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ON THE ORDER OF (1/2 + i) AND 4(R)

G. KOLESNIK

In this paper we obtain new estimates of ((1/2-+1%t), the
value of the Riemann zeta-function on the critical line, and
4(R), the remainder in the Dirichlet divisor problem.

The estimates are

C<% + it> & t%9/21%% for any ¢ >0
and
A(R) « R®*/1%*: for any ¢ >0,

which improve previously known best results.

Our results are obtained by van der Corput’s method to the
estimation of trigonometric sums of several variables. The method
can be applied to other problems which involve such trigonometric
sums. The article consists of three sections. Section 1 contains
lemmas, in §2 we prove the theorem, in §3 we obtain the con-
sequences of the theorem—the new estimates of £(1/2 + 4¢) and 4(R).

The author expresses his gratitude to Professor E. G. Straus for
improving the original manuscript.

1. Notations.

A(R)—the remainder in the Dirichlet divisor problem.

C is any absolute constant, ¢ is any sufficiently small positive
constant. :

4(f) = 4(f(x, - -, x,)) is the principal minor of order [ of the
Hessian of f(x, ---, x,).

R(£.(0), f:(6))—the resultant of two polynomials f,(6) and f,(6).

0;n = 05, (a, -+, a,)—the jth elemetary symmetric function of
Ay =0y By

fl@) € g() (or f(x) > g(x)) means that | f(x)| = cg(x) (or f(&) = cg(x))

for some c.
e(f(x)) = exp @2mif(x)) .
For a domain & ¢ R* and real numbers A,, 4, A, A,
(A, Ay, A5 A) = T N{x,x)|A S0, S Ay Ao, < A
If f(x, x.,) is a continuously differentiable function, then
2(F) = (W, ¥y = f2,(@, %), Y2 = fo,(@,, %), (%, @) € D} .

All functions are assumed to be sufficiently many times differenti-
able.
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108 G. KOLESNIK

All domains &, &, --- considered will be domains bounded by
O(1) algebraic curves of order O(1) so that every straight line inter-
sects &7 in O(1) line segments.

Wherever a variable occurs as a summation variable the reference
is to integer values of the variable.

LEMMA 1. Let f(x) be a real function such that
| fP@)| = Ft>0 on [X,X], I=1.
Then
[ etranas < .

This lemma can be proved by induction similarly to Lemma 4.5,
p. 62, [2].

LEMMA 2. Letl< X=X, £2Xand K=3. Let flx) be a real-
valued function, analytic in & = {z||z—a| < VeF,logx, X < v < X}
where ¢ is some sufficiently large constant and F;* = f"(x) < F;!
for xe[X, X|]. Let |[fPR)|<KF* (1=2, -+, K) for ze6 &, and let
x, be the solution of the equation f'(x,) = n. Then

S= 3. e(f@)

X=o=X,

= (P (@) e 4+ fay) — n,) + 00/ FrTog X)

FHX)sSnsf(X;)

and

X_

]/FZ
The proof is similar to the proof of the Theorem 4.9, p. 65, [2]

with the use of Lemma 1 (see also Lemma 1 of [1]).

S <

+ min (F)Y* .
25ISK

LEMMA 3. Let a(x, x,) be real twice continuously differentiable
Sunction and let b(x,, x,) be a function on 2 € R’ such that a,, a,,, a,,,,
do nmot change sign and |a(x, x,)| < A in 2. Then for some A, A,
B, B, and 2, = 2(A,, A,, B, B,) we have

| > M%%W%%H«M(Z b(x, x)] .

(z1,29) € 7 T1)%9) €

This lemma is a simple corollary of Lemma 1 in [3].

LEMMA 4. Let &7 be a domain, contained in the rectangle
{(x, )| X, S o, < 2X,, X, <, < 2X,}, and let f(x,, x,) be three times

continuously differentiable functions such that:
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(1) for all integers a, ; € [—c, c] the functions 3., ; I1i-, as,;, foitadt
do not change sign in <, where 1 = (4, -+, %), J = (41, -+, J.), and
the sum is over all possible distinct (i, 7) such that i, + 5, =<4 (I =
17 ) 6);

(i) | futed| S cF iz, 1M, < fi S¢/My, YMSFitfi—(fuyn) S/ My

(i) f(x,, x.) satisfies the conditions of Lemma 2 as a function
of x, with M = M,

