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THE PINCHED-CUBE TOPOLOGY

Z. PIOTROWSKI, A. ROSEANOWSKI AND B. M. SCOTT

McCoy introduced a topology intermediate between the Tikhonov
and box product topologies on the countably infinite power ω I o f a
topological space X. He used this topology to study Baire category in 2X,
the hyperspace of closed subsets of X in the Vietoris topology. In this
note we generalize this 'pinched-cube' topology to arbitrary infinite
powers, KX9 of X and investigate the extent to which it inherits funda-
mental properties of X.

In §1 we introduce basic definitions and elementary facts. Separa-
tion axioms are considered in §2, compactness, connectedness, and
separability in §3. In §4 we consider some completeness properties, and
in §5 we explicate the connection with hyperspaces.

1. Definitions, notation, and elementary facts.

1.0. DEFINITION. Let X be a space, K a cardinal number. By SKX we
denote the set KX endowed with the pinched-cube topology, which is
defined as follows. For each finite set F C K and each function V: F -» τX
( = the topology on X) let B(F, V) = {x G KX\ Vα G F(xa G Va) Λ Vα
G κ(xa G U mnV)}. Let % be the collection of all such sets B(F9 V).
Then % is a base for the desired topology. (Another way to describe % is
as follows. For 0 φ V G τX let ®(F) be the collection of all basic open
sets in the ordinary Tikhonov power KV; each member of %(V) can be
viewed as a subset of KX, and φ = U {<$>(V): 0 φ V G τX}.)

Clearly SnX is homeomorphic to nX with the Tikhonov topology if
n < ω, so we shall consider SKX only for K > ω. It is also clear that

(1.1) τ{κX) C τ(SκX) C r(ΏκX)9

where D KX denotes KX endowed with the box topology, which leads to
the following observation.

1.2. Fact. Let X = SKX, and for each a < K let Aa C X. Then

elf Π Aa - Π c l ^ α . D

Four subspaces of S*X will also be of interest.

1.3. DEFINITION, (a) ΔKX = [x G "Jί: JC is constant}.
( b ) Φ κ X = {x G "ZrΞ/i 6 l ( | { α Gfc:jcα^/7} |<co)}.
(c) F K ^ = {x G KX: I ran JC | < ω}.
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(d) C*X = {x G KX: ran x is a closed set in X).
Clearly ΔKX C ΦKX C F**, and FKX C C*X if X is Tλ.

1.4. Fαcί. As a subspace of S*^, ΔκX^Xy (where ' = ' denotes
homeomorphism).

1.5. Fact. ΦKX is a dense subspace of SKX. If X is Tl9 Φ*^ is a dense
subspace of CKX.

1.6. Fαc/. For a < K let πa: SKX -» X be the canonical projection map
to the αth factor: πα(jc) = xa. It follows from (1.1) that πa is continuous
and open, and it is easy to see that ττa \ FKX and πa r C*X are also
continuous and open, while ma \ t£X is a homeomorphism.

2. Separation axioms. Our first result is to be expected; it follows
from (1.1).

2.0. PROPOSITION. IfXis a Trspace, i = 0,1, or 2, then so is SKX D

However, SKX is never T3 if X is an infinite, compact Hausdorff
space, for we have the following characterization.

2.1. DEFINITION. If λ is an infinite cardinal number, we say that a
space X is λ-pseudonormal iff whenever J ί C F , where F G T I and
H G [X]<λ Π σX, there is a f Γ G τ I such that H QWCdWcV.
(Here σ̂ f denotes the family of closed subsets of X. Clearly ωrpseudonor-
mality is just the usual notion of pseudonormality, and ω-pseudonormal-
ity is equivalent to being Γ3.)

2.2. THEOREM. SKX is T3 iff X is T3 and κ+ -pseudonormal, and
[X]-κ C σX

Proof. We first prove necessity. That X is T3 is an immediate conse-
quence of 1.4. To prove that [X]~κ C σX, let X— SKX, and suppose
that C G [X]~κ\σX. Choose J C G Ϊ S O that ran x = C, and pick /? G
(cl x C)\C. Let K = X\{p), and let F= K K. Then x e V e τX9 and 1
is 7̂ , so there is a basic open nbhd, B(F, W), of x such that elf ^(i 7, ϊF)
C F . Let G = U W[iΊ; clearly C c G , so /> G cl^G. Choose j G l
so that ya £ Wa if α G i% and j α = ^ if a G K \ i\ Then j G
(elf B(F, W)) \V= 0 , a contradiction.

