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DUALITY AND COHOMOLOGY FOR ONE
RELATOR GROUPS

ROGER FENN AND DENIS SJERVE

1. Introduction. Let G be a group having a one relator presen-
tation and some fundamental integral class [G]e H,(G). The object
of this paper is to study the cap product homomorphism [G]N -:
HYG; A) — H,_,(G; A) where A is a left G module and A4 is the right
G module identified with A as an abelian group and whose scalar
multiplication is given by ag = g~'a for ac 4, g G. If this homo-
morphism is an isomorphism we say that G satisfies Poincaré duality
with respect to A.

For example consider the fundamental group G of an orientable
surface M. In this case the homomorphism [G] N - is an isomorphism
for all G modules A. Such a group is said to satisfy Poimcaré
duality. Recently Miiller [11, 12] has shown that a one relator group
satisfying Poincaré duality over A for all G modules A is isomorphic
to the fundamental group of some orientable surface; thus answering
a question of Johnson and Wall in [9]. Actually Miiller’s result is
stronger than this since it applies to a larger class of groups than
one relator groups. However, we will restrict our attention to one
relator groups and study duality for fixed coefficients A.

In §2 various preliminary work relating Fox derivatives and
Magnus expansions is given and in §38 there are some results for Z
coefficients. In particular Theorem 3.4 proves that any group satis-
fying Poincaré duality over the integers has a presentation of the
form {x,, - -, 2| [, 2] - -+ [22y_1, #,,]W = 1} where W lies in the third
term of the lower central series of the free group on z, -, o,.
Note that if W =1 then the presentation reduces to that of a
surface group. This result has been proved independently by
Ratcliffe, [15].

In §4 an explicit formula for the homomorphism [G]N - on the
chain level is given in terms of a Hessian matrix 4,(9,V) of Fox
derivatives, where V is the relator.

Using the theory developed in this paper and results from [16]
it is routine to verify the claims made in the following examples.

ExXAMPLE. The group G = {x,, 2.|[x,, x.][x., [®,, ®.]] = 1} satisfies
Poincaré duality over Z. Now let A be the Laurent polynomial ring
Z[Z] on the generator ¢ with the G module structure induced from
the homomorphism ¢: G — Z[t] defined by ¢(x,) =1, é(x,) =¢t. If G
were to satisfy Poincaré duality over A then it would be true that
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the ideal in A generated by the Fox derivatives ¢(0V/ox,), ¢(0V/ox,),
where V = [z, #,][x,, [2., 2,]], is the augmentation ideal (1 — ¢). But
a simple calculation gives ¢(0V/ox,) = 0, ¢(0V/ox,) =1 — ¢t + (1 — t)?,
and hence G does not satisfy duality with respect to A.

ExampLE. Consider the group G = {x, ---, x|V =1}, where
V = [, x.][2s, x ][, [2., 2:]]. Let A be the integral Laurent poly-
nomial ring in variables ¢, ---, ¢, made into a G module by the
homomorphism ¢: Z[G] — A, ¢(x;) = t;. Then the ideal generated by
the Fox derivatives ¢(0,V') is the augmentation ideal (1 —¢,---,1—1¢,)
and hence [G] N -: HYG; A) — H(G; A) is an isomorphism. A short
calculation gives HY(G; A)=0, H,(G; A)=0, and yet G does not satisfy
Poincaré duality over A since if it did the matrix [¢6,(3;V)] would
be invertible over A. But the ideal generated by the first row is
(¢, — 1, 1 — 2¢,) and therefore this matrix is not invertible.

2. The free differential calculus and Magnus expansions. In
this section we collect various results on Fox derivatives. Standard
references are [4, 5, 6, 7, 8]. Throughout F' will denote the free
group on #, ---, 2, and &: Z[F']|— Z will denote the augmentation
homomorphism. The usual anti-automorphism Z[F']— Z[F'] will be
written f— f.

For 1 <1< mn we let 0, be the Fox derivative 0/0x; and for any
finite sequence I = (4, ---,1,), where 1 <1, <n, we let 9, denote
the higher order derivative o, ---d;. If » =0 put 6, =id and set
¢; equal to the composite €3, for any I.

