
PACIFIC JOURNAL OF MATHEMATICS
Vol. 98, No. 1, 1982

ON THE ORDER OF ζ(l/2 + it) AND Δ(R)

G. KOLESNIK

In this paper we obtain new estimates of ζ(l/2+iί), the
value of the Riemann zeta-function on the critical line, and
Δ{R), the remainder in the Dirichlet divisor problem.

The estimates are

d— + it) « t35/216+ε for any ε > 0

and
Δ(R) « # 3 5 / 1 0 8 + ε for any ε > 0 ,

which improve previously known best results.

Our results are obtained by van der Corput's method to the
estimation of trigonometric sums of several variables. The method
can be applied to other problems which involve such trigonometric
sums. The article consists of three sections. Section 1 contains
lemmas, in § 2 we prove the theorem, in § 3 we obtain the con-
sequences of the theorem—the new estimates of ζ(l/2 + it) and Δ{R).

The author expresses his gratitude to Professor E. G. Straus for
improving the original manuscript.

1* Notations*

A(R)—the remainder in the Dirichlet divisor problem.
C is any absolute constant, ε is any sufficiently small positive

constant.
J,(/) = Aι(f{xu , xJ) is the principal minor of order I of the

Hessian of f(xu , xn).
R(fi(θ), Mθ))—the resultant of two polynomials fx(θ) and /2(0).
03n = 0in(/Xi, ••-,««)—the jth elemetary symmetric function of

al9 •••,«,.
fix) < g{x) (or f(x) > g(x)) means that \f(x) \ £ cgix) (oτf(x) ^ cg(x))

for some c.

For a domain 2$ e R2 and real numbers Al9 A2, As, A4,

&(AU A2, A 8 , A 4 ) = ^ n {«!, a?2) \Aλ^x,^ A2; A5^x2^ A,} .

If f(xlf x2) is a continuously difFerentiable function, then

= / β l (ί»i, X2), I/2 = Λ 2(ί»i, Xz), (Xl9 X2)

All functions are assumed to be sufficiently many times difFerenti-
able.
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108 G. KOLESNIK

All domains 3f9 £&l9 considered will be domains bounded by
0(1) algebraic curves of order 0(1) so that every straight line inter-
sects & in 0(1) line segments.

Wherever a variable occurs as a summation variable the reference
is to integer values of the variable.

LEMMA 1. Let fix) be a real function such that

\f{l)(x)\^Fr1>0 on [X, X J , Z ^ l .

Then

:Xle(f(x))dx<(Fι)
1/ι .

This lemma can be proved by induction similarly to Lemma 4.5,
P. 62, [2].

LEMMA 2. Let 1 < X ^ Xx ^ 2X and K^Z. Let fix) be a real-
valued function, analytic in Ξ$ = {z | | z — x | rg VcF2 log x, X ^ x ^ XJ
where c is some sufficiently large constant and Ff1 ^ f"(%) C Ff1

for x 6 [X, XJ. Lβί |/ ( n (^) | < Fr1 (I = 2, , JBΓ) /or « 6 3Γ, and let
xn be the solution of the equation f\xn) = n. Then

= Σ

(-ί + f(xn) -Σ

S « - ^ + min {Fιγι

The proof is similar to the proof of the Theorem 4.9, p. 65, [2]
with the use of Lemma 1 (see also Lemma 1 of [1]).

LEMMA 3. Let a(xl9 x2) be real twice continuously differentiable
function and let b(xί9 x2) be a function on & eR2 such that aXl, αX2, aXίX2

do not change sign and \ a(xl9 x2) \ ̂  A in &. Then for some Al9 AZ9

Blf B2 and 3fx = &{AU A2, Bu B2) we have

I Σ Φi, X2MX1, %*) \ <A\ Σ Hxl9 x2) I .

This lemma is a simple corollary of Lemma 1 in [3].