1Av)  9(y, @) = f(@.(Yy, o), To) — Y2, (Ys, %) Salisfies the conditions
of Lemma 1 as a function of x, with M = M,/M,, where x,(y,, %) S
the function satisfying f., (@Y, @,), ¥) = .. Let ¢, = @i(y,, ¥2);, P2 =
P.(Y:, Y:) be the solution of the system

fz1(¢1; @2) =Y, fz2(¢ly 4’2) =Y, .
Then there exist some mumbers A, A, A,, A, B, B,, B;, B, such that
Jor 2, = g,(Au A2y A3, A4): ' = gl’(f)y " = @(Bu Bzy Bsy B)
we have

S = ] 2 6(f($1, xZ))l

(z1,79) € 7

<L VM| Z e(f(@n ‘Pz) - YiP: — yz@z)‘

(¥1yg) € Dy

+ XV Iof X, + VILIof X, + %VMZ Tof® X,
1

<L M2 Z) 1+ X,V M log® X, + VM, log® X,
(z),%9) €

+ FV' M, log® X,/ X, .
Also, if
| f3(fe)® — Bfute faruy(fe) + Bfutay(fare)far + fur(fara)’| = M,
then
S<M™ 3 1+ XVMg X, + (FIX, + 1)V M/M; .

(21,%9) € &
Proof. Taking the derivatives, we get
oxy(yy, @) _ 1 . ouy, %) _ _ Sos ,
0y, fa2 o, 2
oy = Fopr O =[Sz — (Fue)VF2 s
923 = [fa3(fe)® — 8fute fore,(fed)® + Bfute,(frya))'far + Fud(fara)'V(fe2)
Now we apply successively Lemmas 2 and 3:

§ = 3 Sl e(f(@, @)
S (S (Fpelow, ) + 00/ T Tog X))

22 Y1

< VE!( >, elg(yy, %)| + O(X,V M, log® X))

Y1s%g) €
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where
Z, = %(an @, bl; b,) ,
@% = {(yly x2)|y1 = f:cl(xly x2)y (xly 932) € 9} ’

because (f,2)7* = ( Sa(@(yy, @), ,))7"* satisfies the conditions of Lemma
3 on function a(z, x, with A = CM}2
Using (i) we can verify that the function

fx%(q)l; @2) - (fxlzz(¢1’ ¢2))2/fz§(¢1, @2)
also satisfies the same conditions with A = Cv'M,/M,, and we can
apply again Lemma 2 first, then Lemma 3 to get
SV M- |3 [Z (9238, (¥, ¥2))7e(g(Ys, %:(Ys, Y2) — Ys2a(Ys, Y2))
Yy Yo
M,
+0( \/M_ log® X, )][ + XV Tog X,
<L 1/]71 V M2/M1']( 2)4 e(g(yu T (Ysy Ys)) — Yai2o(Ys, Ys)) |

YY) €21

+ VM, log* X, 3,1 + X,V M, log® X, ,

where
2, = %(01, Co, dl, dz) ’
G, = Wy, Y1 Y. = 0.,(Y, %), (Y, T.) € 2L},

%:(¥,, ¥») is the function satisfying g¢,,(v,, ;) = ¥,. Here
9oy = [u(@:(Ys, 72), T2)
and x.(y,, ¥, satisfies the system
fo=Y, fo=1%, Ile,
LYy, ¥o) = Po(Ys, U2) 5
also, x,(y,, %,(¥,, ¥.) satisfies the same system, i.e., 2,(¥, ¥») = @:.(¥1, ¥-);

F
X,

; 1=1+ (max f, (x, ,) — min f, (&, x,)) < 1 +
Putting this into the last inequality for S, we prove the lemma.

LeEmMMA 5. Let f(x,, -+, x,) be a real function, and let D be some
subdomain of the rectangular parallelepived X, <x,<2X,; fi( @y, -+, Ty
hyy ey ) = S G/t)(f(@, + ity -+, @y + ht)dE); @y, - - -, 4. are positive
numbers such 0that

_q_2_=---=_q.“_=ng 1' . e — . ...X :N-
X, X x/N<< ; G0, =Q; X, » ;

Al
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D, = {(z, k)|h # 0, |h;| < q;,x€ D, x + he D},

= h); =@, 8= Se(fa)
=1 :
S = g 2%, e ).
Then

1 1
S — Sl = 1 .
R Jsits
The proof is similar to the proof of Lemma 5.10, p. 91, [2].