We argue similarly to prove that X is κ+ -pseudonormal. Suppose that
C G [X]-*, G G TX, and C C G . Choose x G X with ran Λ: = C, and let
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G = KG. Since X is Γ3, and x G G, x has a basic open nbhd, £(i% F),
whose closure is contained in G. But then if W— U F[JF], clearly
C QWQclxWCG.diSrequired.

We now show sufficiency. Fix x G X, and let B(F, V) be a basic open
nbhd of x. Let C = ran JC, let W = U F[F]. C is a closed, discrete subset
of X9 I C | < Kf and C C W. Thus, there is an open G C l such that
C QG Cclxφ CW. Choose β Gκ\F arbitrarily, let F' = FU {β}9 and
choose U: F' -» T X SO that for each α G F9 xa G Ϊ/Λ C G Π c l x £/α C Va9

and l£ = G. Then x G £ ( F ' , C/) C clχB(F', U) C 5 ( F , F), so JΠs Γ3. D

(The condition that X be κ+ -pseudonormal with [X]~κ C σX is a
kind of strengthened T3 separation axiom: X is ω-pseudonormal iff X is
regular, and [X]<ω C σXiff Xis 7\.)

Observe that if SKX is Γ3, then in fact S** = CKX. In general, CKX
behaves better than SKX with respect to the higher separation axioms, as
the following result attests.

2.3. THEOREM. IfXis Γ4, then CKX is Tikhonov.

Proof. Let X = CKX. Fix x G X, and let B(F, V) be a basic open
nbhd of x (in X: this ambiguity in the notation 'B{F, V)9 should cause no
confusion). Let C = ranx, and let W= UV[F]; C is closed, and C C
W G rX, SO by normality of X there is a function / G C(X, [0,1]) such
that/[C] = {0} mdf[X\W] = { l } .LetF= {αo> >««-i}> and for i <
n let ft G C(X,[0,1]) be such that /.(jcβi) = 0 and /JAλ Fα ] = {1}. Let
Λ=/ΛΛ\{^: /<«}, the minimum of the functions chosen. Then
heC(X,[0,1]), A[C] = {0}, Λ[AΓ\ίF]-{1}, and A</. for i < Λ.
Finally define

U ( Λ ( Λ ) : α G κ\ {F}).

Fix r G [0,1] and y G X. Then h(y) > r iff either h(ya) > r for some
a ELK \F, or ft(ya) > r for some i<n. Clearly, then, h~' [{r, 1 ]] is open
in X; in fact, it is even open in the Tikhonov topology on X as a subspace
of KX Thus, h is lower semi-continuous.

Now h{y) < r iff g(y) = max{/Oα ): i < n) < r and k(y) —
sup{Λ(ya): a G K \F) < r. For each m G ω'let Gm = {y G X: g(j), k(y)
<r- 2~m}; clearly ^"^[O, r)] = U (Gw: m G ω}. For each / < n and
m G ω let //α

m =f~ι[[0, r - 2~m)]. Fix anEκ\Fy let F = F U {αn},
and let H™ = A"![[0, r - 2~w)] for each m G ω. Since each/ > A, //α

m C
H™ for ί < n; thus, 5 ( F , i/w) is a basic open set for each m G ω. And if
zUB(F\Hm), then clearly g ( z ) < r - 2 ~ m and ifc(z) < r - 2~w, so
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z G Gm±x,i.e.,B(F\Hm) C Gm + 1. On the other hand, Gm C B(F\ Hm+X).
Thus,, h~ι[[0, r)] = U {Gm: m G ω} = U {^(i7', //"*): m G ω} is open,
and A is continuous.

Obviously h(x) = 0. Suppose that>> G X\B(F, V). \iya G A\ H f̂or
some a G κ\F, then Λ(>̂ α) = 1, so &(>>) = 1, and h(y) — 1 also;
otherwise, yaι G Jf\ Vaι for some i < w, but then /•(>>«) = 1, g(j) = 1,
and h(y) = 1 again. That is, Λ separates JC from X\B(F, V), so X is
Tikhonov. D

2.4. EXAMPLE. Λ me/πc jpαce, X, such that SωX = CωX, but SωX is
not normal. X is just a countably infinite discrete space. However, for
convenience we take X = < ωω with the discrete topology, where < ωω =
U {nω: n G ω}. Let X = SωX For each x Gωω let Jc G X be defined by:
Jcw = x[ n. Let D = {Jc G ί: x Gωω}. Clearly | D | = 2ω.

If ^ G X\D, then either j w €πω for some /2 G ω, or j;mf AZ Φyn for
some m, n G ω with n < m, and in either case j has an open nbhd disjoint
from D. (In fact, 7 has such a nbhd open in the Tikhonov topology on
ωX.) Thus, D is closed.

