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ZERO-INDUCING FUNCTIONS ON FINITE
ABELIAN GROUPS

G. L. O’BRIEN

Let G be a finite abelian group and let f: G —> G be any
function. Let 7,: G— G be the function 7, (y) =2+ vy, ©€G.
A study is made of conditions on f such that the semi-group
of functions generated by f and all r, under composition
contains the zero function. If G is cyclic, it is necessary
and sufficient that f not be one-to-one. In general some
necessary conditions are given and a partial converse is
given for these conditions, which involve the behaviour of
f on subgroups and cosets of G.

1. Introduction. Let G be any finite set and let & be a
collection of functions from G into G. Let .o be the semigroup of
functions A: G — G which is generated by .&; that is, Ae 7 iff A
can be expressed as a composition A = hh, --- h, where each h; €. 5.
The question we examine is the following: does .o~ contain any
constant functions? Let V =V(5 ) = min{| A(G)]: A€.27} where |-]|
denotes cardinality. Obviously, .o contains a constant function if
and only if V =1. A more general problem is to evaluate V.

We mainly consider a very special case of the situation described
above. Except in §2, we assume throughout that G is a finite
abelian group (with additive notation and identity 0) and that .o
consists of all the functions 7»,: G -G given by »,(y) = z + vy (trans-
lation by ) and one other function f: G — G. We do mot assume f
is a2 homomorphism. In this situation, we write V(f) for V(). If
.7 contains any constant function, it clearly contains them all. We
say f is zero-inducing if .o contains the zero function.

In §2, we give two simple lemmas for the general (non-group)
case. In §3, we apply these to the group case. An obvious necessary
condition for f to be zero-inducing is that f not be one-to-one.
Corollary 1 states that this is sufficient if |G| is prime. If |G| is
not prime, it is not sufficient, as is easily seen from some of the
examples in §3. That section also contains a lower bound for V
which involves the behaviour of f on subgroups of G and their cosets.
In §4, the adequacy of this lower bound is discussed.

The problem of whether f is zero-inducing arose as a result of
an attempt to solve the “road-coloring conjecture” of Adler, Goodwyn,
and Weiss [1]. This graph-theoretic conjecture, which reduces in
some case to the present problem (see [2]), arose in turn from their
study of ergodic theory. Our zero-inducing question is also related
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to some questions in computer science which deal with resetting the
state of a computer to zero before beginning a new program. The
problem has independent interest, whatever the original motivation.
The road-colouring conjecture only involves the case when G is cyclic,
but the results we present here apply equally well to other finite
abelian groups. Some of the theorems are a little more complicated
in the general case.

It is clear that V(f) =V(r,f) for any xe€G. Taking x = — f(0),
we observe in particular that ».f(0) = f(0) — £(0) = 0. We may
therefore assume without loss of generality that £(0) = 0. Similarly
we note that the set

(1) S ={Ae.or: |AG)| =V and A(®0) = 0}

is non-empty.

We use the following notation. If X, Y < G, then X +Y =
{x+y:2eX,yeY} If geG, we write g +Y for {g} +Y. We let
X @Y denote X +Y only if the sums z + y for xe€ X and y€ Y are
distinct. If H and K are groups, we let H@ K be the group
{(h, k): he H, k€ K} with componentwise addition. Finally, Z, denotes
the cyclic group {0, 1, ---, » — 1} with addition performed modulo %.

2. The general case. In this section, we obtain two simple
equivalent formulations of V(% ) under the general conditions de-
scribed in the first paragraph of Section 1. For k = 1, a k-collection
is a non-empty set & of subsets of G such that each Y € & has
exactly k elements and such that for any {y, :---, ¥,} €% and any
he s, the set {h(y), -+, h(y,)}€%. In particular, for Ye &, the
restriction of 2 to Y is one-to-one. The set of singleton sets of
elements of G is evidently a 1l-collection.

LEMMA 1. V(&) is the largest value of k for which there exists
a k-collection.

Proof. Suppose & is a k-collection and {y, ---,¥.}€%. By
induction on the number of composing factors making up A (the non-
uniqueness of this number does not matter), the set {A(y.), - - -, A(W,)} €
@ for any Aec.%”. Thus |AG)| = |A{y, ---, ¥:})| = k so that

(2) ViF)zk.