2. Theorem.
1. Notation for the theorem.

Piea(0) = Cria1°0° + Cii,131000° + Ciy1,142000 + C11403
Pi(0) = Pur(0) - Pe(0) — (Pu(0))*
Po(0) = Pso(0) - (P ))3 — 3Py (0)Pu(0) - (Pw(6))*
+ 391,(0) - (Pu(0))Po(0) — Pos(6) - (Pu(0))* ;
R0y, 03, 05) = Rpu(0) , Pwl0) ;
4= A(f, y) = fal@, v)-fo@, ¥) — (for(@, 1)) ;
D, o(f(w, ) = —fielx, ¥) ;
2.,.(f(x, ¥)) = fuu(®, ¥) ;
Do (f(@, ¥)) = —fal®, ¥) ;

0usn(F@, 1) = (—Fule, ) 9 / 2, ;ﬂxw))
+ fal, y)—a-g}—( D@, ) ) grveses

Azz+2y—3
Dros 5, 1) = Fislo, 1) (LS ) )
_ ay< i a(f(x ¥)) >fm,(ib' ) Lot

A21,+23—3
Pi4:(0) (1=0,1, 2, 3) are the polynomials of 4, obtained respectively
from @, ,(f(x, ¥)), D.(f(x, ¥)), P..(f(x, ¥)) and O, (f(=z, y)) by the sub-
stitution of @, ,(6) for foru(®, ¥); P(0) = P(O)Ps(6) — (PL6)); Ps(6) =
P.(0) - Pe(0) — (@5(0))*

Vie(0) = Cri500” + Crin,1401010 + Chps,14000
"lf‘l(a) = ’\lf‘z,o(e)“'lf‘om(a) - (%1,1(0))2 .

() is the polynomial obtained from @,,(f(x, ¥)) by substitution
Of ’1//‘)5,1(0) for kayl(xy y)'
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Let f(x,y) be a real function; |flx,y)| < F;
Ci.(fl, y))/a*y* + 0QOF/X*YY), (x,y)eD; 6 K N7 D is

the domain of Lemma 4; X = Y; C,, are numbers such that each of
the following systems of equations as functions of oy,(a;, a,, o),
ou(ay, o, ), ou(ay, o, o) doesn’t have any solution:

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
1D
(12)

(13)

(14)
15)

(16)

0Px(1) _ 0Pu(l) _

Py(1) = Pp(l) = 50 50
Poo(l) = Pu(l) = Pu(l) = 59”5;(1) -
g’zo(l) @oz(l) @11(1) a@;;(l) =0
Pu(l) = 39”5;(” "’“7;;351) = Pu(1) =0
pol) = 22 _ TPll) _ 5 1) 0
0up()  09ul) (@)} _
Pull) = Pull) = pu(D) = L2 2Pall) _ (J2sD) ) — g
_ _ o) _ Opul)  of dpu) V' _
Pull) = pull) = 228L. = 0, (1) 22 2( o ) 0
_ _ opul) OPal)  of 39uD) V¥ _
Pull) = pu(l) = 222 = 5, 1). T2l _ o 22l ) g
dpl) _ Fol) _
(1) = p,(1 L =
Pi(1) = py(1) = 9 e
_ _ apa(l) _ Fpul) _
Poo(l) = Pu(l) = q’;;j ) = a;;;( =0
_ _ apel) _ Fpul) _
Po(l) = Pu(l) = 42;( ) = agf =0
Poo(l) = Pu(l) = Pu(l) = M)— =0
—1_-R1(0-18, 023’ a '_-Rl(0'13’ 0-237 033)
Oy oa,
= aaa < 1 1(0'13, Tos, 033))
3
9020(1) = ?oz(l) = ag:;;(l) = ai R1(013’ O3, 033) =0
3
Po(1) = Pu(l) = 3?;;;(1) = aif Rl(o'la; Oy, gy) =0
3
k 4 - - . - - - -
M =0 (k = 0, 1; Yy 6; D = 21 o .73) ’ where {31; J2y .73}

06*
is any three element subset of {3, 4, 5, 6} .
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3 7
an 22l _ PP — o (=1, -, 22)
(18) Faoll) = (1) = Q) _ g

06

(19) Yul®) = all) = 2ol — g
(20) pall) = 20— @) = 0
(21) o) = 22— 1) = 0
(22> ";"/‘02(1) = ",:/'11(1) = ’1/"20(1) =0