LEMMA 4. Let & be a domain, contained in the rectangle
{(xu xi)\X1 ^ xί ^ 2Xl9 X2 ^ x2 ^ 2X2}, and let f(xu x2) be three times
continuously differ entiable functions such that:
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( i ) for all integers aihh e [—c, c] the functions Σ<,i Π U aihhfxiιj2ι
do not change sign in &, where i = (ix, , ic), j = O\, , ic), ami
£/&£ swm is over aίi possible distinct (i, j) such that i% + ̂  ^ 4 (Z =
1, ••-,6);

(ii) |/.«.i|^cF/aίa£ l/M^f^c/Mu l/M2^fzif4-(fXlX2Y^c/M2;
(iii) /(a?!, 052) satisfies the conditions of Lemma 2 as a function

of xλ with M — Mt;
(iv) g(yl9 x2) = f(Xi(y» Xz), %d — yiXiiv* Xz) satisfies the conditions

of Lemma 1 as a function of x2 with M = MJMU where x^y^ x2) is
the function satisfying f9l(xJίyu %2), »2) = Vi- Let Ψi = ̂ id/n ̂ 2), ^2 =
2̂(1/1,2/2) δe *Λe solution of the system

fzfoi, Ψ2) = 2/i , Λ 2(^i, ^2) = 2/2

TΛew ί/̂ βre βa isί some numbers Au A2, Az, Aif Bu B2, B3, B± such that
for 2fx = 2fχAuAι,KAύ, &' - &"{f), &" == &(BU B2, Bt, B<)
we have

S=\ Σ e(f(xltx2))\

- y2φ2) I

+ VMJog'X, + ̂ -VM, log3X

< ikf2-
1/2 Σ 1 + XyM, log3 X, + l/ilί2logsX2

log3 XJX, .

Also, if

S < Mf1/2 Σ 1 + JΓ.l/Λ^log Xx + {FIX, + 1)
{xvx2) e^r

Proof. Taking the derivatives, we get

Now we apply successively Lemmas 2 and 3:

S =IΣΣ

Σ (Σ <Jj)
aJ2 \ » ! x +
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where

because {fx*)~m = {fx\(Xι(yu x2), #2))~1/2 satisfies the conditions of Lemma
3 on function a(xl9 x2) with A = CMln.

Using (i) we can verify that the function

also satisfies the same conditions with A = C\/MJM19 and we can
apply again Lemma 2 first, then Lemma 3 to get

Σ Γ Σ (04(2/1, #2(2/1, 2/2))-1/2β(0(2/!, #2(2/1, V*)) - 2/2#2(2/i,
V\ L y2

+ θ ( ^ log3 X 2 ) ] I +

Σ e(g(yu xt(ylt y2))
(1/1,2/2) e .^Ί

+ l/M2 log3 X2 Σ 1 + XyM, log3 X, ,

where

^ = &t(clf c2f dl9 d2) ,

- ^ = {(2/1,2/2) i 2/2 = 0*2(2/i, ^2), (2/1, X2)

2̂(2/1,2/2) is the function satisfying gX2(ylf x2) = y2. Here

gX2 = Λ 2 (^i(2/i, a?2), ̂ 2)

and flCgdh, i/2) satisfies the system

A = 2/1 , Λ2 = 2/2 , i.e.,

#2(2/1,2/2) = ^2(2/1,2/2)

also, xx(yu x2(yl9 y2) satisfies the same system, i.e., x^y^ yt) = φx{yu y2);

•Hi

, ^ , x2) - minfXl(xu x2)) <

Putting this into the last inequality for S, we prove the lemma.

LEMMA 5. Let f(xl9 , xn) be a real function, and let D be some
subdomain of the rectangular parallelepiped -X1^a?i^2X<; f(xu , xn,

K , K) = \ (3/3ί)(/(a?i + M , •••,»» + hnt)dt); qlf'-,qn are positive
Jo

numbers such that



ORDER OF ζ(l/2 + it) AND Δ{R) 111

A = {(x,h)\hΦ0, \hi\ <qifxeD,x + heD} ,

h = (hlf , ΛJ α> = fe, , α j S = -ί Σ

^ Σ e(Mx,h)).1 ~ ~NQ ...