Now suppose A €. and let A(G) = {y,, ¥s, - -, Yr}. Define Y, =
{B(%,), -+, Blyy)} for Be.or and let ¥ = {Y;: Be .7}, If By, =
B(y;) for any B and any 4, j, then |BA(G)| = |B({yy, ---, ysDI <V
unless ¢ = 5. Thus each Y,e% has V elements. It follows that
% is a V-collection. This and (2) together prove Lemma 1.
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It is all too clear that Lemma 1 is not much direct help in finding
V. The next lemma shows that the V-collection produced in the
above proof has associated with it some further structure which
is useful for finding V, especially, as we will see in §38, in the case
of groups.

A Ek-partition (&, ) of G is a partition & = {P, ---, P,} of
the set G together with a k-collection % such that for each
{y,, -+, ¥} €&, there is a permutation 7= on {1, 2, ---, k} such that
Yo €EP,1=1,2, - k.

LEMMA 2. V() is the largest value of k for which there exists
a k-partition.

Proof. If G has a k-partition, V(&% ) = k by Lemma 1. Let
Ae.o with AG) ={y, ---, ¥y} and let & ={A"(y), ---, A (yy)}-
By Lemma 1,

% = {{By), - - -, Bly,)}: Be .o}

is a V-collection. If for any Be.%7 B(y,) and B(y;) are both in the
same set A7'(y,), then | ABA(G)| = |AB{y,, ---, ¥y})| <V unless 7 = j.
Thus (&, &) is a V-partition of G.

3. The case when G is a group. We assume henceforth that
G is a finite abelian group and that & contains », for all € G and
exactly one other function f. It is equivalent, of course, for .%# to
contain f and 7, for all « in a set which generates G. We begin by
establishing a stock of examples. These examples kindled most of
the results of this paper.

ExampLE 1. Let G = Z; and let f(0) =0, f(1) =4, f2)=1, f8) =
4, f(4) =2 and f(6) =3. Then V(f) =1 since A = r,fr.ffr.ff is
the zero function.

ExampLE 2. Let G=Z2, Z,. Let f(0,0)= (0, 1) = (0, 0),
f@,1)=(@1,1) and (1, 0) = (1, 0). Since f is not one-to-one, V < 4.
It is easily seen (and it follows from Theorem 2) that V = 2.

ExampLE 3. Again take Z, @ Z, but now take f(0,0) = (0, 1) =
(0,0) and f(1,0) = f(1,1) = (1,1). Once more, V = 2.

ExaMPLE 4. Let G = Z; and let f(g9) = f(g +2) =g for g =0,
1,4,5. Then V = 4.

ExampLE 5. Let G = Z, and let f(0) = f(2) = f(4) =0, f(6) =
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f@® = f(10) =1, f(1) = f(6) = f(9) =6, and f(3) = f(T) = f(11) = 1.
Then V = 4.

ExAmMPLE 6. Let G =2, P Z, P Z, and let f(x, ¥, 0) = (v, v, 0)
and f(x, v, 1) = (z, 22, 0) for all z, ye Z,. Then V = 3.

ExAMPLE 7. Let G = Z, for some n and let f be any homomor-
phism. It is easily seen that in this case, V = min{| f"(@|: m =
1,2, ---}. Also, V=1 if and only if every prime factor of n divides

JS@).

An inspection of Example 1 and other examples leads to the
following condition for V = 1.

THEOREM 1. Let X, = {0} and, for &k > 0, let
X, ={xeGreX,_, or flea+y) — fly)eX,, for some y<cG}.

Then V =1 if and only if
G =

C:

Xk.

k

Il
~

Proof. Since {X,} is a nondecreasing sequence of sets, it is
equivalent to show V = 1 if and only if G = X, for some k. Suppose
first that G = X,. Let Ae.o” be such that A(0) =0 and A(x) = 0
for some z€G. Then xe¢X; but z¢ X;_, for some ;5 > 0. Thus,
there exists y € G such that

= T—f(y)f’ry(x) = f(ib' + y) - f(y) € Xj—l .
Also,
T f1,0) = fy) — fly) =0.

