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NEW DIAGRAM PROOFS OF THE HAUSDORFF-YOUNG
THEOREM AND YOUNG’S INEQUALITY

ROOSEVELT GENTRY

In this paper, the diagram proof of Riesz’s Theorem
proved by the author is used to give new diagram proofs for
the classical Hausdorff-Young Theorem, and Young’s Inequali-
ty, where Fourier transforms and convolutions are used re-
spectively.

I. Introduction.® Very often, the same operator is investigated
on several different function spaces. Thus, it is valuable to have
theorems which give relationships between properties of the same
operator considered in different function spaces. The well-known
Marcel Riesz interpolation theorem [11] which was published in 1926
is a nontrivial example of such a theorem.

Since 1926, much work has been done in interpolation theory by
A. P. Calderon in 1964, Lions-Peetre [9] in 1964, and M. Schechter
in 1967.

More recently, V. Williams [16], in 1971, defined a generalized
interpolation space, X7, which generalizes each of the above-men-
tioned interpolation spaces. Also, a generalized interpolation theorem
is proved in [16] which generalizes the Calderon, Lions-Peetre, and
Schechter interpolation theorems.

The classical theorems of Riesz and Marcinkiewicz follow from
interpolation theory, and there are many applications in differential
equations, Banach algebras, and nonlinear, complex, and compact
interpolation theories (see [13, 14, 3, 7, 8, and 5]).

We now give a definition:

DEFINITION. A compatible triplet {X,, X,, 2"} consists of two
Banach spaces X, and X, which are continuously embedded in a
Hausdorff topological vector space 27

s, = s(P, B, X,, P, F,, X,) denotes the Lions-Peetre [9] interpo-
lation space which is also a generalized interpolation space [16].

In this paper, the diagram proof of Riesz’s theorem proved by
the author [6] is used to give new diagram proofs for the classical
Hausdorff-Young theorem, and Young’s inequality, where Fourier
transforms and convolutions are used respectively.

II. Diagram proof of the Hausdorff-Young Theorem. As a
corollary of the author’s diagram proof [6] of Riesz’s theorem, we

! Terms used in the introduction will be defined in the paper.
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get the classical Hausdorff-Young theorem. The corollary is signi-
ficant because we give a new diagram proof of this classical theorem.
First, we give our classical notation and state a classical lemma.
LP(RY), 1 £ P £ o, denotes functions defined on R* which have
values in the complex numbers, C, with the usual norm, and m de-
notes the Lebesgue measure on R' divided by 1/2z.
We have

Sw f@)dm(x) = —11 Sw f(x)dx , where dx refers to
~o0 V2 J-e

the ordinary Lebesgue measure.
Define f by
(4) foy =" r@e=am@), ter.

If fe L'(R"), the integral in Line (4) is well defined for every
real t. The function f, the Fourier transform of f, is denoted by
F(f), that is, F sends f to f.

Since the Lebesgue measure of R'is infinite, L*(R") is not a subset
of LR, and the definition of the Fourier transform is not directly
applicable for every fe L*(RY). However, the definition does apply
if fe LRY) N LXRY), for in this case fe LXRY). In fact, Hf”L2(R1) =
Il fllz2ey.- This isometry of LYRY) N L*R") into L*R') extends to an
isometry of L*(R') onto L*(R'), and this extension defines the Fourier
transform (sometimes called the Plancherel transform) of every
feLl¥RY). The L*R'-theory has more symmetry than L'(RY). In
L*RY, f and 7 play exactly the same role.

We now state some classical results:

LEM}VIA. The Fourier transform map, F: L'(R")— L*(R') where
F(f) = f, for fe LX(R") is bounded, linear, and for every fe L'(R")

||F(f)||L°°(R1) = Hf“L”(Rl) = HfHLl(Rl) .

Therefore, || F'|lzziah,romyn = 1.

Plancherel Theorem. One can associate to each fe L*(R') a func-
tion f € L*(R") such that:

(a) If fe LMR")NLXR"), then F is the previously defined Fourier
transform of f. .