Then

The proof is similar to the proof of Lemma 5.10, p. 91, [2].

2. Theorem.

1. Notation for the theorem.

Ψ*(β) =

Ri(σ» σt, σs) = Rφ2<i{θ) , φO2(θ)

Δ = J(f(x, y)) = Mx, y)-U{x, y) - (fxy(x, y)f

ΦM(Ά*, v)) = -fv<χ, v)

Φi.i(/(*, v)) = Λ.(*, i/)

,»)) = -/.*(*, v)
d (ϊiAΔ^- (-f (x

Φi+Jβ) (* = 0,1,2, 3) are the polynomials of 0, obtained respectively
from Φ,,,(/(x, »)), Φ2(3(/(a;, ?/)), Φll4(/(a!f »)) and Φ0,»(/(a!, »)) by the sub-
stitution of φUt0) for /.^.(a;, y); ?>τ(ί) =

ψ 2(0) is the polynomial obtained from ΦOlt(f(x, y)) by substitution

of ψ*.,W for /.*,.(«, »)•
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2. THEOREM. Let f(x,y) be a real function; \f(x,y)\^F;
/ . V (a , y) = CMx, y))/xkyι + 0(δF/XkYι), {x} y)eD; δ « N~^; D is
the domain of Lemma 4; X ^ Y; Ck>ι are numbers such that each of
the following systems of equations as functions of σiz(al9 a2, α3),
o2Z{alf a2, α3), (Tsz(alf a2, a3) doesn't have any solution:

(i) *E&L i ^ i l
Oυ 0(7

( 2 ) 9>M(i) = 9o2(i) = φJX) = dφlil) = 0
00

( 3) <p20(l) = ^ ( l ) = φn{l) = dφ^X) = 0
ou

(4) %o(D = ^ ^ - ^ f i ^ - = 9»u(D = 0
OU OU

( 5 ) ίPβ(l) = ^ - = ^ λ = 9»u(D - 0

I ( i ^ ) 2 = 0

(9) ^(1) = ίpt(l) = i ^ . = ^ ) = 0

(10) φJX) = φJQ.) = ^ - = ϋ ^ - = 0

(11)

(12) φΆ(l) = φn(X) = φn{l) =• - ^ L = 0

ou

(13) —R&u, σ28, σ83) = Λ-(JL.Ri(σίΛί σ2Z, σj)
σ3i daz \ σ33 /

—Rifa, σn, σj) = 0

(14) 9>M(1) = φn(ΐ) = ^ 1 1 = J-Kfa, σίZ, σ33) = 0
dθ das

(15) % 0 ( l ) = 9>M(1) = 3 ^ ( 1 ) = -2-Rάσ*, σΐ3, σ33) = 0
9/? dα

(16) 3 ^ ( 1 ) - 0 (fc = 0, 1, , 6; 3 = 3» 3t, 3,) , where {jL, 3\, j3}

is any three element subset of {3, 4, 5, 6} .
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(17) lψL=*ψL = , (*,; = !,•.-,22)

(18) ψw(l) = fm(l) = 3 ^ ° ( 1 ) = 0

(19) ^,(1) = ψu(ΐ) = 5 ^ ( 1 ) = 0

(20) ^ ( 1 ) = 3 ^ ° ( 1 ) - ψ-n(l) = 0

(21) v«(l) =

(22) ψ«(l) = Ψu(l) = ψM(l) = 0

(23) *(D = iMl = M I = ŷ W = o

(24) ^(1) = ̂ M λ = = ϋ M L = 0

(25) ^ ( 3 , 3, 1) Φ 0 , _ ^ ( J_i? l (<7l3, σ23; σj) Φ 0

\Δ'O) ^05^41 ^ ^23 ^50^23 ^ ^32^41 > ^50^14 ^ ^32 ) Ci^Cj! =£ 623630

^05^50 ^ 614641 J 605650 T ^ 623632 J 632605 ^ 623614 .