, _ o9ny(1) 0" (1) 0° (1)
23 LY 1 = 1 fl — 1 =
(23) (1) % e =5

Ovro(1) 0y (1)
24 gy =2 o ol
( ) W 2( ) 20 56°
6
@) RE3D#0, (R0, 0u00) 0
1 2 33
(26) CosCa 7 Ci C50Co3 7 C32Cu1 Cs5oCry 7 Co 5 C1sCy F Co3Cy
CosCs0 7 C14Cu1 5 CosCs0 7 C23Cas 5 C32Co5 7 Co3Cyy -
Then
.8 NEE F
5 st ) < Ne§ Ay E

Proof. 1. Let X < N*/. Applying Lemma 5 three times, we
obtain:

1 8/ _ 1
S<<—1/7+ ¥S,, where SI~W§.M§D16(J§(% Y, b))
b=y - h)#=0, |h]|<aq;
D1:D1(h'>

={(@, ¥ [@ + hity + hsty + hts, Y + hot, + bty + hety) €D, 0 = ¢, = 1}

- 11 (1 63
Ao w1 =\ | | St e+ b+ b+ b,

Y + hot, + ht, + hety)dt,dt,dt, ;
0.0 = @ = min (FVNS BN 0, = Q@5 g, = @
/2 = ¢/0: = ¢:/¢, = X/Y ; XY =N, 6<<1/Q4/‘N

Denoting 6 = y/x, we obtain:

i@, y, b) _ [, Yhihihs F_ Q%
oxtoyt Yt Puil6) + O< X*y'! N*> ’
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4o, = LELOIIS g ) o FY 7)

(M) % __( 2(ﬁ(w, ¥)) )
oa’ 3*fi(w, v)/oy*
() a0 L (L)

- b g, q) 1 o( £ [T).

Let @,;(0:) =0(k =1, 2,3), 9,(0) =0(k =1, --+,6), P(0) =0 (k =
1,2, ---,12), 9,(6,,) =0 (1 =8,4,5, k=1,2,---,30). For all 7,7,k
such that 1/2<6,;, <2 and 1/2<6,, < 2 we divide the domain D,
into O(N*) subdomains of the type H, < h; < 2H,, (y/x)a;;, < |0 — 0, | <
2y/x)a;, and (y/r)ouy < |0 — 0, ] < 2(y/r)e,, where 1/Q < @y ;. =
Qi =& and 1/Q* £ a;, < @441 < € and a subdomain, which con-

tains all the points of D, such that [§ — 0, .| = 0,/Q" = ¢.0:9;/h.:h Q"
The number of integer points in the last subdomain D, for each h
is O(N3,/Q) and (LNQ) 3 Sepen, o(fi(®, ¥, b)) < log* NJQ'. We get
the same estimate if 6, > @Q*. We take one of the other subdomains,
D, such that 3, , .., e(f(z, ¥)) is the largest, and consider all possible
cases:

(D) o1 Qo € 0,/Q* and T, g € 6,/Q*. If the domain is non-
empty, then a,, =& or g = ¢, otherwise @,(0,) = (0/060)(Py(6, +
&(Y/%))) = Pu(0, + &(y/x)) = (8/00)(Pn(f, + &(¥/»))) = 0, which contra-
dicts (1). So, a,, € 8,/Q* or ay, < 6,/Q* and

1 log® N
NQ7 Zh' (2,97¢€ Dy Al y, ) < Q" )

(2) (a) Il au €0,/QY ay < & and ay < &,

(b) I s € 0,/Q ay = &, Aoy = &

In both cases it follows from (2) or (3) that a,, = ¢, or ay, = ¢
and S, < log® N/Q".

(3) (@) Ili-iay K0/Q ay = &, Qu = &.

From (4) it follows that a, = ¢, @y = & and ay, X @y, = 0,/Q";
U = 1V6,/Q. If a = max{a,, a,} then 6o, =c, + O(a), 60, =
¢, + 0(a), 00y, = ¢, + O(a), Y/X & hy/h,, hyhs, he/h; € Y/X and, from
@0,  hy = c(hsho/hy) + O(I/EQ4); hs = cy(hsho/hy) + O(VZY—Q&); S; K
(L/NQ) S Doy Qo € Aoy (V @ + 1/@H(V @ + 1/Q) K log® N/Q*. If

o, > «, then from Lemma 4 it follows:

S, < NQ7 <\/ ;1+NlogN\/thh

Fy logN NG5 | yloe N+log NEQ(_X* "
+‘/ FhehhQa, o ogN g NG <Fh h3h5> )

S, =




ORDER OF {(1/2 + it) AND 4(R) 115

AT
< 1 FQ —I—log’N\/ sz logN+10gN4FQ

Q* Y N N?
logaN<]/ + ><l/a + Q)
OF Ny gt <@g .