(b) For every fe LR, |f ey = [ f 2@y

(¢) The map F: L (R') — L¥R"), where F(f) = f, for each fe L*(R")
is an isomorphism of L*(R') onto L*R'). In particular, F' is bounded,
linear, and by Part (b),

||F||B(L2(Rl),L2(Rl)) =1.
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Note: Since L'(R') N L*R") is dense in L*R'), Parts (a) and (b)
determine the map F' uniquely.

Hausdorff-Young Theorem. With the above notation, let 1 <
P<2, let 1 <qg=< « be such that 1/P + 1/qg = 1; if fe L7(R') then

1 laocwty < 117 lzpean -

We now state our main theorem:

THEOREM. If 1 < P < 2, the Hausdorff-Young Theorem follows
from the diagram proof Riesz’s Theorem.

Proof. TFirst, we consider a commutative diagram (see below).

By the author’s work [4], for any fixed 0 < s < 1, there exist
E, and E, in R! such that E,-E, < 0 and s = E,/(E, — E).

Let P,=1, P,=2, q¢y= >, ¢, =2, so P,<¢q, 1=0,1. Let P
and ¢ satisfy

1 1—s s 1 _1-—s s

+ — .
P P, P, q 9o 4

From previous work [4], {L'(R"), L*(R"), Li,.(R")} and {L=(R"), L}R?),
le(RY)} are compatible triplets; therefore the sums in the diagram
make sense.
From above work, all spaces in the diagram are Banach. Let
L = F be the Fourier transform map as defined above.
By the lemma and Plancherel’s theorem,

(9) LeB(L'RY), L*(RY)) and Le B(L*R"), L*R")), with respective
norms N, and N,, where N, =<1, N, = 1.

GLI(Rl) + LZ(RI) L = F Loo(Rl) + _LZ(RI)D
s(1,s, L'(RY), 2,s — 1, LA RY)) s(1,s, L*(R"),2,s — 1, LA(RY)
[9] “ [9]
Sa, s, L=(RY),2,s — 1, LA(RY)
T1 T2
S, s, LYRY, 2, s — 1, LARY) (9]
C’S(wr S, LOO(RI)Y 2: s — 11 L2(R1))
“[91 | o1
LP(RY) Ly(RY)
’

#(1,s, L=(RY),2,s —1, LAR")

7(1,s, LY(R"),2,s — 1, LYR")
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From previous work [4], L is a bounded linear map from
LMRY + L*(RY) to L~(R") + L*RY).
L', T, and T, are defined as follows:

L =Lof, TH=3%f, To)=0,

where fe %7°(1, s, L'(R"), 2, s—1, L*(R"))and g € %77 (1, s, L*(R"), 2, s—1,
L*R"Y), that is,

frz={0, £1, £2, ...} — LX(R") + LX(R"),
g: 2 — L=(RY) + LXRY) .

L', T,, and T, are bounded linear maps. By the definition of L/,
we have LT, = T,L'.
By Riesz’s theorem

Le B(L"(R"), L*(R")), and by Line (9),
IL|| £ max {N,, N} < max{1,1} = 1. Therefore,
HL”B(LP(Rl).Lq(Rl)) =1.

By the definition of P and gq,

Therefore, 1/P + 1/q = 1.

From above, s = E,/(E, — E,) (0, 1).

Note: If s=0, then P=1; if s=1 then P=2. s€(0,1) im-
plies 0 < s/2 < 1/2, which implies 1 > 1 — s/2 > 1/2, which implies
1> 1/P > 1/2, which implies 1 < P < 2.

So, P, as defined in Line (12), will always be such that 1 < P < 2.

From above,
L = Fe B(L"(R"), L"(RY)) ,

therefore, for every fe L*(RY),

”L(f)”mml) = ”F(f)”L'I(R‘) = 1‘”fHLP(R1) = Hf“LP(Rl) .

By definition, .
F(H=r,

therefore, for every fe L7(R'), we have
Hf”Lq(Rl) = “f“LP<Rl) ’

so the Hausdorfi-Young theorem holds if 1 < P < 2.
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III. A diagram proof of Young’s Inequality. Next, we show
that as a consequence of the diagram proof of Riesz’s theorem, we
get an inequality of W.H. Young.