Proof. I. Let X <̂  j\r41/76. Applying Lemma 5 three times, we
obtain:

S < — ^ + « ^ , where S ^ - ^ - Σ Σ e{Mxfy,h))

h = (fe l f , hβ) Φ 0 , \ h i \ < q i )

A = AW

[ [ f /(a; + Mi + M2 + Ms,
o J o J o d ^ t d t

y + /*.2ίi + Λ4ί2 +

Qlq2 = Q = min { F ^ * ί'i/w-M/Mί}

N δ < Vψ/N •

Denoting θ •= y/x, we obtain:

d"+ιMχ,y,h) _f(χ,y)hιhAτ (θ) , 0( F \W
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x

_ /y/i(g, y)V x y/i(g, y) χ a / 4(/i(s, y)) \
V 3a;2 / 3x31/ dx^dy^x, y))/dy'/

x 8 y 1 3

Let ^ . ( ^ = 0 (fc = 1, 2, 3), ^ ( 0 J = 0 (fc = 1, , 6), <?2(02,) = 0 (fc =
1, 2, , 12), ^(0 i fc) = 0 (i = 3, 4, 5, fc = 1, 2, -, 30). For all i, i, fc
such that 1/2 ^ θijk <; 2 and 1/2 <^ θik^2 we divide the domain Dλ

into O(iVε) subdomains of the type fl, ^ Λ< ̂  2Hif (y/x)aijk ^ | θ - θiύk \ ^
2(y/x)aίjk a n d (y/x)aίjk ^ \ θ - θ j k \ S 2 ( y / x ) a i k , w h e r e 1 / Q 4 ^ a i t ί l k ^
α ί> i )A;+1 ^ ε0 and 1/Q4 ^ α i f4ί ^ aifk+1 ^ ε0 and a subdomain, which con-
tains all the points of A such that | θ — θiQjkQ | ^ δi/Q4 = QiQ^Qj^h^Q4.
The number of integer points in the last subdomain D2 for each h
is 0 ( W Q 4 ) and (1/W) Σ Λ Σ(,,,)ez>2 e ί / ^ , y, h)) « log3 ΛΓ/Q4. We get
the same estimate if δ1 > Q\ We take one of the other subdomains,
D3 such that Σ u . ^ e ^ e(f(xf y)) is the largest, and consider all possible
cases:

( 1 ) ΠLi OW < < W and ΠLi 0̂2. < δJQ' If the domain is non-
empty, then a2Q2 ^ ε0 or aQ22 ^ e0, otherwise 0̂2(̂ 0) = (d/dθ)(φ2Q(θQ +
Gi(v/x))) = 0̂2(̂ 0 + εώf/x)) = (d/dθ)(φQ2(θ0 + εo(y/x))) = 0, which contra-
dicts (1). So, α201 < ^/Q4 or α021 < ^/Q4 and

Σ Σ

( 2) (a) ΠLi ^2 0 ί < δχ/Q4, α u ^ ε0 and a021 £ ε0

(b) ΠLi ^0 2 ί < δ2/Q4, an ^ ε0, α201 ^ ε0.
In both cases it follows from (2) or (3) that α202 ^ ε0 or a022 ^ ε0

and S2<log3ΛΓ/Q4.
( 3 ) (a) Π?=i 2̂0 < klQ\ 1̂1 ^ e0, α021 ^ ε0.
From (4) it follows that alz ^ ε0, am ^ ε0 and α201 x α202 ^ δJQ4;

2̂01 ^ l/^/Q2. If α = max {α202, an} then ^σ13 = ^ + O(α), θ2σ25 =
c2 + O(a), θsσS3 = c2 + O(α), Γ/X < fc^i, fc4/A8, feβ/fe5 < Γ/Z_and, from
(27), fc4 = clhhjh,) + O ( / α g 4 ) , Λ6 = φrjijhj + OC^αgβ); S2 <
aiNQ7) Σ . Σ , , , ^o! « a w ( i / α + l/Q J d / α + 1/Q) « log3 N/Q\ If
α n > a, then from Lemma 4 it follows:

X3

W log Nf N'qlqlql χ { N {

» Y VFWmWa
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(b) Π?=i «02i < <VQ\ an <; ε0, α201 ̂  e0. Similarly to (a), it follows
from (5) and (8) that

S, < Q-4 log N .