(b) TIla: @ K 60,/@, @y £ &, oy < &,. Similarly to (a), it follows
from (5) and (8) that

S, <K @ *log N .

(4) IIim i € 0.Q7%, Ay = &, Ay = & (O JT3; g K 0,/Q% Qyoy = &,
oy, = &). Here a,, € @7 (or apy € @**), and we can apply Lemma 4:

S, € 1 > T +logN\/ 2Q7 o gt N JFHT | N°

NQ »Zv YV N°© NY N® FQr
log N 4/F?Q" ¢:9:4;
TN VN Z‘<hhh>
2 " AT
<<\/FQ Q~4/3+«/ 2Q7 IOgN+IO§,N+IO§VN Fy@s
L Q@ *log* N .

(5) (a) o Oy € 0,/QY, ;= &, Qg = &, JIi-i Qe > 0.Q7°
From (10) it follows that oy, = &, If @y, = &, then S, € Q@*log® N.
If a,, <e¢&, then a, < @5, and, from (1), am=¢; If a=
Max {Q, Qow}, then, like in (3), hy = ei(hsho/hy) + OV aqy), h, =

ehsh,lh, + OV aq,) and, if a,, < a,y,, then from Lemma 4 it follows:

log N 4/ N? 1

S2 1
T Viga, 5
— 1 — 1
<< '71 + /\/F2Q7 201 <l/a201 + 'Q_2> >< <1/a201 + ‘Q‘)
L Qtlog N

if a,, > oy, then

5 D1 € oV B + @O T + Q) < Q7 log' N

() ITi-i e € 0.Q7% @y = &y Qo = &g IT3-; @ > @7%0,.  Similarly
to (a), from (11), (1) and (26) it follows that S, € @*log N.

(6) Il-iau € 0.Q7, Ay = & Qi = &. From (2), (3) and (6) it
follows that a,, = &, A = ¢ and ay,;, = &; a € V6,/Q If to denote
a = max {a,, Qy, Ay}, then, like in (8), 1/Q" 3, € ay, + 1/@Q* and, if
max {®yy, Q) € @, or if a, > «, or if @ € @7 then S, € @*log® N;
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if o > a or ay > a, then from Lemma 4 with the use of (9) we
obtain:

g1 N Tog N |, g
S<<\/ 2+;\/F2Q7a2 N+\/

X min {l\/ zQ7N"’? — 4 FJ:[Q37 Y x FizQs;}

< Q*log’ N + = L, \/FQ < Q@ *log’ N .

(7)) (@) IMau< 0,/Q*, Qy = &, Qo = &. From (7) it follows
that a, = ¢, a, < 179,/Q* and like in (6) we can show that S, <
@*log N.

(b) fiay; K 0,/QY A < &, Oy = &. Similarly to (a) with the
use of (8) we get the estimate.

(8) =y K 51/Q4, Oy = &)y Olyy = € If a;=<¢, then from

9) it follows that ay, = e, aqu'mﬁ”ﬁ and, like in (6), S, <K

v+ VFQINQ™ < v,. If a, = &, o > V'QIN, then [[¢, ., > QYN
and, like in (6),

_ 1 [FQ N .
S, < @~'log N log N .
CQTlog N+ 2T \/F2Q7 o, <@g

If o), = ¢, a;;, K V'QYN, then we apply Lemma 3:

5 < 3o 33 (VR 31+ AVpg)

<<\/F2Q7 1“F2Q7 JQ<Q—4logN

(9) 0.Q* < [Tkt s K VNQF, 6,Q7* < TI3o: s K VN'QF,
T, ay > 6,074 lee in (1), Qe = & OT @y, = &. Consider two cases:

(a) Qyp =6, and @y = &,. For each pomt (x, ¥y) €D, P(0) =0
and ?oz(e + 0500) = 0, where a = Oy + Qo !0ol =6. 0= R?zo(a)’
Pu(@ + ab,) = a,oa[ai(aat + bdbaa, + adl) + -] = aa(acd + bayo, +
aaj)a, I1i, (@, — ai(ay, ;) where a = a, + O(a), b =b, + O(a), b, =
b(ci;), a, = as(ci;), a, 0 (see (26)). If B < aai + baa, + aai £ G,
then a, = ¢,a,+0( B) and from (18) it follows that |a,—al(a,, a,)| <
Va/B. From @,(6) = @, + ab,) = 0 it follows also that a, = ¢,0 +
0V Bo), a, =cf + 00V B6) and a, = ¢,a, + OV 36). So,

617—%] /%“;:‘% <<<l/,8 + Q)(mm{l/,e V'alB} +——><<Z)—2—+I/a.

Applying Lemma 4, we obtain:
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1 FQT 2Q7 4/ N3?qiqiq? log* N log N (FQ°
S, 1
S ( 2l Vg Ty TN Ve )
Q* log4 N log N FQ7 1 "
+ log N log N .
K-y T log «/F2Q7 vt 7o T € Q*log
(b) =€, OF Qpy=¢, If g=min {azoz, s}y € = MAX {azou oy, &1},

&, = Max {®yy, Ay}, then, hke before,

&3 ‘/Z% <(VE + 5)(mint/ B VEIR) + o) < 5 e

From (14) and (15), it follows also that «a, = ¢,0 + O(e0), a, = ¢,0 +
0(&.0), a, = ¢,0 + O(e,f) and

a3 <l e g g e

Applying Lemma 4, like in (a) we have:

s 1 4/ N°qiq3q; 1
S. K log N + —
@ log No >V Fonh Vs

1
~*log N
€ Q7 log N+ \/F2Q7 Vieg,s
£ Q*log N+ YNY(F'Q)-Q° < Q*log N .

(10) Tt > VN'QUF? (or i, > V' N'QTF?), 5t >
1/Q* and for some 14, 7,k a,;, < VNYFQ® or a,; < V' N F*Q°, or
C L K NYJF?Q¥, or |h, b, -+ he| € Q-V NYFQ".
Applying Lemma 4, we obtain:

mln {82y 83/2}

— 6 —1/2
S. < @~log N+ @) S FVQTN*(IT a;) 1< Q“logN,

because 3, ,1 < Nand 3, ,1 < V' NYFQ" if, say, a,; < V NYF*Q".
A1) T > VNQTF® (or [, @ > VN'QTF?), Tl
N3F?QY = 8y, ty; > V0, Qi >V 00y |By v+ byl > QVE,.
Applying Lemma 4, we obtain:

-1

5. € @ log N + (NQ)" 3 a.qa(huhs F-V TN | TT e, )
x| > elgyy, vl

Y1 Ug€ 7y

where g(y,, ¥,) = [Py, P.) — UP:1 — ¥:P2y Zi, Pi, P, are defined as in
Lemma 4,

S 1< (Fhaheh)qg) @ N~ 11 a, 1.

(¥ yo) ez i=1 (z,9) ez

One can verify, that for k. + 1= 2
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+
@) TLY 1) — 0,,(£(p., @) (UF(P, POV
2

where @,, and 4 are defined as in the notation for the theorem.
From (18) we get that either a,,, = ¢ or a;,, =¢,. We consider
three cases.

(@) | =¢e. Then az, =¢, and I, as; > di'. Also, from
(17) we obtain that either a,,=¢, (and JIX,a,; > 95) or a,,= ¢
(and TIZ, a.; > 63). Applying three times Lemma 5 with n =1 to

the sum over y,, we obtain:

|S,]° = ! > e(9g(yy, Y) P

(28) e o & o
CQUE D (S VTS S S S el 1)

Wwhere @, = [50 1]’ 9:(Ys, ¥:) = 1 S 9y, Yo + L, + Lty + l;t,)dt.dt.dt,,

and the last sum is over y,, y2 such that (v, ¥,) €2, (Y, ¥. + h, +
h, + h;) € &,. Using (27), we get that either

0°9.(¥s, ¥s)
a 2

6 -7
>> 33l l l <I=I1 alj) ° (q1Q3Q5/h1hsh5)4‘NByF—4Q_14

or

*9,(¥s, Y)
a 2

6 -7
PR HANN <]__=_[1 au‘) (9.95Qs/hihshs) -y’ N F Q™ .