If multiplication of sequences is by juxtaposition then induction
on the length of a sequence will prove:

LEMMA 2.1. For any sequence K and f, g Z[F] we have

ex(f9) = Srr=-x € f)es;(g), where the summation is over all ordered
pairs (I, J), including (K, ¢) and (4, K), such that IJ = K.

Thus it follows that ¢;: FF— Z gives the exponent sum of z; in
a word and ¢;;[g, h] = .(g)e;(h) — €i(h)e;(g) for g, he F. Now let a be
the free associative power series ring on the noncommuting vari-
ables a,, ---, a, and with coefficients in Z. For any sequence I =
(4 +++, %) let a, denote the monomial a, ---a;, where a, =1 by
convention. The Magnus expansion is defined to be the homomor-
phism M: F—a, ¢, —1 + a;. Induction on word length easily proves:

LEMMA 2.2. For any K and feF we have ex(f) = Mg(f).

The following describes chain rules for Fox derivatives. Thus
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suppose F' is free on «, ---,2, and G is free on y, -, y,. If
¢: G — F is a group homomorphism then

LEMMA 2.3. (a) &(4(9)) = 2ii-16dd(¥i))en(9)s
(b) for gelG, G] we have €,;($(9)) = 3:%,1=1 €(S(Y))EAP(Y1))E(9)-

As an example suppose G is free on y,, -+ -, ¥, and W = [y, 9.] - - -
[yZy—l, yzg]o Then

+1 if (k,1)=21—1,24) for some 1, 1=<i1=g¢g

en(W)=4{—1 if (k1)=(2¢,2¢—1) for some 4, 1<i1=g¢g
0 otherwise.

Thus the 2¢g by 2¢ matrix composed of the second order partials
(W) is the skew symmetric matrix

1 0l® 0L o)

It is not a coincidence that this matrix is also the cup product
matrix for the orientable surface of genus g.

3. Poincaré duality with untwisted Z-coefficients. Throughout
this section K = {x,, ---, z,|V = 1} will denote a one relator presen-
tation of the group G where the relator V belongs to [F, F'] and is
assumed not to be a proper power.

If1-R—F-—>G—1 is the exact sequence of this presentation
then the Hopf formula gives H,(K) = R/[R, F'] = Z with generator
[K]=V:[R, F]. The other homology groups can be described as
follows: H(K) is free abelian on the cosets 7,, ---, Z, mod [F, F'],
H'Y(K) is free abelian on the dual classes zf, ---, ¥ and H(K)= Z
by evaluation u — <u, [K]).

Define the cup product matric A = (a;;) over the integers by
the formula

ai; = <@ Uaf, [KD = <f, [K]Naf) .

Now [K]N - is automatically an isomorphism for ¢ = 0, 2 and so
K satisfies Poincaré duality over Z if and only if [K]N -: H(K) —
H(K) is an isomorphism. This implies the following well known
result.

THEOREM 3.1. Using the mnotation above K satisfies Poincaré
duality over Z if and only if Ae GL(Z).

See for example [15].



368 ROGER FENN AND DENIS SJERVE

Suppose now that n» =2¢g and V =[x, @,] + -+ [®s_1, 2.,] S0 that
K is a surface. Then it is easily checked that the cup product
matrix (a;;) is equal to the matrix (g;;) defined in the previous section.
This is also a consequence of the following general result.

THEOREM 3.2. Suppose K ={x, ---, 2,|V =1} 1is such that
VelF, F] is not a proper power. Then the cup product matrix
a;; = FUaf, [KD = e, (V).

Proof. See Porter [14] or Fenn, Sjerve [3].

COROLLARY. K satisfies Poincaré duality over Z if and only if
the m X n matrix ¢;V) s invertible over Z.

There are several effective procedures for computing ¢,;(V). For
example we can use the Magnus expansion or if V=[U, V]---
[U,, V,] then

q

(V) = 2 {e(Unlei( Vi) — e(Vi)e (U} .

k=1

It follows that if we write V in the form
V = Ilisicisa [ €;1°V’, where V' e[F, [F, F]] .- *

a; if 1<y
then (V=4 0 if i=3

"'aji if 'I: > j .
This together with 3.2 gives the following result due to Labute

and Shapiro-Sonn, [10] and [17].