Now fix x Gωω, let F = ran jc, and let K = ω F ; clearly jc G V G rX
But if y Gωco \ {x}, thenjM ¥= xn for some « G ω, and thereforeym ^ Ffor
all m > w, i.e., j ; §? F. Hence Z) is also discrete.

Finally, ΦωΛris a countable, dense subset of X, so Xis separable, and
it follows immediately from Jones's Lemma that X is not normal. D

Observe that the full strength of normality of X is not used in the
proof of 2.3 unless fc = | X\ : we use only the fact that if C G [X]~κ Π σX,
and C C V G τX, then there is an / G C(ΛΓ) such that f[C] = {0} and
/[Jf\F] = {l}. This observation paves the way for the following exam-
ple.

2.5. EXAMPLE. A non-normal space, X, such that CωX is Tikhonov. Let
X = coj X (coj + 1), where ωj and ω, + 1 are given their respective order
topologies. It is well known that X is not normal: e.g., ωι X {ω,} and
{(α, a): a G ωx) are disjoint closed sets in X which cannot be separated
by disjoint open sets. However, it is easy to verify that if H and K are
disjoint closed subsets of X, and | H | < ω, then there is a clopen set, C,
such that H QC QX\K. [Find a clopen subset, Co, of c^ such that
H Π TCC0X {ωj C AλAΓ, where Γ = ω! X {ω,}. For each a G Co

there is a βα G ωj such that if γ < ωλ and ( α , γ ) £ f l U ί , then γ < βa.
Let β = sup{βα: a G Co}, and let Cλ- Co X (β, ω,]; C, is clopen, and
ffnjΓCC,Cl\I Moreover, there is a γ < ω, such that H\T C
(γ + 1) X (iS + 1), a clopen set disjoint from Cj. (γ + 1) X (β + 1) is a
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countable, compact metric space, so it contains a clopen set C2 such that
H\T QC2CX\K. Now let C = Cλ U C2.] The function / defined by
f[C] = {0} and / [ X x C j ^ l l } is continuous, and it follows from the
observation immediately preceding this example that CωJΠs Tikhonov. D

Let us call a space X functionally κ-pseudonormal iff whenever H E
[X]<κ Π σX, K E α*, and H Π # = 0, there is an / E C(JSf) such that

2.6. Question. If C\Yis Tikhonov, must Jfbe functionally κ+ -pseudo-
normal?

3. Compactness, connectedness, and separatility. If X is a non-degen-
erate Hausdorff space, then τ(SκAr) D τ(κX), so SKX cannot be compact:
its topology is too fine. However, we can say much more.

3.0. THEOREM. SKX is (countably) compact iff (i) X is (countably)
compact, and(ή) X does not contain two disjoint, non-empty closed sets (i.e.,
σX\ { 0 } is a filter-base).

Proof. We first prove necessity. If X were not (countably) compact,
there would be a (countable) filter-base f c σ l \ { 0 } with Γ\^- 0 .
But then [KF: FG^} would have the same properties in X=SKX,
contradicting the (countable) compactness of X. This proves (i). To prove
(ii), suppose that F09 Fλ E σX\{0} are disjoint, and let Y = {x E X:
Vα E κ \ ω ( j c α E i ^ 0 ) } . L e t F = * \ F 0 , a n d f o r « Gωlet W(π) = {x E Y:
xn E V). Let W(ώ) = ["(-XλFOJ Π Y. Then {W(a): a < ω} is an open
cover of Y with no finite subcover, and Y is closed in X, so X is not
countably compact.

To prove sufficiency, observe that (i) and (ii) imply that σX\ { 0} is a
countably complete filter-base on X. But then {clχ{xy. x E X) is easily
seen to be a base for a countably complete filter on X. In particular, for
each C E [X]ω, Π{clf{;c}: x E C} 7̂  0 , so C has an accumulation
point in X, and X is therefore countably compact. And if X is compact,
then clearly Π{C1^{JC}: x 6 l } ^ 0 , s o Π{cl^{x}: x E X} φ 0, and
X is therefore compact. D

Essentially the same argument can be carried out with SKX replaced
by ΦKX or FKX, though not with CKX, since the sets W(a)(a < ω) may
constitute a finite cover of 7 Π C'X: some of them may be empty. (In
fact, CKX may be empty: take X = <θj X 2, TX = {0, ω1 X {0}, ω, X
{1}, JΓ}, and K = ω.) Thus we have the following corollary to the proof of
3.0.
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3.1. COROLLARY. The following are equivalent:
(a) SKX is countably compact;
(b) FKX is countably compact;
(c) ΦKX is countably compact;
(d) σX\ { 0 } is a countably complete filter-base on X. D

We assume henceforth that X is T{. In particular, SKX, CKX, FKX, and
ΦKX are never countably compact unless X is degenerate.