Applying the same argument to z and continuing the process, we
may construct B e .9 such that B(x) = B(0)=0. Thus V < |BA(G)| <
|A(G)]|. By the arbitrary nature of A, it follows that V = 1.

Now suppose V =1. Then A(G) = {0} for some A .2/ Clearly,
A may be written in the form

A= /rx%f/rx%...lf e f?’xlf’]’a%

for some » =1 and 2z, 2, ---,2,€G. Let v, =z, and for 7« =2, 3,
R let Vi = Wiy + f(”l),;,1>. Let 9; = /)‘—f(vi) f/rvz! 1= 1; 2) MR (9
Then ¢,(0) = 0 for each 7 and

Inn1 " G =V s STy sy oS =0 Py r@p ST,
= T—f(v,,b)f"’:cﬂ-lf Tt f/razo
= T—:cn—f(v,,,)A =A.
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The last step follows from the fact that both sides map 0 into 0.
We will show by induction that

(3) (GaGns ** " 9a0)(0) & Xoyy .

This is true for ¢ = —1 (where the compostion of no functions is
taken to be the identity function). Assume (3) holds for ¢ — 1 and
let ®€(gagas-"-9,-)(0). Then f(@+v,_;) = Ff(Wusi) = gus(®) € (guGns
ce Gai) H0) € X,. Therefore x e X,,,, so (8) holds for all 7. Taking
1=mn—1, ) gives G = A™%(0) & X,, which proves Theorem 1.

The sequence {X,} of sets in the above theorem is eventually
constant. Moreover, if X, = X, ,, then all subsequent terms are
identical, so it is clear when a maximal term has been reached. The
main shortcoming of Theorem 1 is that it does not avoid an iterative
procedure. In an attempt to avoid an iterative method, we apply
the notions of §2 to the case of groups. We first demonstrate that
the number of partitions which are eligible to be k-partitions is
limited.

LEMMA 3. Let (&7, &) be a k-partition of G, let & = {P,, ---, P}
and let Yew. Then

G =P QY
Jor 1=1,2 .- k.

Proof. Letw,velP,x, yeY and suppose ¢ + u = y + v. Setting
w=x—v=9yY— %, we obtain r_,(®) =2 — (x — v) = v and r_,(y) =
u. By the definition of k-partition, it follows that x = v and hence
that w = v. The |P;|k sums z + w where 2€Y and uwelP, are
distinet. Thus |G| = | P;|k. Also, |G| = >k, |P,| so that in fact
|P,| = |G|k for each 7. Thus G = P,@Y for each 7.

Combining Lemmas 2 and 3 immediately gives

COROLLARY 1. V divides |G|. In particular, if G = Z, for p
prime, V=1 if f is not one-to-one.

To find V, one need only examine partitions & = {P, ---, P,}
such that each P, has |G|k elements and such that there exists a
set Y for which G =Y @ P, for each ¢. An obvious candidate for
a k-partition is the collection of cosets of a subgroup of G. This
leads us to the next theorem, which gives a lower bound for V, and
thereby gives a necessary condition for V = 1. We need the follow-
ing definitions.

A subgroup H of G is called f~regular if foreach a € @, f(a + H) <
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fla) + H,i.e., if f maps cosets into cosets. Since f(0) =0 by as-
sumption, this implies in particular that f(H) < H. A pair (L, K)
of subgroups of G is noncombinative of order o« = a(L, K) if L and
K are f-regular, and there exist subgroups H,, ---, H, of index «
in K and elements «,, ---, 2, of K such that z, — xz,¢ U, H, for
distinet 7 and k, O\, H, = L, and if x, y€ G are such that x — ye K
but & — Yyé Uznzl Hz‘, then f(x) - f(?/) ¢ U;mzl -Hi'

It is clear that the above condition are unaffected if z; is replaced
by x; — «, for each 7, so we may assume that z, = 0. Suppose (L, K)
is noncombinative of order a and suppose the quantity m equals one.
This is necessarily the case if K (or @) is cyclic, since the subgroups
H,H, ---, H, are all of the same order. Then H, = L, [K: L] = «
and one of =z, ---,x, is in each coset of L. Conversely, if L and
K are f-regular subgroups with LS K and if 2 —yeKbutax — y¢
L imply f(x) — f(y)¢ L, then (L, K) is non-combinative of order
a (with m = 1).