THEOREM 3.3. Suppose K = {x,, -+, x,|V = 1} where V is writ-
ten in the form given by *. Then the cup product matrix for K is
given by the skew symmetric matrix

0 Agp **° Qg
A= ’"a.lz 0 R /27
@y — gyt 0

If K satisfies Poincaré duality over Z then the following theo-
rem, which has been proved independently by Ratecliffe [15], shows
that the relator V can be made almost like that of a surface.

THEOREM 3.4. Suppose K satisfies Poincaré duality over Z.
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Then K has the homotopy type of
L= {931, sty Ly [ [xly wz] v [ng—u ng]V’}

where V'e[F, [F, F]].

Proof. If NeAut(F) is an automorphism then the complex
{x,, --+, 2,|V =1} has the homotopy type of {x,, ---, z,|N(V) = 1}.
Let A, B be the respective cup product matrices. Then there exists
UeGL,(Z) such that B= UAU”. Conversely if B is congruent to
A then there is an N Aut (F') such that B is the cup product matrix
of {x, -+, x,|N(V) =1} as can be seen using routine calculations
with Nielsen transformations.

Now if K satisfies Poincaré duality then A is a nonsingular
skew symmetric matrix and so by well known results in linear alge-
bra is congruent to

01 01
B=[-_1 OJ@---EB[_I O]' see e.g. [13].

By using the above argument K may be made into the required
form.
Finally we note the following corollary to the above results.

THEOREM 3.5. Let U, V,, ---, U,, V, be words in the free group
0N Xy ***y Xy Then {x, «--, %, |[U, Vi] ---[U,, V,] =1} satisfies
Poincaré duality with respect to Z-coefficients if and only if, the
group {®, -+, | U, =V, = .. = U, =V, =1} is perfect.

Thus there exists a correspondence between presentations of
perfect groups on an even number of generators with defect zero
and group presentations satisfying Poincaré duality over Z. For
example the binary icosahedral group I* has the defect zero presen-
tation {x, 2,|U =V =1} where U = xx22* and V = x%,x.2,.
Therefore the group presentation

of the group G satisfies Poincaré duality with Z coefficients. Notice
that K cannot possibly satisfy duality for twisted coefficients since
this would force G to be isomorphic to Z¢P Z and there is a homo-
morphism of G onto the binary icosahedral group.

4. Poincaré duality with twisted coefficients. As in the pre-
vious section K = {x,, ---, #,|V =1} will denote a presentation of
the group G such that Ve[F, F] is not a proper power.
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The presenting homomorphism ¢: F'— G induces a ring homo-
morphism ¢: ZF' — ZG also denoted by 4.

In this section we will obtain necessary and sufficient conditions
for G to satisfy Poincaré duality with respect to a fixed G module
A. To do this we need the duality map on the chain level. Thus
let 4 = Z[G] and let C, denote the usual chain complex associated
to the Lyndon resolution, i.e., C, is

00— AP BA-"s—0,
7 copies

where

d,(A) = (Ag(0,V), - -+, Ag(0,V))
Ay v o0y M) = Myfg(@) — 1) + o0+ N(gl(m,) — 1) .
Now define D: Hom,(C;, A) - A ®,C,_; as follows:
i1=2, D:A— A is D:a—> —a
1=0, D:A— A is D:a—a
i=1, D:AD--- DA— AP ---PA is given by the formula
D(a,, -++, @) = (-+-, —; $(0:0;V ))aj, +++) .

S

ith coordinate

THEOREM 4.1. D:Hom,(C,, A)— A®,C, is a chain map.

Proof. We must verify the commutativity of the diagram

ax dy
0 — Hom, (C,, A) — Hom, (C,, A) — Hom, (C,, A)— 0

(4.2) 10 10 lD
0— A®,C -* A®,c % i®,c, —0.
Thus
(o D)y, @) = dy(-, =5 6@V s, <)
= —3 3600,V Das(g(z) — 1)
= — 53 (8(a) — DY@V as -
But

21 (0@ — Dg09;V)) = ¢ 3% (@ — 1)30,;V) = ¢ 3, 9,9;V )(w; — 1)
= ¢(0;V — &(3;V)) = ¢(9;V) .



DUALITY AND COHOMOLOGY FOR ONE RELATOR GROUPS 371
Therefore
(dioD)ay, - -+, a,) = —%. $(0;V)a; = (Deodf)ay, « -+, @) «
On the other hand

(Dedi)a) = D((¢(x) — Da, -, (¢(x,) — Da)
=( -—%‘. $(9.00;V))9(x;) — Da, --+) .

