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ON WEAK RESTRICTED ESTIMATES AND ENDPOINT
PROBLEMS FOR CONVOLUTIONS WITH
OSCILLATING KERNELS (I)

W. B. JURKAT AND G. SAMPSON

Throughout we consider K(t) = ¢*'!%/[t]’, a >0, a #*1,
b<1 and tcR. Here we consider for fixed 2, > 0 the
function B(4, p; K) = B(2, 1) = sup \ xa(%)K * yu(x)dz where the

a1
sup is taken over all “characte:istic” functions 3\, . with
complex signs (i.e., y. is a measurable function for which
[2:l=1 on E, |yl =0 off £ and |E| < ¢ (2 > 0)). We estimate
B(, p; K) within constant factors from above and below.
This settles the endpoint problems for these kernels, at
least in the weak restricted sense.

0. Introduction. This paper is concerned with (L,, L,)-mapping
properties of the operator

g=K+f, o@=|Ke-nfwd @yeR,

in particular with (weak restricted) estimates

(1) || e,

S e, N (lg + 1/ = 1),

where, e.g., X, denotes a “characteristic” funection with complex
signs, i.e., a measurable function with |X,|=1 on E, |X.| =0 off
E, |E| < p(r>0). Let us denote by B(, ¢#) = B\, #; K) the
quantity

sup §L<K*xﬂ>

X2 Xy

= sup ||| K@ + w1@1@day|

XXy
where the sup varies over all characteristic funetions X,, X, with
fixed » >0, #£ > 0. Our present problem will be to estimate B(\, p)
as closely as possible from above and below.

In earlier papers [4], [9], [13], [14] we already discussed the
mapping properties for oscillating kernels. In [4] we gave, in part,
the mapping properties for the kernels

(2) K(t):%”l’b—(o;etem With @ >0, a =1, b<1

except for the endpoints. By means of the function B(n, ) we
settle the endpoint problems in the weak restricted sense. Further-
more, we determine B(\, ) within constant factors from above and
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below. Thus for the kernels K in (2) we can determine the set
S(K) = S of all mapping points (1/p, 1/¢) in the Riesz triangle 0 <
1/g<1/p<1. This will imply weak as well as strong mapping
properties at all boundary points except possibly at the vertices of
S (this is obtained through interpolation). Recently, in the paper
[10; Theorem 5 and Remark 2] we were able to prove that the
kernels in (2) satisfy strong mapping properties at the vertices B,
B’ and C of S.

In [5] and along with Stein in [7], C. Fefferman solved the
(L*, L*) mapping problem for these kernels in (2) with a < 0 (when
a < 0 we assume further that K has compact support). Just recently
Fefferman had pointed out to us that he also knew how to solve
the mapping problem when 0 < a <1 (of course all of his results
apply as well to n-dimensions). To be more precise the methods
used by Fefferman assume that the kernels K(t) = ¢'"'*/(1 + |t]) (here
teR,0<a, a#1) satisfy at least a regularity condition at infinity,
i.e., for some 0 <4 <1,

§ |K@—1y) — K@)|dz< B, for |y|=1,
lalz2lyIl/A—0)
B a positive constant independent of y. One can easily show that
the kernels K(t) = (1 + |t])%'"* where a > 1, do not satisfy such
a regularity condition for any 0 < 4 < 1.

Let me add that P. Sjolin in [17] has solved some of these
mapping problems in n-dimensions.

1. An interpolation theorem with respect to the kernel. The
usual interpolation theorems refer to two function spaces and a
corresponding decomposition f = f, + f,. Here we consider a decom-
position of the kernel:

K=K + K,.

We make use of the decreasing rearrangement K* of K (if it exists),
so that

sup SK(x)X,,(x)dxl - E”K*(t)dt (@eR" tcR).

l# 0

We also make use of the (distributional) Fourier transform
R(z) = S VK )dy .

With these notations we have the following

THEOREM 1. If K exists and K, is bounded then
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7 PN
B, ) < S Kr@®)dt + )| Kyl -
0

Since B(\, pt) = B(¢, \) there is a second inequality with » and
¢ interchanged.

Proof. Corresponding to the decomposition of K we have
B\, ¢ K) = B\, 45 Ky) + B(h, 45 K,)

Here the first term can be estimated using
K, # Xl < S”Kl*(t)dt
0

and the second term can be estimated using

| Ko Xull, = ”Kz”w#m .