We have not investigated the circumstances under which SKX, say, is
Lindelόf, except to note the following non-trivial example. Take X to be
the discrete two-point space. Then SωX is Lindelόf, because it is homeo-
morphic to the space obtained from the (middle-thirds) Cantor Space by
isolating the points 0 and 1.

We now consider connectedness.

3.2. THEOREM. The following are equivalent:
(a) X is connected;
(b) ΦκXis connected;
(c) FκX is connected;
(d) CκXis connected;
(e) SKX is connected.

Proof, (e) -> (a). If H is a non-empty, proper clopen subset of X, then
KH is a non-empty, proper clopen subset of SKX.

(a) -> (b). For each F G [κ]<ω let Δ F = {x G ΦKX; 3p G XVa E
κ\F{xa = />)}; clearly ΦKX= U {ΔF: F G [κ] < ω }. Moreover, Δ F is ho-
meomorphic to ^ X X X endowed with a topology slightly coarser than
the usual product topology, so — since ^ X and X are connected — so is
Δ F . Finally, Π{ΔF: F G [/c]<ω} = A K *(= Δ 0 ) is connected, so Φ*X is
connected.

(b) -»(c) -> (d) -> (e). Each space is dense in the next. (Recall that X
is η.) D

It is well known that ΏωR is not connected. Thus, in respect of
connectedness SKX resembles KX more than it does D KX. The situation is
similar when we consider separability (or, more generally, density): Πωω
is a discrete space of power 2ω, but Sωω, like ωco, is separable. In fact, we
have the following result.

3.3. THEOREM. Let λ-d{X), the density of X. (I.e., d(X) -
ω min{|D| : D is a dense subset of X}.) For any K < 2\ d(SκX) =
d(CκX) = d(FκX) = d(FκX) = d(X) = d(κX).
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Proof. It is well known (e.g., [3, 4.5]) that d(X) = d(κX) if #c < 2λ.
Close examination of the proof given in [Ju] shows, however, that d( X) =
d(FκX) as well: only obvious minor modifications are required. The
remaining two equalities are obvious. D

We may also consider the cellularity of S^X (Recall that c(X), the
cellularity of X, is ω sup{|Ύ| : Ύ c τX\ {0} and Ύis disjoint}.) We
shall restrict our attention to ccc spaces, however, i.e., spaces X for which
c(X) = ω.

Clearly D ωX is never ccc if X has two disjoint, non-empty open sets.
On the other hand, if nX is ccc for each n E ω, then KX is ccc for all K [7,
11(8)]. In particular, κXis always ccc if Xis separable. It is also known [7,
111(7)] that Martin's Axiom together with the negation of the Continuum
Hypothesis (MA + -,CH) implies that every (finite) product of ccc spaces
is ccc. On the other hand, it is consistent with the usual axioms of set
theory that there be a Suslin Line [7, VI(4)], which is inter alia a ccc space
whose square is not ccc. Thus, we cannot hope to show outright that, say,
SωX is ccc if X is. We consider, instead, a slightly stronger property.

3.4. DEFINITION. A space X is said to have Property K iff every
uncountable family of non-empty open subsets of X has an uncountable
linked subfamily. (A collection of sets is linked iff no two of its members
are disjoint.) A space with Property K is obviously ccc.

Property K is (in the usual sense) productive, but D KX has Property
K iff τX\{ 0} is a filter-base. Here again the pinched-cube topology
follows the Tikhonov topology rather than the box topology.

3.5. THEOREM. // X has Property K, so do SKX, C"X9 F
KX, and ΦKX.

Proof. It suffices to prove that ΦKX has Property K, since ΦKX is
dense in each of the other spaces. Let X=ΦKX, and let %= {Ua:
a< ω,} C τ ί \ { 0 } ; we must extract from % an uncountable, linked
sub-family.

There is no harm in assuming that each Ua is a basic open set.
However, it will be convenient to modify slightly our notation for such
sets: we write Ua = B(Va9 σα, Wa)9 where

(i) Va G τX;
(ii) dom σa = dom Wa — na for some na E ω;

(ϋi) σa: na~* K and is 1-1;
(iv) Wjna-



406 Z. PIOTROWSKI, A. ROSfcANOWSKI AND B. M. SCOTT

(v) Wa{i) C Va for each i < na; and

HVa,σa,Wj = [x E X Π*Va:Vi <na(xOa(i) E W^i))}.