THEOREM 2. Suppose G has subgroups L, c K, = L,Cc K, < --- =
L, K, where each pair (L;, K;) is noncombinative of order a;. Then

(4) V(f)zgaj-

Proof. Let B, = II".«a; and v, = [[;-.a; for k=1, .-, and
let B8, =7v,..=1. We show V = 3, by constructing a j3,-collection
and by applying Lemma 1. For j=1,2 ---,7,let H;;,,1=1,2, ---,

m;, and z;;,%=1,2 --- a; be the subgroups and elements of K;
with the properties indicated in the definition of non-combinative.
As noted above, we may assume x; =0 for j=1,2, ---, r.

Let & be the collection of all subsets of G with 3, elements
such that for Ye&

(i) for 7=1,2 ---,», exactly v,,, of the cosets of K, each
contain exactly (3; elements of Y.

(ii) for j=1,2,---,7 and 2 =1,2, ---, m;, exactly v; of the
cosets of H;; each contain exactly B;_, elements of Y.

Note that & is nonempty since the set {x,; + -+ + o, 1 =1; =
a,1=<j=<r}isin . If Ye&, it follows from (i) and (ii) that

(iii) the distinct cosets of K, which intersect ¥ are contained
in distinet cosets of H;,,,for j=1,2, ---,* —landt=1,2 ---, m;.

Let Ye®. It is obvious that for any xeG the set #»,(Y) =
{x +y:ye Y} is also in &. We will show that f(Y) is also in &
First, suppose there exist y,2z€Y such that y — zeJr, H;;, but
fy) + H;; = f(z) + H;; for some j and 4. Since (L;, K;) is non-
combinative, ¥y + K; + z + K;. By (iii), y — ze U™, H,,,, while, on
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the other hand, it is clear that f(y) + H;., = f(?) + H;,,,. Pro-
ceeding by induction, we conclude that y + K, # 2z + K,, which
contradicts (i) for 5 = . Thus

(5) y—z2¢ UH; — f(y) — f(&) € UH;

for all y,ze Y and all 4, 5. Now let y,z€ Y be such that y + K; +
z + K; for some j. By (i), j<7. Then y + H;,,, # 2z + H;.,, by
(iii). By (), fW) + H;u; + f(2) + H;,,,. Since K; S H;,,,, we
conclude that

(6) y+ K;#2+ K, — fly) + K; # f(2) + K;

for y,2z€Y and any j. It follows from (5) with j =1 that f is
one-to-one on Y and then from (5) and (6) that f(Y)e%. We have
proved & is a g,-collection. By Lemma 1, V = g,, which proves
Theorem 2.

REMARKS. It is easy to construct a @g,-partition (&% &) under
the hypotheses of Theorem 2, by taking %~ to be as in the proof
and & to be constructed from unions of cosets of the subgroups.

Let 6 = 6(f) denote the maximum value that can be attained by
a product of the type given in (4). Since the pair (G, G) is always
noncombinative of order 1, we set 6 = 1 if there are no noncombina-
tive pairs (L, K) of subgroups with L c K. Finding 6(f) for a given
f is generally not too difficult since attention may be restricted to
f-regular subgroups.

4. How good is the bound V = 6? To answer this, we first
look at the examples discussed earlier.

In Example 1, it is obvious that § =V = 1. In Example 2, the
value ¢ = 2 =V is obtained by taking » =1, K, = G, and L, = {(0, 0),
(0, 1)}. In Example 3, the value 6 = 2 = V can be obtained in two
ways. Either take » =1, K, = G and L, = {(0, 0), (0, 1)} or take » =
1, K, = {0, 0), 1, 1)} and L, = {(0, 0)}. In Example 4, the value 6 = 4
is achieved by taking » = 2, L, = {0}, K, = {0, 4}, L, = {0, 2, 4, 6} and
K, = G. The value 6 = 4 cannot be attained if only one noncombina-
tive pair is used. In Example 5, § =1#V. In Example 6, 6 = 3 =
V is attained by taking r =1, K, ={x,¥y,2)eG:2 =0} and L, =
{(0, 0, 0)}. The pair (L,, K,) is noncombinative with H, = {0, 0, 0),
(1, 0, O)y (27 Oy 0)}, H, = {(Oy 0, O)’ 0, 1, 0), (0, 2, 0)}) x, = (0, 07 0), = =
1,1, 0), and z, = (2,2, 0). Finally, in Example 7, let ¢ = f(1) and
let m be sufficiently large that V =|f™(@)|. The value 6 =V is
attained by taking » = 1, L, = {0}, and K, = {0, a™, 2a™, ---, (V —1)a™}.