REMARK. Observe that

% % . 1 # * 1 2 *
Ki*() = =\ Kf@tydt < =\ Kr@t)ydt for n=p,
Qo Jo n Jo

so that interchanging A with g produces a weaker inequality in the
case v =< ¢. Example (2) can be used to show that the “right”
decomposition of K gives sharp estimates for all x, g which is rather
surprising in view of the two simple estimates used. Also note that

S X9

lglly = sup v , 1<g< e
2>0,%,

defines a weak g-norm of g (which is equivalent to the usual weak
g-norm). Therefore
N,(#) = sup || K+ X, ||F = sup N B(x, 1)
Ly >0

can be calculated via B(:, ¢t). Note that N,(¢#) is a logarithmically
convex function in 1/g (¢ fixed) since it is a sup of such functions.

2. Upper estimates for B. From now on we consider the
kernel

K(t):%(O;ﬁteR) with ¢>0, a1, b<1.
By ¢, ¢, ¢, --- we generically denote suitable positive constants
which depend only on @ and . We introduce K, (w > 0), K*(w = 0),
and K, (0= u<v= o) by KP = K@) for |[t|<w, K*=K for
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|tz w, K,,=K for u < |t|]<wvand K,=0, K" =0, K,, = 0 else-
where.

By standard estimates (van der Corput, eg.,) we obtain for all
real # and all (admissible) w

(Ko(x)] £ e(w + 1)=em-b §f p=1— 2‘2‘_ ,

K, (@) £ cwttonb if b<1— % .
Furthermore

SF(KW)* < {c m%n (10, w'b) ?f b=0

0 e min (gw™?, w-%) if b<O0,

S” (K")* < ¢min (2, pw—) if b=0.
0

Accordingly we distinguish between the four cases

(1) bzl-%, 520,
(1II) bg1—%, b < 0 (implies a > 2),
1) b<1—32°—, b= 0 (implies a < 2),
av) b<1~%, b<0.

In case (IV) there will be no nontrivial estimates. In the other
cases we employ Theorem 1. Kach of the cases (I), (II), (III) will
be subdivided according to N = p#'~* (subscript 1) or » = p#'~* (sub-
seript 2). Our estimates for B(\, ) = B(\, #; a, b) are as follows:

Case 1. Using K, = K, K, =0, we obtain
(1) Blv, 1) S oM™, By, 1) S e

The first inequality is better than the second one if N\ =< py; they
agree if b = 0.
Using K, = K,, K, = K* with w = (¢¢/\)"* £ ¢, we obtain

B(/\/, ﬁt) = vt + C(?\,ﬂ)l/zwla(“/z)“b ,
= eertmiepa-biein case (I,) .

Since
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)\'ﬂl—b é )\J(a—kb-—l)/a#(l—b)/u iﬁ N é #l—u

the last inequality above holds also in case (I,) since we have the
better inequality (i) there. So we have without restrictions [by
symmetry]

(ii) B(N, #) g c)\)(a-}-b—l)/a‘u(l—b)/a , [B(k, #) é C#(aq-b—l)/a)\)(l——b)/a] .

Here the left inequality is better for AN < ¢ since a +b — 1/a =
1 — b/a; the inequalities agree if b =1 — (a/2).

In total we have four inequalities in case (I). They come in
pairs, and we may always pick the first one, since A < ¢ can be
assumed by symmetry. Then (i) is relevant (better) for (I,) and (ii)
for (I,).

Case (II). Letting K, = K,,, K, = K* with w = (¢/\)V* < ¢, we
obtain

B(\, ) £ eaw'™ + e(u) Pt @r -t
é ck(a+b—1)/a#(1-—b)/a in case (IIZ) ]

With w = ¢t we obtain
B(v, #) = oaprw™ + o) Pw' 0w = ()T z e,
B(\, 1) = e(ap)ett-2/e-2 in case (IL) .
Observe that
(ge)ert=mria=n < ferb=tiegd-tie §ff ) < pime

so that the first inequality extends to (II,) and the second inequality to
(IL,). Thus we get [by symmetry] the three unrestricted inequalities

(ii) B\, ) £ enett-vepyu-bie [BOn, ) < epplesd=vima-bsa]
(iii) B\, ) < c(p)ert-/e-

Of the first two the first one is better for » < ¢ which can always
be assumed. Then (ii) is relevant for (II,) and (iii) for (IL,).