By the Δ-System Lemma [3, A2.2] there are sets F E [ κ ] < ω and
Io E [ω,]W l such that ran σa Π ran σ^ = F whenever a, β E Io with a φ β.
Clearly there are n E cυ and Iλ E [ll)ωι such that na — n for each a E /,.
For each α E /j let Fα = ( r a n σ j \F. By composing σα and Wa (a E Ix)
with a permutation of ft if necessary — this does not change Ua — we may
assume that for some m < n and φ: n\m -> F we have σα[m] = Fa and
σαr « \m = φ for each a E Ix. Finally, we apply Property K to find an
I2 E [/Jωi such that {Va: a E I2} and each {Wa(i): a E I2) (i < n) are
linked families.

Now suppose that α, β E I2 with a φ β. For each i < n fix pt E

Wa{i) Π Wβ(i), and choose also a point/7 E VaΠ Vβ. Define Λ: E ί b y

•* ' V O£ )O / '

x*̂ I ? * OL\ ' « pV / '

To see that JC is well-defined, note that if £ E i7, then there is a unique
i E n\m such that £ = σβ(i) = σ^(/) = φ(/), and that F, Fα, and i^ are
disjoint. Clearly x E Ua Π Uβ9 so {ί7α: α E 72} is linked. D

3.6. COROLLARY. [MA + ^CH] If X is ccc, so are ΦKX, FKX, CKX,

and SKX.

Proof. MA + -ΛCH implies that ccc and Property K are equivalent
[3,5.3]. D

4. Completeness properties. The fundamental completeness prop-
erty is probably that of being a Baire space. Unfortunately, there are Baire
spaces whose squares are not Baire [2], so we shall consider instead some
stronger properties which are productive. We begin by recalling some
definitions.

4.0. DEFINITION (1). Let X be a topological space. A function Φ:
τX\{0} -+ τX\{0} is called a winning strategy iff (1) Φ(V) C V for
each V E τX\ { 0 } , and (2) Π {Vn: n E ω] φ 0 whenever (Vn: n E ω) is
a sequence in τX\ { 0 } satisfying Vn+ι C Φ(Fn) for each n E ω. Xis said
to be a-favorable iff X has a winning strategy.

4.1. DEFINITION (1). Let X be a topological space, P̂ = {(*, V)E
XX TX: x E V). A function Φ: <3 )->τJk r\{0} is called a strong win-
ning strategy iff (1) x E Φ((x, V)) C V for each (x, V) E <$>, and (2)
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Γ\{Vn: n E ω) φ 0 whenever {(xn,Vn): n E ω) is a sequence in <•?
satisfying Vn+ι C Φ ( x n , ^ ) for each n E <o. Jf is said to be strongly
a-faυorable iff X has a strong winning strategy.

4.2. DEFINITION (8). Let X be a topological space. A weak strategy on
Xis a sequence, (Φw : n > 1), of functions such that

(a) Φn:
 n(rX\ { 0}) -> τΛΓ\ { 0 } for each * > 1, and

(b) whenever (V0,...9Vn_x) e domΦ n, then Φ ^ F o , . . . , * ; . , ) ) C

A sequence (J^: n < a) (where 0 < α < ω) is compatible (with the weak
strategy) iff Vk QΦk((V0,...,Vk_{)) whenever 1 < k < α. The weak
strategy is a weak winning strategy i f f Π { I ^ : w E ω } 7 έ : 0 whenever (Vn:
n E ω) is compatible. X is said to be weakly a-favorable iff Jf has a weak
winning strategy.

4.3. DEFINITION. X is π-regular (called quasi-regular in [6]) iff the
regularly closed subsets of X form a π-base for C, i.e., iff for each
V E τΛΓ\ { 0 } there is a JF E τX\ { 0 } with cl WΓ C F. X is pseudo-com-
plete (6) iff (1) Jf is TΓ-regular, and (2) if has a sequence, {%n: n E ω), of
open TΓ-bases such that Π{Vn: n G ω} Φ 0 whenever cl Vn+X C Vn E ®rt

for each « E ω.

Combining results of [6], [1], and [8], we see that:

strongly α-favorable -* α-favorable -» weakly α-favorable -> Baire

pseudo-complete

Moreover, each of these four completeness properties is preserved by
arbitrary Tikhonov or box products, and the α-favorability properties are
preserved by open, continuous surjections.