( 4 ) ΠLi «2Oi < <?i<3~4, «02i S e0, α n ^ ε0 (or ΠLi α ^ < δi/Q4, «2ω ̂  £0,
α n ^ ε0). Here α201 < Q"4/3 (or «021 < Q~4/8), and we can apply Lemma 4:

log N *fiW y (qββ
NQ7 V jv3 -T\hAh

< Q-4 log4 JSΓ.

( 5 ) (a) ΠLi a2Qi < ^/Q4, α u ^ ε0, α021 ̂  ε0, UU ^u > ^ ~ 4 .
From (10) it follows that a20Z ^ ε0. If a2ΰ2 ^ ε0, then S2 < Q-4 log3 N.
If α202 ^ ε0, then α201 < Q~2l/δΓ and, from (1), α022 ^ εo; If a —
max {α202, a021}, then, like in (3), hβ = c^hjijh^) + O(]/αg6), ^4 =
cjijij^ + O ( / ά g 4 ) and, if α202 ^ α201, then from Lemma 4 it follows:

v

< Q-4 log iV

if α202 > α021, then

J r Σ l « ^ ( v ^ + Q)( i/α^ + Q-1) < Q-" log3 JV .
Q h

(b) Π<=i oί02i < ^Q- 1, α u ^ ε0, α201 ̂  ε0, Π?=i a20i > Q' 4 ^. Similarly
to (a), from (11), (1) and (26) it follows that S2 < Q-4logi\Γ.

( 6 ) IE=i au < δ,Q-\ a201 ^ ε0, α021 ̂  ε0. From_ (2), (3) and (6) it
follows that α202 ^ ε0, α022 ^ ε0 and α18 ̂  εo; α < l/δJQ2. If to denote
α = max {an, am, α021}, then, like in (3), 1/Q7 Σ M < «u + 1/Q2 and, if
max {α201, α021} < α, or if α12 > α, or if α < Q-2, then S2 < Q~4 log3 iV;
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if α201 » α or α021 > a, then from Lemma 4 with the use of (9) we
obtain:

x m m i r^
« Q-4 log2 ΛΓ + A 1 2 / ^ - « Q-* log2

( 7) (a) Π!-i αM « W, «M1 ^ εOί «o21 ^ e,. From (7) it follows
that an ^ ε0, an < i/^/Q2 and like in (6) we can show that S2 <
Q-4 log N.

(b) ΠLi «n < SJQ\ α021 ^ s0, α201 ^ εo Similarly to (a) with the
use of (8) we get the estimate.

( 8 ) Πi=! α« < ^/Q4, αM 1 ^ ε0, α201 ^ ε0. If α t t ^ ε0, then from
(9) it follows that αM ^ ε0, g u ^ Q-2/8gj/6 and, like in (6), S2 <

Ύ l + VF*Q7/N*Q-2/3 < 7i If αM 2: ε0, α u > v f / F , then ΠJ-ι α1€ >
and, like in (6),

If aιz ^ ε0, α u < \/Q8/N, then we apply Lemma 3:

Πi=i <̂ H > <5XQ~4 Like in (1), α202 ^ ε0 or α022 ^ ε0. Consider two cases:
(a) α202 ^ ε0 and α022 ^ ε0. For each point (x, y) e Dz, <p20(θ) = 0

and φO2(^ + aθ0) = 0, where α = a201 + α021, | ί o | ^ *• 0 =^ Rφ2Q(θ),

αα!)α8 Π'=i (α8 — «ί(«n ^2)) where α = αL + O(α), & = 6X + O(α), &! =
&i(Cϋ), ^ = α^c^.), α ^ 0 (see (26)). If /3 < αα^ + baxa2 + aal < β,
then α2 = c A + O ί / ' β ) and from (13) it follows that \a3—a%alt a2)\ <
Va\β. From φ20) = φO2(θ + aθQ) — 0 it follows also that α2 = c2^ +