However

3909, V)¢(@) = 1) = 93 240;V)(w; — 1)
=¢ %2 (7' — 1)00,;V) = ¢ § 0, (x5 — 1)a; V]

since

a:f(x5* — 1)3;V] = du(a;* — 1)e(3;V) + (w7* — 1)3,(3;V)
= (27" — 1)2,3,V)

(recall that ¢(0,V) = &(3;V) = ¢,(V) = 0 because Ve[F, F]). Hence
; $(0.00;V ) g(w;) — 1) = ¢ai(§ (@7* — 1o;V) = ¢3i(2j. 0;(V)(z; — 1))

= ¢0(V — 1) = ¢0(V) = ¢(@(V ™)
= ¢(—=V70(V)) = —(3{V)) since ¢(V) =1.

This shows that (Dd¥)(a) = (- -+, ¢(3;V)a, ---) = (d.D)(a). n

The chain transformation D: Hom,(C,, A) — A®,C, is clearly
natural in A and so the induced map in homology D.: H*(G; A) —
H,(G; A) is functional in A. The cap product homomorphism [G] N
H*(G; A) — H,(G; A) is also functorial in A. In the next theorem
we prove that D, = [G]N -, but first we compare D,, [G]N - for the
special case HY(G)— H,(G). We have

*(x )_ *(0: B Oy 1; 0: ) 0)=(° _Z¢( V))B.?Ic) "')
= _; 300,V ))T: = _Z@': 6(ai(akv))xi

(since the module structure on the coefficients is given by augmen-
tation). Now —&(3,(,V)) = —ed,(0,V) = € 0:0,(V) because &d,(f) =
—ed,(f) for feF. Therefore

D, (xt) = 3iea(V)T: = 3. <ot U of, [GDT,

according to (3.2). But we also have
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[G]Nnaf =3 <t [G]N )T = 3 (aF U ok, [GD7.

Thus we proved that
D, =[G]n -: H(G; Z)— H(G; Z) .

THEOREM 4.3. D, = [G]N -: HXG; A) — H(G; A) for any A.

Proof. The method of proof is modelled on some of the proofs
in [1, 2]. For any A the homomorphism D,: H*G; A) — H,(G; A) is
induced by the chain map D:Hom,(C, A)—» AQ® C, D:a— —a.
Thus D,: H¥(G; A) — H,(G; A) is the homomorphism

A N0, V) — A/ Milp(or;) — 1)) induced by a— —a .

It follows that D,: HYG; Z) — H(G; Z) is an isomorphism. Since
both of these groups are infinite cyclic and [G]N -: HYG; Z) —
H\(G; Z) is also an isomorphism we must have

D,=en -:H¥G; Z)—> H(G; Z), where e= *[G].

Now consider the coefficient sequence 0 — I[G] — 4 5750 of
left 4 modules. Conjugating we get the exact sequence 0 — I[G] —

A57Z—0 of right 4 modules. Then the functoriality of D, and
eN - gives the commutative diagram

cor — HYG; I[G]) — HXG; 4) — H¥G; Z) — 0

o o a] o |meen

oo — H{(G; I[Gl) — H(G; 1) = H|(G; Z) — 0.

But ¢,; H(G; 4) — H(G; Z) is a monomorphism since the homomor-
phism H(G; I[G]) — H(G; 4) may be identified with the homomorphism

I[G)I[G)-I[G] — A4/4-I|G@] induced by I[G]< 4.
Chasing around the second square in the diagram now gives
D, =en -: H(G; A) — H(G; 1) .

The group G admits a finite resolution of Z by finitely generated
free 4 modules and hence the functor H*(G; -) commutes with direct
sums. From this fact it follows that

D, =en -: H(G; M) — Hy(G; M) for any free module M .

Given any module A we choose some presentation 0 — N — M 4 A—0.
By naturality there is a commutative diagram
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HYG; M) 2% HYG; A) — 0
lD*——‘efl- D*l 1(30-
HY(G; IT) 25 HY(G; A)— 0 .