We find it useful in this section to extend our notation concerning
basic open sets in SKX. If B is such a set, and a E K, we let Ba = πa[B];
we denote by U(B) the 'uniform part' of B, i.e., U {Ba: a E κ}\ and we
let supp(J?) = {a E K: BaΦU{B)}, the support of 5. $ denotes the
family of non-empty basic open sets in SKX

4.4. THEOREM. Let Xbe a strongly a-faυorable T2-space\ then so is SKX.

Proof. Let X=SKX, <$ = {<*, V) E XX rX: v<ΞV}, and # =
{( c, F ) E X X τ l : Λ: E V}. Let Φ: ^ -» τX\ {0} be a strong winning
strategy on X. For each B E & let I(B) = {α E supp(5): £ α Π ̂  = 0
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for some β G suρp(£)}, and note that if B D We %, then I{B) c
supp(ίF). We now construct a strong winning strategy, Φ, in X.

First, for each (x, V) G # choose 5(x, F) G ® so that x G £(x, F)
C F. Now fix (x, V) G #, and let 5 = B(x, F). We shall define a set
2ί G ® by defining 2?α for each a G κ; Φ(( JC, F » will then be B.

If x G Δ**, let ίF = Π {Ba: a G *}; clearly <x, ίF> G <3\ so we may
put Ba = Φ(£JC, PF» for each αGic.

If x G X\ί£X there is a finite set / C fc such that supp(5) C / and
x \ J is not constant. Choose sets Ga (a G J) such that

(a)<xα,Gα)G<3>;
(b) Gα c Ba; and
(c) GaΠ Gβ= 0 for some ^ G /

for each a G /. (Getting (c) is possible because A" is T2.) Then let

=
α }5 α , αeιc\/.

Clearly x G f i G l Moreover, if 5 D W G $, then supp(ίF) D
supp(J?) D / D

Now fix a sequence ((xn,Vn): n G ω) in ^ such that for each n G ω,
F " + ι c Φ«x", F"». For each « G ω let J5n = ,B(x", F"), and let 5" =
Φ((xn, Vn)\ Let C = Π {Vn: n G ω} = Π (JBW: n G ω}, and let Cβ =
TΓJC] for α G /c. (Clearly C = Π{Cα: α £ K}.) We must show that C ^ 0 .

LetiV= [n Gco: JC" GA K I). If | t f | = ω , then C = Π{Bn: n G N),
so Cα = Π {5^: /2 G N] for each α G K. But for any w G JV and α G K,
5« = φ((jcg, C/(5W) Π Π {J9£: iS G κ}», so it follows from the choice of
Φ that Ca Φ 0, and hence that CΦ 0.

Otherwise | N \ < ω, and we may assume that N — 0. Let AT =
U (supp(lΓ): n G ω} = U {/(J?Λ): π G ω ) = U (supp(5w): /i G ω}. Fix
α E ί . There is a fc G ω such that a G supp( 2Γ) for all n>k. Thus, if

if > fc, then 4" = φ«*α> G£» f 9 r s o m e G« £ 5« w i t h ^« G G«> a n d it
follows as before that Ca= Π {B£: n>k} ¥= 0. And if a G K \ K, then
obviously Cα D Ĉ  for any ^ G # (since Jα

w D B% for each /i G ω),
so Ca Φ 0 in this case as well. Thus, C ¥= 0, and X is strongly α-favor-
able. D

4.5. Question. Is the restriction to Hausdorff spaces in 4.4 necessary?

Essentially the same proof yields a better result for α-favorability.
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4.6. THEOREM. // X is a-faυorable, so is SKX.

Proof. Let X — SKX, and let Φ be a winning strategy on X. Suppose
that B G %. If Π{Ba: a (Ξ K) φ 0 , let 5* =κ(Γ){Ba: a G *}). Other-
wise we can find a k > 2 and a partition, {Jo,... 9Ik-x}9 of supp(2?) such
that if we set Gέ= Π f ί αG/,} for each / < k, then each GtΦ 0 , and
G, Π G,f = 0 whenever / <y < fc. We then define B* G Φ by letting

( G,, if a G Jf. for some i < k

U G,, ifα Gιc\supp(5).
Clearly BD B* £<$> for each £ G ®. For each F G τ l \ {0} fix a
5(F) G ® such that B(V) = (5(F))* c K

Now fix F G τ ί \ { 0 } , and let B = B(V). As before we define
B — Φ(V) by defining Ba for each a G K. If there i s a G G τ I \ { 0 } such
that Ba — G for each α G K, we let J5α = Φ(G) for each α G /c. Otherwise,
there is a partition, {/0,... Jk-X}> of supp(2?), and there are disjoint sets
G, G τX\ { 0} for i < A:, such that k > 2, 5 α = Gz if α G /. for some
i < fc, and Ba = U {G7: i < /:} otherwise. In this case we simply let

ΓΦ(Gf.), if α G /,. for some / < A:
5« = j U Φ(Gj, otherwise,

[ i<k

noting that supp(.B) — supp(2?) in both cases.