^ ) , a, = c3^ + O(i/7Γ0) and α3 = c4α2 + O(λ/~βθ). So,

-^) « -^ + VΈ .
Q2 Q

Applying Lemma 4, we obtain:
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(b) α 2 0 2 ^ ε 0 or αO22<:εo. If ε ^ m i n {α202; α022}, ε2 = max {α201, α0 2 1, ε j ,
ε3 = max {α201, α02i}, then, like before,

1 Σ ΛI*Ψ£- « [VJ + 4)ίmin{v^8; vΊJβ) + -±r) « ^ + ε- .

From (14) and (15), it follows also that a, = cxθ + O(ε2^), α2 = c2θ +
), α3 = cφ + O(ε2^) and

Applying Lemma 4, like in (a) we have:

S2 < Q-4 log N +

-4 log iV + Λ / ^ ^ - τ i = min {εl; ej«}
^ y 1/ ε2ε3

-4 log iV + VΪFJζFWj'Q™ < Q-4 log ΛΓ.

(10) Πί-iα.0, » VWQW (or Π U « o 2 ί » VN*Q*IF>), Π?=χ«lf

1/Q* and for some i, i, /c α 4 ί t < VN'/F^Q1" or g<f < VN'/F'Q15, or
Π?=i«!,- < N'/F2Qlb, or I Λt λ, Λ, | < Q7 ^N5/F2Qlb.

Applying Lemma 4, we obtain:

S2 « Q-4 log # + (isΓQ7)-1 Σ FVWfN' (Π a,,)"1'2 Σ 1 < Q~* log iV ,
h \j=l / x,y

because Σ.,» 1 C i V a n d Σ ^ K VΊP/FW if, say, «<ft «
(11) ΠU« 2 o i »v / iV 3 QV^ 2 (or Π U «o2ί

N5/F2Q15 = δβ, α 4 i > i/30> α^,,* > v X |Λt h
Applying Lemma 4, we obtain:

S2 « Q-4 log ΛΓ + (iVQ7)-1 Σ g^qhjiA F'VWΓ' Jf[ aί} Y
h \ M=l /

X I Σ e(g(yl9 y2)) \ ,
yvy2e^i

where g(yl9 y2) - f(φu φ2) - yxφ1 - y2φ2, &rlf φlf φ2 are defined as in
Lemma 4,

Σ l<(Fh1hA)Xq1qδy*Q7N-*i[ali Σ l

One can verify, that for & + i >̂ 2
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i, Vύ =(27)

where Φ M and z/ are defined as in the notation for the theorem.
From (18) we get that either α7)23 ^ ε0 or a8>23 ^ ε0. We consider
three cases.

(a) I α7>23 ^ e0. Then α8}23 ^ ε0 and ΠfU Oί%>ό > 3J1. Also, from
(17) we obtain that either aβ)Q ^ ε0 (and ΠS=i αβ,i > $0 or α4 ) 6 ^ ε0

(and Πf=i 4̂,ΐ > δj). Applying three times Lemma 5 with n — 1 to
the sum over t/2, we obtain:

H Σ
(28)

Σ Σ D7 Qr'

where Qx = [δo"1], ^(^x, i/2) = I I g(yl9 y2 + ZA + l2t2 + U
Jo Jo Jo

and the last sum is over ylf y2 such that (ylf y2) e ϋ%, (yl9 y2 +
h2 +

or

. Using (27), we get that either

/i, 1/2)

dyl

3/2)