Case (III). Letting K, = K, K, = 0, we obtain
(1) B(:, ) S enpe=?, [BOy, &) = cpn~'] .

The first inequality is better than the second one if » < p.
Letting K, = K*, K, = K, with w = (\p)V*® = ¢ we obtain

B(X’ #) é c)\‘#w—b + C(N#)l/zwl—(aﬂ)—b ,
< e(up)®eY/e=aipn case (IIL,) .
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Since
)\’#I—b é (N#)ﬂ—a—b)/(?—-a) if N é #l—a ,

the last inequality above extends to (III,), i.e., we have without
restrictions

(iii) B\, 1) < e(np)e-o-v/e-a

Again, (i) is relevant for (III,) and (iii) for (IIL,).

Thus we see that if A < ¢ then in each of the cases (I), (II),
(III) there is just one of the inequalities (i), (ii), (iii) relevant for
A= ¢ and one for )\ = p'°. This suggests defining the following
explicit function B(), #; a, b) for \ <

B=rp for (1), B=a\ew-vepo-ve for (I);
E — ()\J#)(a+b—2)/(a—2) for (IIl) s E — )\'(a+b-l)/aﬂ(1—b)/a for (IIZ) ;
B=rp for (IM), B= (ue=»eo for (IIL,);

along the dividing line A = g'~* both definitions in (I), (II), (III) give
the same value. For : = ¢ we define B(\, £) by symmetry. Finally,
we set B= c in case (IV). Then we can summarize the upper
estimates as

THEOREM 2. Always B\, tt) < ¢cB\, p).

REMARK. We note that K can be replaced by K, , in all upper
estimates, and that these hold true uniformly in % and v.

There is a more compact, but less explicit way to define B(\, x):
In case (I) we had the four general upper estimates

N#I—b , #)\)l—b , )\'(a+b—l)/a#(1—b)/a s #(a—}-b—l)/a)\'(l—b)/a R
except for the constant ¢. Now B is simply the minimum of these

four functions and similarly in the cases (II), (III).

3. Lower estimates for B. Here we prove the opposite inequality
for B(\, t; a, b).

THEOREM 3. Always B\, tt) = ¢B(\, t).

Thus the order of magnitude of B(), #) is determined for all
A, #t. Note that the special case a = 2, b = 0 is essentially the case
of the Fourier transform. The proof of Theorem 3 is based on the
following result, where
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Pu(@) = r K@ + OX(t)dt  (z,t€R)
and X, is our characteristic function.

PROPOSITION. There are constants ¢,, ¢, such that to each pair
of parameters o, T with 0 < d = p, T = ¢ there exists a characteristic
function X, satisfying

| @ |4(@)| > 0dT-3}| Z ¢ min (T, 6-T) .
In case that o + b > 1 this can be improved to

oz (@) | > 0T} = eopt0~ min (T, 671 T%7) .

Proof. Let
et for te(T, T + 0)
Ls(8) =
o(8) {0 elsewhere
and observe that for 0 <= T
T+ T+ eid(:v,t)

where the second difference
4@, 1) = [(@ + 8 — 1] — [(& + T)* — T = S:dSSsz-a(a —1DE + o)

can be estimated as

4] < cdT2 <1 if z< _cl_a—sz—a .

Hence we obtain
[4rs(@)] > €67 for 0< 2 < X = ¢ min (T, 61T .

Taking X, = X, the first part of the proposition is clear.
Now assume a + b > 1 and observe that

T+3 e-—it‘l

s TaTe e =0

Pa(®) = = S
as |x| — 4+ using partial integration. We set

Xu(t) = 2 Lt + @), ) = 2 NI

where the integer % is defined by
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k= [ﬁ} >1,
5 1=
the real numbers z; are selected so that
|#; — ®;| = max (6, X +d) for 1% 7,
and d > 0 is selected so that

|ys() | < —%aT-b for |z|=d.

Observe that the supports of X,(¢ + «;) are disjoint and that the
support of the characteristic function X, has measure kdé < g
furthermore

) = § K@ + )X (6)dt .