Now suppose that (Vn: n G ω) is a sequence in τX\ {0} such that
Vn+λ Q Φ(Vn) for each n G ω. For each Λ G ω let 5W = B(Vn), and let
^« = φ(Vn). As before, let C = Π{FW: n G ω} = Π{£ w : « G ω} =
Π (IT: « G ω] = Π{Cα: « G κ } . Finally, let J \ ί = { « G ϋ : supp(lΓ) =
0 } either N = ω, or | JV | < ω. If JV = ω, the choice of Φ clearly ensures
that C Φ 0 . If N is finite, we may argue just as in the proof of 4.4 that
again C Φ 0. •

4.7. THEOREM. If X is weakly a-faυorable, so is SKX

Proof. Either follow the pattern of 4.6, or (even easier) define the
functions Φn(n >: 1) as follows.

As before, it suffices to define Φn on n%. Suppose that
(5°, . . . 9B

n'1) G " * is compatible. For 1 < i < n - 1 let
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and suppose that each I. is finite and contains U (supp(2?7): j < /}. Let
/ = U {/,.: 1 < / < n - 1} U supp^"" 1 ) , let

\J Bβ, otherwise,

and put Φn((B°,... ,B"~!» = B. D

All the α-favorability properties are inherited by dense G5-subspaces.

([1, »])

4.8. Question. When is C*X (or FKX or ΦKX) a Gδ-set in SKXΊ More
generally, when can SKX in 4.4, 4.6, and 4.7 be replaced by one of these
dense subspaces? (Clearly we can replace SKX by CKX whenever σX D
[X]ω, as may be seen by examining the proofs.)

4.9. THEOREM. Suppose that X is pseudo-complete. Then SKX is pseudo-
complete; moreover, CKX is pseudo-complete if K > | X\ .

Proof. Let X— SKX; clearly X is π-regular. Let (%n\ n G ω) be a
sequence of π-bases witnessing the pseudo-completeness of X. For each
n G ω let % be the family of all B G Φ> such that either

(a) supp(£) = 0 and Bo G % or
(b) (i) Ba G ®rt for every a G supp(£);

(ii) for any a, β E supp( J5), either Ba = Bβ, or Ba Π Bβ = 0 and
(in) Ba Π Bβ= 0 for some α, β G supp(5).

(Compare (b) with the construction in the proof of 4.6.) Each ®π is then a
7r-base for X.

Now suppose that ( 5 " : n G ω> is such that elf J5" + ι C 5 " E ^ for
eachπ G co, and let C = Π { 5 " : w G ω} = Π{clf 5 " : π G <υ}.Forα G /c
let Ca = ττα[C] = Π{5^: « G co}; we must show that each Ca is non-
empty. If supp(lΓ) = 0 for all n this is obvious: for each a G K,
Cα = Co = Π (2?o: « G ω} T^ 0 by the pseudo-completeness of X. Other-
wise let / = U (supp(2?rt): n G ω} Φ 0 , and note that conditons (b)(ii)
and (b)(iii) ensure that supp(l?n) C supp(,Bn+1) for each n. For each
a G / there is therefore a A:α G ω such that a G supp(5") for each
w > &α; but then 5 ; G % for each « > A:ft, whence Cα = Π {5α

n: w > A:Λ}
φ 0 . And if α G κ\/, then B% D 5γ

π for each n G co and γ G /, so
Cα D U (C γ : γ G /} φ 0. Thus, C Φ 0, ΆndXis pseudo-complete.

Now assume that K > | X | to prove that CKX is pseudo-complete, it
suffices to show that C Π C*XΦ 0 , where C is as in the preceding
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paragraph. For each a G I choose pa G Ca arbitrarily, and let K =
clx{pa: a G /}; if, now, y G κ\I, then K C Cγ, since Cγ is a closed set
containing eachpa (a EL I). Assume for the moment that

Then there is a surjection /: κ\I ^ K\{pa: a G /}, and the point x
defined by

* α {/(α), i f α G / c \ /

is in C Π CKX

The remaining possibility is that |κ\/ |< |A:\{/? α : α E /} | , which
can occur only when K — ω. Then | J f | < ω . Now, a countable space
containing a dense-in-itself, open subset is easily seen not to be pseudo-
complete: a decreasing sequence of ττ-basic open sets can be found that
'squeezes out' each point of X. Thus, in this case X must have a dense set,
2), of isolated points, and we may assume that %n = {{*}: x G /)} for
each n G ω. We then modify the definition of ^ slightly by adding a
fourth condition to clause (b).