Also, from Πf=i a8j > ί̂1 w e obtain

trivially,

Applying Lemma 4, we get

+ ( Σ i)τQr7 Σ

VVV2
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and

(b) α7>23 ^ e0. Then α7>23 ^ ε0 and Π/°=i OL7tj > δj1. Also, from (17)
we get that either α3>6 ^ ε0 (and Π2U as,i > $>) or α5>6 i> ε0 (and
Πf=i α5 ) i > So). Applying three times Lemma 5 with n = 1 (twice to
the sum over y2 and once to the sum over yt) we obtain the inequality

similar to (28) with gλ{yly y2) = I I I g(y1 + lju y2 + l2t2 + kQdt^dt^
Jo Jo Jo

Arguing similarly to (a) we can show that S2 < Q~4 log2 JV.
(c) α7>23 ^ ε0, α8>23 ;> ε0. Using (17), we get that for some j e [3, 6]

aj>Q ^ ε0, and similar reasonings as in (a) (if j = 4 or j = 6) or in (b)
(if j = 3 or j = 5) will show that

S2 « Q-4 log2 N .

II. If iV15/3S ^ Γ ^ iV35/76, then we apply Lemma 5 one time with
n = 1 and two times with % = 2

Σ Σ β(/i(s,», Λ)) + Σ Ί^
NQ

Where Q2 = ffl9, = l / ^ 7 ^,/^ = qJY, qJX = QJY; Q « ^~1 / 1 2;

'IN, Q is as in I,

S i ri ri

o Jo JoJo

A = AW = {«, i/; (« + JMi + ^ί 2 + fe3ί3,2/ + /^2 + Ms) 6 f l , 0 ^ , ^ l } .

Σ ' is the sum over ht such that Σί=o|λ<| > 0, hό = 0. It will be
seen later that Σ ' c a n be estimated like the sum

'Έ Σ e(Mxfyfh))

and the estimate is smaller.

3 * + t o w ' k) = hJίhlh*f*M'ι{x> y) + ( f e A + fcA)Λ*+^«+i(«, 2/)

+ h2htfxk+ivι+2(x, y)]

Let ψhtl{θh9lti) - 0, t i ^ π ) = 0, ^ ( ^ ) = 0. For 1/3 ^ βw< ^ 3, 1/3 ^ ^ y ^ 3
and each h we divide the domain A on O(ΛΓe) subdomains of the
type aklt£θ-θklt£2akli (fc,Z = 0, l ,2; ΐ = l ,2), α w ^ ί - β w ^ 2 α f c i (fc =
1, 2; ΐ = 1, 2, , 8) and subdomain where \θ — θki\ <δ2/Q4 ΞΞ (qjgJhMQ-*
or \θ — θkUI < <VQ4. The sum over h and (a?, #) from the last sub-
domain is < Q-4 In3 N. If δ2 > Q4, then we get the same estimate.
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We take one of the remaining subdomains, D21 such that
Σ(z,2/)e^20(/i(#, y))\ is the largest, and like in I, we consider all

possible cases:
( 1 ) α2 0 1α2 0 2 < <52Q~4 and α0 2 1 <; ε0 (or α201 ^ ε0 and ama022 < <52Q~4).

From (18)-(19) it follows t h a t α202 Ξ> ε0 (or α022 ^ ε0) and St —
( 1 / W ) Σ , Σ..,«χ>, e(Mx, y)) « log3 N/Q\

( 2) a201a202 < δ2Q"4 (or α0 2 1α0 2 2 < S2Q~4) and α u ^ ε0. With the
use of (20)-(21) we get & < Q~*logBN.

( 3 ) α2 0 1α2 0 2 < <52Q~4 (or α ^ α ^ < <52Q~4), <̂ n ^ 0̂ and α021 ^ ε0 (or
a201 ^ ε0). From Lemma 4 we obtain:

( 4 ) Π U ^ « ^ Λ « 2 o i ^ ε o (or α O 2 1 ^ ε o ) . From (20)-(21) it
follows t h a t α12 ^ ε0 and Sx < ζ>~4 log3 iV.