Finally, if # — @, is in the interval I = (0, X) then | — ;| = d for
j # 1, hence

|ru()| > 6T — (o — 1)_29;;51'—'* > %aT-b for wew, + I.

Since the intervals x; + I are disjoint we have

= kX,

o L@ > o1}

which is the second claim with changed (smaller) constants.
Integrating the function |4.| over a suitable subset of size )
gives the following

COROLLARY. Assume 0 < o=, T=06. Then
(3) B\, ) =z e 0T~

if N = ¢, min (T, 67T *); in case that a + b > 1 the estimate (3) holds
even in the larger range N < c,ptd~ min (T, 671%").

REMARK. Note that in the first case of the corollary the
supports of X, and X; can be taken to be single intervals, namely
(T, T + 06) and (0, X) respectively. In the second case we take k&
translates of each of these intervals which are spread apart by a
minimum amount (at least the size of these intervals).

In order to apply the corollary we fix A, ¢ arbitrarily and select
optimal values of 4, T among those which are permitted. In terms
of logd and log T this is a simple linear programming problem.
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In case (IV), cf. §2, we get
B\, ) = o for all », #,
since (IV) can be broken down into the subcases
avy a2, b < 0[6 = min (¢, e, T — + o],
(IVvy) a>2, b<2—a[d =eN'T T—> +00],
a>2, b<1—%,

(IVy) e
b=2—a(>1— a)[a‘ - (%) Tr-em T, +oo} .

In what follows we assume N = g since B(\, ) is symmetric.
Remember that (i) was relevant for (I,) and (IIL), i.e., if b = 0 and
A= pt. We will now show that

(i") B, 1) = e if a5 pe,

so that (i) is optimal where it is relevant: simply choose in the
corollary

T = _C/i ,  d=min(l, e, =Nt
2 .

Remember that (ii) was relevant for (I,) and (IL), i.e., if b=
1 — (a/2) and » = p¢°. We will now show that

(ii") B\, ff) = enett-viaya-be §f p>1 % , N e,

so that (ii) is optimal where it is relevant: since a + b6 > 1,
(/2)"* £ ¢ simply choose in the corollary

T = (%)““ . 6=nmin(l, q, c;ﬂ)(%)w .

Finally, remember that (iii) was relevant in (IL,) and (IIL), i.e.,
in case (II) with A = ¢~ and in case (IIT) with » = . We will
now show that
a>2, NS pe

cer (a4b—2)/(a~2) 3
(i) Bx, 1) 2 o) it {or a <2 Nz p,

so that (iii) is optimal where it is relevant: since (OWu)Ye* = pu
simply choose in the corollary

7 =Logprew, 5= min(, i e
2
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The lower estimates are summarized in Theorem 3.

4. Applications. In this section we will determine the weak
restricted mapping set S(K) as consequence of our estimates for
B(\, 5 a, b), and we will also determine the order of magnitude of
N, ().

We begin with S(K). It is convenient to introduce the following
four linear functions in 1/g:

m=1—b+%u vo=1—b-+(1—a)g,

73:_1_’ 7421—-a,——b+1/q‘

q 1—a

A point (1/p, 1/g) with 1 = p < o, 1 < g < o is of weak restricted
type if (1) holds, i.e., if both

BOw, ) S N1, BN, 1) S 0t

hold (by symmetry). Using the simple cases A = ¢~ and » = ¢ of
Theorem 3 we obtain the following necessary conditions

‘ul—a‘ub—b é cpq#(l—-a)/q'#l/p for [’t g 1 s
#I—ayl—b é Cpqyl/q’#(l—a)/p fOI' # g 1 s
ppt S cppt ' for <10 =0).

By letting gt — -+ o resp. ¢t — +0 we get the three inequalities

IA

nel, vz=lifa< or mvzlita>1,
vy p

1
p
'lel(lf bzo)
p

We can add to this the well known necessary condition ¢ = p, i.e.,
v, < 1/p. We are going to show that these inequalities are not only
necessary but also sufficient (for 1 < g < <o), i.e., they describe the
set S(K).