Also, from JT%, @, ; > 0i* we obtain

6 —14
IA<g1(yl, yz))‘ > 5é1l§l§l§<£ll au) '(‘I1q3Q5/h1h3h5)8'NM?/BF_BQJB ;
trivially,
6 —14
| 4o, v | < - (T ) - Ny F =@

Applying Lemma 4, we get

ISP« (S DY@+ 3 (1T au) Ny F-Q]

Y2 {plgslg

+ (3 Ve 3 {FVaTNx-

Yo Y2 lpiols
x [ ottt (11 as) " (@b yNF=Q [ log? N
6 -5
+ [l1l2la'<1_11 au) '(Q1Q3q5/h1hah5)3'F_3Nyz' (Q7/N3)_3/2 + 1:|
x [ avte: (I ) - (@uaua/hah) N9 F =@~ | log? N|
L QTS 1)PlogE N

Y1p Y2
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and
S, < Q@ *log> N .

(b) aps=¢. Then a,, = ¢, and [I%, a;,; > 65*. Also, from (17)
we get that either a,,=¢, (and T[[X,@,;> 8) or as,=¢ (and
2.as; > 05). Applying three times Lemma 5 with n = 1 (twice to

the sum over ¥, and once to the sum over ,) we obtain the inequality

1 (11

similar to (28) with 0.(v,, ) = | S |, 9. + Uts, v, + Ut + Lt)dtdeds,
0 ]

Arguing similarly to (a) we can shgw that S, € @ *log® N.
(€) Qs = &, Qe = &. Using (17), we get that for some j €[3, 6]

Q6 = &, and similar reasonings as in (a) (if j = 4 or 7 = 6) or in (b)
(if 4 =8 or 57 =5) will show that

S, € @ *log* N .

II. If N¥ <Y < N*®, then we apply Lemma 5 one time with
n =1 and two times with n = 2

1 /O 1 9171 g1 ’
S< _—+\/NQ7\ho—l[h1xyZ e(fl(x’y’h))_l_z').

Where Q= q.9; = 1/(]3‘14; Q1/X = Q2/Y: Q3/X = Q4/Y; QK N-lm; 0K
V'QYN, Q is as in I,

D1 = Dx(h) - {93, Y; (x + hotl =+ hlt2 + h3t3, Y+ hztz + h4t3) € D; 0= = 1} .

f(@ + hoty + hity + hsts, Y + hot, + hit;)dt,di,dt,

> is the sum over h, such that >} |k, >0, h; =0. It will be
seen later that >} can be estimated like the sum

S.=(N@)'S 3 efilw, v, b)
and the estimate is smaller.

k+1
?—W = holhiha forsyi(@, 9) + (b, + Bohy)fkss,ia(, )

+ h2h4f¢k+1,,z+2(x, y)]
_ S, Y)h.hsh Q4

Let 4 i(0r,1,:) = 0, ¥4(01) =0, 3(0,) =0. For 1/3<6,,=3,1/356,;,=3
and each h we divide the domain D, on O(N¢) subdomains of the
type a;;,;<60— 6,,,1 20; (B, 1=0,1,2; 1=1,2), @, <0—0,, =20, (k=
1,2;4=1,2,---,8) and subdomam where |6 —0,;] €0,/Q* = (q.9:/h,h;)Q@*
or |0 — 6,;] K 32/(2‘1L The sum over k& and (x, y) from the last sub-
domain is €« @*In* N. If 6§, > Q* then we get the same estimate.
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We take one of the remaining subdomains, D, such that
| iapes, e(filx, )| is the largest, and like in I, we consider all
possible cases:

(1) s € 0,07 and @y, = & (0T @y = & and Qe K 6,Q77).
From (18)-(19) it follows that a,,=¢, (or g =¢) and S, =
(I/NQ") 34 Xieyen, e(fi(®, ¥)) < log® N/Q*.

(2) o € 0"Q™* (O gy, € 6,Q7%) and ay,;, =¢,. With the
use of (20)-(21) we get S, € Q@~*log® N.

(3) @l € 0,Q7* (OF Al € 0:Q7F), @y =& and @y = & (or
0y = €). From Lemma 4 we obtain:

Sl<<<N2X 4 \/FQ“ - Q4 + \/N4X>1og7N<<Q‘*1og7N.