(5 ) <52/Q
4 < α2 0 1α2 0 2 < NXQ'/F and δ2Q-4 < α0 2 1α0 2 2 < NXQΨ~\ If

α = max {α201, α02i}, then α n ^ ε0, σ12 = c ^ + O(aθ), σ22 = c2^ +
(because of (29) and (15)), a2 = c3α! + O(l/S"0),

and from Lemma 4 it follows that

+ ^W + T + £ ) l o g ? ^ c e"4 log7

( 6 ) S2Q-4 < Πί-i α« < Q~m, «2oi ^ βo, am ^ e0. From (23) it fol-
lows that au S; ε0, an < Q"1/β, and, applying Lemma 4, we obtain:

Sι < (irT + "Iw + "f"
( 7 ) Π U α» > Q"1/2, α2oiα2O2 > NXQ'F-1, α0 2 1α0 2 2 > NNQ'F'1. Using

Lemma 4, we obtain

(29) h L X i = 1
St « Q-4 log2 iV + (NQT1 Σ Γ(Π α») (KKhf (^3)-2

"1-1/2

J VVV2

where flr^, ?/2) = f(φly φ2) - yxφx - y2φ2, <px = φ ^ ^ , y2), φ2 = φ2(yu y2)

are defined as in Lemma 4, Σ ^ , ^ 1 < (Πt=i ocl3) (h>Jh,Jιά\QιQ*)~* x
F 2 Q 6 X - W - 4 Σ ( . , , ) . ^ 1 and Σ n 1 « FQ*X-*N-\ If ΠJ4^ α 2 ί < δ&~5/6,
then, using (24), we get a2β ^ ε0, α2 1 < δ2Q~1/6, Σe,ιr>β*21 < iVδ2Q~1/6

and, estimating S2 = | Σ f l , f 2 β(flr(l/i, 2/2)) I trivially, we obtain: Sj <
Q-4 log2 N.
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We obtain a similar result if δ2 < Q~1/6. If Π"=i «2i > 8\Q~m and
<52 > Q~m, then we apply van der Corput's theorem (see, for example,
Lemma 5.13, page 93, [2]): if Mr1 ^ f{i\x) ^ AMr\ then

Σ
i

(5

(which can be obtained by applying Lemma 5 twice with the appro-
priate choice of q, and after that Lemma 2). We obtain:

u Vt)

Σ (Σ 1)3/4

(Σ i)1/4( Σ i) 3 / 4,

I Σ e(g(vif y*)) I ^

< AυuMrυu Σ 1 +

< A1/UM,-1/U Σ 1 +

where

AM^1 = sup
Vι,v2

and

Mr1 = inf

dyl

Π « H ) Ϊ Π oc

Putting the estimates into (29), we obtain Sj < Q~* log2 iSΓ.
III. If Y < iV15/33, we apply Lemma 5 three times with n = 1:

S<

where

Q-l Q2-l # 4 - l

Σ Σ Σ Σ

/i(α, ») - Γ Γ Γ
Jo Jo Jo

t*, y))

h2t2

Jo Jo Jo όtiόtzόtz

Applying Lemma 4, we obtain:

Q*

we can choose Q such that

4/11

X 3 .
FQ7 '

+ ^ Ί l n 7 i V .
jyiO7/38

This completes the proof of the theorem:

3* Consequences of the theorem*

COROLLARY 1. Δ(R) < R^1^^.
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Proof. Like in [1], from the theorem it follows:

if V = Rnm\

COROLLARY 2. ζ(l/2 + it) < £(35/216>+\

Proof. Like in [1];

2

where Xt ^ 2X ^ l / T . If X < tnwu, then

-A.

if X > ί187/324, t h e n wi th t h e use of theorem we ge t t h a t

V 2 / i/X \V q qt
f/y42/19

^-61/38 W _|_ ^85/3

and if we choose <? = ΐ19/108,

ζίλ + iΛ «
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