To get a clearer geometric picture of the situation we introduce
the following five points in the (1/p, 1/g)-plane:

A=(1-0,0), A =(@,b);
B=<1—b1_b), B,:(a+b—la+b—1)

’ ’
a a a a

and
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Furthermore we consider the straight lines

lyyv, = ;1)— passing through A4, 4’,

[REA =% passing through A, B, C,

L s =—11; passing through B, B,

le, =—;; passing through A’ B, C' =C.

Next we describe the set characterized by the linear inequalities
above:

In case (I) we have the closed quadrilateral [A, A, B, B] except
the vertex A where ¢ = o (see Figure 1). Outside the quadrilateral
there are no mapping points as we have seen. The vertices A4, A’
correspond directly to the inequalities (i); thus A is of strong
restricted type and A’ is of weak type. Similarly the vertices B, B’
correspond directly to the inequalities (ii). Then all the points of
the quadrilateral are of weak restricted type by trivial convexity.

In case (II) we have the closed triangle [B, C, B'], see Figure 2.
Again the vertices correspond to our main upper estimates, in
particular C corresponds to (iii).

In case (III) we have the closed triangle [A, A’, C] except A,
see Figure 3.

B
e
B
A
Figure 1 Figure 2 Figure 3
(@=38, b=1/2) (@ =4, b= —1/2) (@ =2/3, b =1/2)

In case (IV) the set S(K) is empty. The set S(K) can degenerate
into a line segment or a single point. We summarize these results

as follows:

THEOREM 4. The weak restricted mapping set S(K) is in case
(I) the closed quadrilateral [A, A', B', B] except A, in case (II) the
closed triangle [B, C, B'] in case (III) the closed triangle [4, A’, C]



416 W. B. JURKAT AND G. SAMPSON

except A, and empty in case (IV).

REMARKS. Observe that the boundary of S(K) consists of line
segments which are neither horizontal nor vertical. Since the
endpoints are of weak restricted type or strong restricted type the
interior points of these line segments must be strong mapping points
by the convexity theorem of Stein-Weiss. The same is true for the
interior of S(K) anyway. So the only points which need further
clarification with regard to their mapping character are the vertices
A, A, B, B, C. It is easy to see that A is strong restricted but
not strong and that A’ is weak but not strong (b >0). Hence only
B, B’, C present a problem. We will show in a subsequent paper
that C is strong also, which leaves only the character of B, B’
partially undecided. This is settled in [10].

Finally we will determine the precise order of magnitude of
N,(#). This gives a more detailed picture of the mapping properties
and is based on the calculation of

N(#) = sup v "B, 1) -

Since B is explicit one can work out Nq explicitly also. The calcu-
lation is lengthy, but entirely elementary; so we will drop the

details. We find that whenever N, < o then it is of the form
N =pa(p=1), N(=phu=1).

To describe N, we distinguish between ¢ < 1 and @ > 1 in our cases
D, a1, ).

In case (I) with a < 1:
If 1/g > b then N,(#) = o for all g; if 1/g<b then N, <  and
Q, =, By = max (Y, Vs, Ta)-

In case (I) with o > 1:
If 1/g > (@ + b — 1)/a then N,(¢t) = o forall ; if 1/g < (@ + b — /a
then 1\79 < eo and a, = min (v, 7,), By = max (7, Vs).

In case (II), where automatically a > 2:
If 1/g < —b/(a — 2) or 1/g > (@ + b — 1)/a then N,(¢) = o for all f;
if —b/(a—2)Z1/g<(a+b—1ja then N, <, a,=7v, B,=
max ('72, Vs)-

In case (III) with a < 1:
If 1/¢g > b then N,(y) = o for all g; if 1/¢g <b then N, < « and
&, = 7, By = mMax (Ve 7s)-

In case (III) with o > 1:
If 1/¢ > b/(2 — a) then N,(¢) = o for all p; if 1/¢g < b/(2 — a) then
Nq < oo and @, = min (v, 7o), By = Vo

In case (IV): N,(p) = o for all f.
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Note that also N,() is logarithmically convex in 1/g. In view
of Theorems 2 and 3 we have

THEOREM 5. Always ¢, N,(1) £ N,(1) < ¢, N, (1)

This determination of N, will, of course, give the mapping set
S(K) again. But it is interesting to see that conversely the linear
forms v, 7., 7., 7. wWhich correspond to the line segments of the
boundary of S(K) turn up in the exponents «, and g, of N,.
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