corollary 38.2], we see that f,(u, v)(du)*(dv)*~? belongs to
(Hp)*. From [12, Corollary 2.1] and [10, Equation (3.2)], we thus
obtain (1.2).

Next, suppose that F'*(v, ) attains the minimum in (1.3). Then,
in the case such that h(z) is not constant, we set

(3.4) Fit(u, v) = F*(v, w)(h(v) — h(u))
and so
(3.5) f¥(z,2) =h'(z) on S.

We note that any f(u, v)(du)(dv)*~?€ H satisfying f(z,2) = h'(2) on
S is expressible in the form

Sflu, v) = F(v, w)(h(v) — h(u))

for an F(v, w) stated in the theorem. From the extremal property
of fi¥(u, v)(dw)'(dv)'~* in the subspace in H satisfying f(z, z) = h'(z)
on S, we see that f*(u, v)(du)(dv)'~*e (Hpe)*. Cf. [10, Equation
(3.2)]. Therefore, by [12, Theorem 4.2], f*(u, v) is expressible in
the form

1 g h*(QdCK,,,0(C, 20Ky g,1,0-1(E, 25)dC

(8.6)  fi(zy 2) = o id W, t)

for a uniquely determined A*(z)dz in H!,(S). Furthermore, from
[12, Equations (4.11) and (4.12)], h*(2) can be determined as follows:

(3.7 h*() = —W'(z, t)(h(z) — h()) .
From (3.6) and (1.1), we have
(3.8) it (u, v) = Ly,y,0(v, w)(h(v) — h(w)) .

We thus have the desired result F'*(v, u) = L,, (v, u).

4. Corollary. In particular, from the proof of Theorem 1.1,
we obtain
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COROLLARY 4.1. For any fixed nonconstant analytic function
h(z) on S with a finite Dirichlet integral, the unique extremal func-
tion which minimizes

| f (2., 22) ”H;,‘g—l (O HY , (5)
in the subspace in H},1:(S) ® Hi.(S) satisfying f(z,2) = h'(z) on S
18 given by (h(2) — h(22))Lig,t,0(21, 22)(d2,)'~(d2.)".
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