(4) TIiciau € 0,074, auy = & (OF A = &). From (20)-(21) it
follows that a, = ¢, and S, € @*log® N.

(5) 8,/Q* € Qyullpe, K NXQ*F and 6,Q7* € Qs K NXQ*F~'. If
a = max {Qy, Am}, then a, =&, 0, = ¢, + O(ab), 0, = .0 + O(ab)

(because of (29) and (15)), a, = e, + O(V ah),

617—‘ 2 (hhy)™* < (Va + Q7)) ™ <V e (g™

and from Lemma 4 it follows that

S, K <a3’2 §?X + «/FQ“ = 1 ) log" N € @ *log" N .

(6) 32Q_4 <L H@ 10y < QNI/ y oy Z Eoy ooy Z From (23) it fOl-
lows that a,, = ¢, a,;, € @Y%, and, applying Lemma 4, we obtain:

FQza/e J ) . .
S« (B + T L +@)log’ N<Qlog’ N

( 7 ) H:Z:l a,; > Q—Uzy Aoy Qo 2> NXQ4F—1, Qo1 Olyos > NNQ*F. Using
Lemma 4, we obtain

S < @ log' N + (V@) 3| (1T e )- (ko)™ (0.0
(29) ;" -
x FQX=N= | 5 elat, v)1

where g(y,, ¥.) = f(Py, P2) — Pr — YPoy P = Py, Y)y Po = Po(Ys, Ys)
are defined as in Lemma 4, 3, , 1< (ITis; a;)- (hohihy)*(g,95)7* X
QXN Ypes 1 and 3, 1 K FRXNL If [ a, € 0;Q7°°,
then, using (24), we get ay =&, ay, € 0,Q7Y°, Diayes, 1 K NOLQ™
and, estimating S, =13}, ,,¢(9(¥, ¥,))| trivially, we obtain: S, «
Q*log® N.
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We obtain a similar result if 6, € @, If T, a,; > 0:Q%° and
0, > Q¢ then we apply van der Corput’s theorem (see, for example,
Lemma 5.13, page 93, [2]): if M;*' = f¥(x) < AM;', then

[ Z ) e(f(x>)l << (b . a>M4—1/14A1/14 + (b _— a)3/4M41/14

(which can be obtained by applying Lemma 5 twice with the appro-
priate choice of ¢, and after that Lemma 2). We obtain:

II Z e(g(yy, ¥.)| = Z IZ e(9(Yy, ¥,)) |
<< A1/14M4—1/14 Z 1 + M;/M 2 (Z 1)3/4

<mMﬁW§H+MW§$%ZDM
where m -
AN = sup fﬂﬁiﬁl<<Qlag”4Qm%mmmgﬁy@@ﬂ%Nﬁ
and
Mt = inf (?“gl(ayy:§ BIIS <1i[1 “”>_5<:1j1 an.).(Qqlqg/mhlhg)—2:uN"Q“2 :

Putting the estimates into (29), we obtain S, € @~*log® N.
III. If Y € N¥/*, we apply Lemma 5 three times with » = 1:

s« F s VS SS s s ),
V.Q_ NQT =1 hp=1 h3=1
where

@ + ity + haty + ht, y)dt.dt,dt, .

Sz, y) = ‘ Sl Sl atlatﬁts

Applying Lemma 4, we obtain:

1 FQ7 n X®
Q4 XN FQ7 ’
we can choose @ such that

S1< | () + N 8/ %ﬂ I N .

S, € —

This completes the proof of the theorem:

N61/38 F .
S« (2= + o) .

3. Comnsequences of the theorem.

COROLLARY 1. A(R) & R®/+e,
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Proof. Like in [1], from the theorem it follows:

R Rt Y/ Ve RS/ \ 1/ .
V EE —E< RV + Vee/m) L RS

AR) € =
if V= Rwms,
COROLLARY 2. {(1/2 + 1t)  @/nor+e,
Proof. Like in [1];

c(% +it) < L 5, e 1,

where X, < 2X<17¢t. If X <t then

1 t € € o
C(z + zt) <VX- \/ + X1 X4t & et

if X > t*7** then with the use of theorem we get that
1, . te X 4/ X5 -
L)« ( NNp VESEIRYS ¢
C( 5 + 1 > < % d l/ pn +

X * g 8/, aymstqtt s538 0Q~ 8/19>
t t
X2 X + X

and if we choose g = ',

C(l + ’it‘) & pEmete
2
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