(b) (iv) Bi G % for each / < n.
It then follows that either / is finite, in which case clearly ΦωX Π C ^ 0 ,
or / = ω and C = {*} for some x G F ω X In either case C Π C ω X 7̂  0 ,
so C ω X is pseudo-compact. D

4.10. REMARK. The condition that K be at least | X\ is clearly stronger
than necessary: the proof of the last part of 4.9 requires only that K be at
least sup{| Y\: Y Q X and Y is separable}, except possibly when this
number is ω (i.e., when Xis K0-bounded) and | X\> ω.

The last part of the proof of 4.9 yields the following corollary.

4.11. COROLLARY. If X has a dense set of isolated points, then CωX is
pseudo-complete. D

5. Hyperspaces. If κ—\X\, the hyperspace of X, 2X, may be
thought of as a sort of 'unordered' version of CKX. (See [5] for back-
ground information on 2X.) In a sense, 2X is to CKX as [X]2 is to 2X. Let
us make this more precise.

5.0 DEFINITION. Let X be a topological space. The hyperspace of X,
denoted by 2X, is the set σX\{0} of non-empty closed subsets of X
endowed with the Vietoris topology, i.e., that given by the base %(X)
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c o n s i s t i n g o f a l l s e t s o f t h e f o r m ( ( V Q , . . . 9 V n _ _ ι ) ) 9 w h e r e n > 1, F J G
τX\{0} for I < Λ , and ((VQ,...,Vn_λ)) = {C<Ξ2X: CQ U{J^ : / < ή)
and V/< w(C Π ^ φ 0)}.

5.1. THEOREM. Le/ P: CKX -> [X]-* Π 2*: JC H> ran JC. ΓΛCT P is an

open, continuous surjection.

Proof. P is clearly a surjection. For ( ( F o , . . . , Vn_ 1)) G 3C( X), let

the collection of all such sets is a base for 2X Π

Let B(F, V) be a basic open set in CKX. If F = ( α 0 , . . . ,αn_j}, say, let
Wt = Fα for / < Λ. Then it is easy to see that P[B(F, V)] =

' W ) y P i

Now let ( ( F o , . . . , Krt_1))'c be a basic open set in 2X Π [X]~κ. For each
Gnκ let ΪΓψ = 5(ranφ, F o φ " 1 ) , where F: «-^τX: /μ»P;. Clearly
= U{Wφ: φ G " κ ) is open in CKX; and since obviously P[Wφ] =

j f o r e a c h Φ E ^ ? ^ [ ^ ] = ((K)? , K-ι)Y as well. On the
other hand, if x E CKX\ W, then either V{ Π ran x = 0 for some / < Λ,
or r a n x φ U{F;: / < / I } . In either case P(x) € ((Fo , . . . , F n _ 1 ) ) κ , so

^ . . , K^OΓL a n d p i s continuous. D

5.2. COROLLARY. For any K > ω, if CKX has one of the following
properties, 2X has the same property.

(i) Baireness
(ii) weα/c a-faυorability

(iii) a-favorability

Proof. Properties (i)-(iii) are preserved by open, continuous surjec-
tions. (For (i) this is well known. For (ii) it is proved in [8]; the proof for
(iii) is even easier.) It is easy to see that if a space Y has a dense subspace
with one of these properties, then Y has that property as well. Thus, the
result follows immediately from 5.1 and the observation that [X]~κ Π 2X

is dense in 2X. D

We do not know whether there are corresponding results for pseudo-
completeness or strong α-favorability. Although a space with a dense
pseudo-complete subspace is pseudo-complete, pseudo-completeness is
not known to be preserved by open, continuous surjections. Strong
α-favorability, on the other hand, does not transfer up from dense
subspaces. [Let Q be the usual space of rational numbers. Let X denote
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the space Q X Q with the finer topology obtained by isolating each point
(p,q) with q φ 0. Then X has a dense set of isolated points, which is
obviously a strongly α-favorable subspace, but it is not hard to show that
X itself is not strongly α-favorable. Just enumerate Q as {qn\ n E ω}, and
suppose that Φ is a strong winning strategy on X. Let xo = (qx,0),
Vo = {y G X: \\y — xo | | < 1), where || || is the Euclidean norm. Given
Φ(xn, Vn) for some n G ω, let

k = min{ΐ G ω: i > * and <ίf.,0> G Φ(xrt, Kn)},

l e t * * + i = (^ ,0) , and let

Clearly Π{Frt: « G ω} = 0.]

However, McCoy has shown (4) that 2X is pseudo-complete if X is.

5.3. COROLLARY. If X is pseudo-complete, and K > | Jf | ,
^ are pseudo-complete. D
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