Example 5 shows that it is not always true that § =V, and in
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fact it is possible that V' > 1 when 6 = 1. Consider the simple upper
bound for V, namely

Vi) =15@).

Note that in Examples 3, 4 and 5, V attains this upper bound. We
were unable to construct any example for which

o< V@] .

(Furthermore, in every example we have studied for which V<| f(G)],
the value of ¢ is attainable by using one noncombinative pair of
order ¢ in Theorem 2.) On the other hand, we have not been able
to prove that no such examples exist. The difficulty in proving such
a result is underlined by the length of the proof of the following
very special result.

THEOREM 3. Suppose V<3. Then G has a non-combinative
patr of subgroups of order a =V.
Proof. The case V =1 is obvious. Assume V =2 or 3. Define
(7) Y ={yeG:3A .o such that yec A(G)}
and let K be the subgroup generated by Y. Define
o ={H: H=A"0)N K for some Ae€.%}
and let L = N,., H. We will show that (L, K) is noncombinative

of order V. We break the proof into several lemmas.

LeMMA 4. Let Be.o” and z€G. Then Bz + K) < B(z) + K.
In particular (taking B = f), K is f-regular.

Proof. Let u = B(z) and observe that
r_ Br,(0) =»r_,B(z) = 0.
For any yeY,
Bz +y)—u=r_Br,(y) eY S K.

Thus B(z + y)eu + K. Now, every element of K is a sum of elements
of Y. The lemma follows by induction on the number of terms in
the sum.

The next step is to show each He oz  is a subgroup of K. Fix
Ae.%7 for now and let H = A™*(0) N K. Denote the elements of A(G)
by {x, =0, x, x,, - - -, x,_,}, First, let fx be the restriction of f to K
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and let .97 be the semi-group of functions on K generated by fx and
7, *€ K. The collection P = {47(x,) N K: x, € A(G)} is a partition of
K. Let & = {{Bx,), -+, Blxy_)}: Be.o%}. It is clear that (3, ©¥)
is a V-partition of K.

By Lemma 3,
(8) |H| = |[A70)n K| = |K|V™.

LEMMA 5. Let a€G and let Be.o,. Let B(G) = {uy, U, - -+, Uy_y}.
For ¢,7=0,1, ---, V — 1, exactly one of the expressions
(9) a+u;—u, k=01 -, V-1

and one of the expressions
(10) o+ U, —u;, k=0,1,---, V-1
is im each set A7'(x,) N (a + K).

Proof. Obviously, each element of (9) is in ¢ + K. Suppose
¢+ u; — u, and @ + w; — u, are both in 47'(x,). Then

<11) A/ra—kujvuk——u[(uI) = A/)‘a+uj—u/5~u[<uk) =®; .
By the definition of V,

A7 sy BG) | =V

Up—ut

so (11) implies that &k = 1. This proves the first statement. The
second is proved similarly.

We now assume V = 8. A similar proof will show the result in
the case V = 2. Lemma 5 has particularly strong implications for
these two values of V. Denote the elements of ¥ by v, =0, v, v,
«--, 9, and let

(12) I ={j:y;e A7)}, i=0,1,2.

In particular, I, = {0}. No I, is empty since for any Be.%, B(G)
has 3 elements, one in each A™(x,).

LEMMA 6. Let be A™\x,), Be.og, B(G) = {uy, u,, u,}. Let j, J,
and j, be distinct elements of {0,1,2}. Suppose b+ (u;, — u;,)€
A7 (x;) and b + 2(u;, — u;) € A7 (w,,). Then 1, 1, and i, are distinct
and b+ r(u;, — u;) € A7 (x) where i’ = i, 1, or 1, according as r =
0,1 or 2 (mod 3).