Some classical results are:

DEFINITION. Let f and g be two m-measurable functions on R!

such that f(x —y). ¢(y) is m-integrable on R', x, y € R*; the convolu-
tion, fxg, of f and g at point x is defined by

9@ =" fo - vowine), ser

Young’s Inequality. Suppose that

v

1P, 1sgse, +=141_159,
r P q

Let fe L”(R"), g € LY(R"). Then

N *gllerey = 1 F llzen - 119 0y -

Our main theorem for this section is:

THEOREM. Young’s Inequality above follows from the diagram
proof of Riesz’s Theorem if 1 < P,q < «o,and1l/r =1/P+1/q —1 > 0.

Proof. Let 1 < P, g < oo, be such that 1/P+1/q — 1> 0, let
1/r =1/P+ 1/q — 1, let P’ be such that 1/P + 1/P’ = 1.
For ¢, =1, q,= P, r,= P, r, = o, we show that there is an s
such that 0 < s < 1, and these equations hold:
1 _1-—s L5 = 1—s s

q @ a0 1 P’

and
_1_:1—s+_sa_=1—s+0:1—3'
r 7 7 P
Now,
_1_=1—s+ s _ PQ—5s) +s
q 1 P’ P’ )
Thus,
—E—’—zP’(l——s)—[—s,
q
P — P's+ s = P s
q
and

s(l—P’)=—1;i—P'.
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Thus, s = (P'/g — P)/JA — P’), P’ #+1 since 1 < P< c. Thus, s =
(1/g — 1)/1/P' —1) >0, since ¢ >1, 1 < P< o, and P’ > 1.
Now, 1/¢ —1> —1/P, 1/(—1/P) < 0; thus, (1/¢ —1)/(—1/P)<
(—1/P)/(—1/P) =1, —1/P=1/P' —1, thus, 0<s=1/g—1)/(—1/P) < 1.
We show this same 0 < s < 1 works for », where

=l—s
7, 7, P P

Also, 1/P+1/¢g — 1 = (1 — s)/P

i
+
|~
|
Ju—
|
+

2|
N

; (1;s+;l>_1

+[1—s+s<1—%>—1]

1—s
+[1— rs-5-1]= .
S S 2 P

T ST I VT

As shown on the preceding page, for 0 < s < 1 fixed, there exist
reals E, and E, such that E,-E, < 0 and s = E,/(E, — E)).

Let fe L°(R") be fixed, once chosen. Let g € L'(R"), and g € L”'(RY),
define L by L(g) = f*g.

From classical work,

L e B(L'(R"), L*(RY)) , L e B(L"'(RY), L*(RY)) ,
where
HL“B(LI(Rl),LP(Rln = Hf”LP(RI) ’
and
”LHB(LP/ml),Lw(RI)) = ||f||LP<Rl) .

Under the above conditions, we now consider a commutative
diagram:

LR + L (B~ LP(BY + L(R

s(1,s, LY(RY),P’,s — 1,L”’(RY) s(1,s,L?(RY),P’,s — 1, L=(RY)

l f9 19
S(ly S’LP(Rl)’PI’ s — 1, Lm(Rl))

TL Tg
S(L,5, LARY,P', s — 1, LP'(RY) I
CS(P, 5, LP(RY, 02,5 = 1, L=(RY)
[ [9]
LY(RY) L(RY)
L’

#(1,s, LNR"),P’, s —1,L¥'(R")

71,8 L"(RY), P/, s — 1, L=(R"))
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As above,

{LN(RY), L"(R"), Li,.(R"}
and
{L"(RY), L=(R"), Li..(R")}

are compatible triplets. Therefore, the sums in the diagram make
sense.

Also, all spaces are Banach in diagram, and L defines a linear
map from LY(RY) + L”'(R') to L°(R') + L=(R").

The bounded linear maps L', T, and T, are defined as above,
and LT, = T,L'.

From Riesz’s theorem,
L e B(LY(R"), L"(R")) ,
with
WL = max {|| f |z, | f oo} = [ 1liry -

Therefore, for any g e LR"), we have

L) |l zreeny = |1 f

By definition of L, L(g) = f=*g¢g, therefore, for any ge L‘(R"),
we have

rrn |9y, Where fis fixed.

W fxgllran = 1 fllray-llg

and therefore Young’s inequality holds.

w[muel) ’
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