Note that «,: HXG; M) — H*G; A) is an epimorphism since G has
cohomological dimension 2. Commutativity of this diagram now im-
plies that

D, =en -: H(G; A)— H,(G; A) for any module A .
Now consider the commutative diagram
-« — HY(G; M) — HY(G; A) — H¥G; N) —> - - -
o I S [ R
-+ — H(G; M) — H(G; A) — H{(G; N) — -
Mis a free right module and so Hy(G; M) = 0. Therefore H,(G;'4A)—
H,(G; N) is a monomorphism, and this implies that
D, =e,N -: H(G; A)—> H(G; A) for all A.
Finally we look at the commutative diagram
- — HYG; M)— HY(G; A)—> H G; N)—> - - -
n| e | Jens Joaen
coo — HyG; M) — H(G; A) — H(G; N) — -+ - .
H,(G; M) =0 as M is free and therefore
D, =en -: H(G; A)— H,(G; A) for all A.

To prove that e = [G] we use the functoriality of D, and [G] N -
with respect to the variable G, while keeping the coefficients fixed at
Z. If G has the presentation {z,, -+, 2,|V =[U, V|]---[U,, V,] =1}
let = be the surface group {y,, - -, ¥ |[¥s, ¥l * ** [Y2psy Yoy = 1}, We
also have the obvious degree 1 map ¢: # — G. Then there are classes
ez € H(G), e. € Hy(w) and a commutative diagram
D* - .

H(G) == H(G)
lsﬁ* Tsﬁ*
H(m) 225 by .

It has already been noted that D, = [z]N -: H'(x) — H(x). This
coupled with the fact that D,: H(z) — H,(x) is an isomorphism
implies that e. = [z]. If [G]*, [#]* are the cohomology classes dual



374 ROGER FENN AND DENIS SJERVE

to [@], [x] respectively then
eD([G]") = €4, D" ([G]*) = eg,Dy([=]*) (as ¢*([G]") = [x]¥)
where ¢: H(-) — Z is the augmentation. Hence
eD([G]Y) = egu([w] N [=]*) = <[=]*, [z]) =1

and therefore ([G]*, ey = ceq N[G]* = eD,([G]*) = 1. This proves
that ¢; = [G].
By chasing around diagram 4.2 we prove the following theorem.

THEOREM 4.4. With the notation above, G satisfies Poincaré
duality with respect to A if, and only if, D:@rA—@rA is an
180MOTPhism.

As an example of this theorem consider the case A = Z with
the trivial module structure. Then

$(0:00;V))a = &(8,0;V)a = e(3.9,V )a .
But for any fe F we have
80.(f) = €0 (f™) = e(—F 70 f)) = —ed(f) -

Therefore —¢(3,(0;V))a = €3,0{V)a = &,;(V)a. This means that the
cap product map D: Hom,(C, Z) > ZR,C,thatis D: ZP --- P Z—
ZPD --- D Z, becomes

Dias, =y @a) = (-, Zi65(Vag, ) .

In other words D is the » X » matrix [¢,;(V)], a result in agreement
with 3.2.

As another example consider the 4 module Z[G,;,], where the A
module structure is induced by the abelianization homomorphism
a: G — G,. For convenience set ¢, = ag(x), 1 <1 < n. Then Z[G,]
is the Laurent polynomial ring on the variables ¢, ---,¢,. If
o(t, +--,t,) is a Laurent polynomial then the module structure is
given by

¢(xiil)'p(t1, ”'ytn)ztitlp(tly “',tn)’ 1§i§n-

THEOREM 4.5. G satisfies duality for Z[G,) coefficients if, and
only if, the matriz [ad,(9;V)] is invertible over Z[G,].

Proof. Since ¢: F'— @G induces an isomorphism F,, = G,, we have

—3(0:3;V )Py, ++ -, t) = —a(0.0;V )p(ty, - - -, t.)
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where a: F— F,, again denotes abelianization. But a(f) = —a(f)
and so the duality map D: Z[G.,] D - - B Z[Gul — Z[G] B --- B
Z[G,,] may be identified with the matrix [a@d,(0;V)]. O

We can generalize this result by replacing G,, by an abelian
group J and letting a: G — J be some homomorphism. Then G satis-
fies duality for Z[J] coefficients if, and only if, the » x n matrix
[80:0,V)] is invertible over Z[J], where 8 = ag: F — J.
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