Proof. Let a=0b+ (u;, —u;) €A (x,). Since a=a + (u;, —u;)€
A7'(x,), it follows from Lemma 5 that a + (u; — u;,) ¢ A7'(x,), and
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b=a+ (u;, —u;)¢ A (x;). Thus 4, # 1, and 4, # %,. Suppose i, = 1,.
Then a + (u,, — u;) € A™'(x;) and a + (u;, — u;,) € A™*(x,). By Lemma
5, we must have a = a + (u;, — u;,) € A7'(x,), which is a contradiction.
Therefore 4, %, and 1, are distinct. The rest of the lemma follows
easily by induction.

LEMMA 7. Let zec K. Then z€ A (x,)iff z can be expressed in
the form

!
(13) z = Z;Cﬂ/f
=
where the c;’s are non-negative integers and

(14) >ve + 2_21‘, ¢; =k (mod 3) .

jely

Also, H is a subgroup of K and [K: H] = 3.

Proof. Since any z¢€ K can be written in the form (13) for some
non-negative ¢;’s it is enough to prove the sufficiency. We do this
by induction on m = 3%, ¢;. The statement is true for m = 0. If
m =1, then one ¢; = 1 and all others are zero. Then z = y; for some
j and the result is obvious for je I, or jeI,, Now assume the result
holds whenever m < m,, where m, = 1. Let¢, ¢, ---, ¢, be such that
Sic; =m, and let @ = 3 ¢y;. Let joel, UIL. It suffices to show
the result holds for a + y;. Let D(k) = A™'(w,),k=0,1,---, V — 1.
By the inductive hypothesis

(15) | aeD(k)
where & is given by (14). Suppose initially that ¢, > 0. Then
(16) a — Y;, €Dk — i)

where 4, is such that j,eI,. [Here and throughout, the arguments
for D are calculated modulo 3.] It follows from Lemma 6 that

1m a + y;, €Dk + 1)

as required. Now suppose c¢; = 0. Since m, = 1, there is some j,
such that ¢; > 0. Then

(18) a—y, Dk — i)
where 14, is such that j,el,. We then have
(19) a—Y;, +Y,eDl— 1 + 1)

and, by the previous case,
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(20) o+ y;,eDk+1).

By (15), a + y,,€ D(k) and by (19), a + y;, € D(k — 4, + 1,). If 4, # 1,
these two facts imply (17). If 4, = 4,, it could also happen that

(21) a + y;,€ Dk — 1) .
By Lemma 6, (19) and (21) together imply that
a+y;, +vy,€Dk+1),

which cannot happen, by Lemma 6 and (20). Thus, (21) does not
hold, which means that (17) holds in this case also. This proves the
first statement in the Lemma. The second is an obvious corollary
of the first and of (8).

Since every He .7  is a subgroup of K, it is clear that L is
also a subgroup. Let x, y €@ be such that x — y € L. By the defini-
tion of L, A(x — y) = 0 for all Ac.o4. Define B = r_;,fr, and note
that B(0) =0 and B(x — y) = f(x) — f(y). For Ae.o7, A(f(®)— f(y)) =
AB(x —y) = 0 since ABe.%4. Therefore f(x) — f(y) e L. We conclude
that L is f-regular.

Let Be.o and let B(G) = {x,, x,, 2,}. Suppose z, — x; € H where
He 7z’ and i+ j. For some Ae.os, Ar_,(x;) =0 and Ar_, (z;) =
A(x; — x;) = 0, which is impossible. Therefore x,, x,, =, are such that
x;, — 2;¢ Uge . H. Similarly, if «, y € G are such that x — y € K but
r — ye¢Une. H, then f(x) — f(y) € Uu.. H. This shows that (L, K)
is noncombinative of order V and thereby completes the proof of
Theorem 3.

REMARKS. It is an easy consequence of Theorem 3 that V = ¢ if
|G| =4,6 or 9. We were unable to extend Theorem 3 to any cases
with V' > 3. Note that Lemmas 4 and 5 hold for any V, as does
(8). It is not true in general that H = A~*(0) N K is a group for any
Ae€.o. InExample 5, H = {0, 2, 4} if A =f. It may be that Theorem
3 is valid whenever V is prime. It this is the case, we could conclude
that V = 6 whenever |G| is the product of two primes (not necessarily
distinet).
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