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FACTORIZATION THEOREMS FOR DIFFERENT
CLASSES OF ANALYTIC FUNCTIONS IN
MULTIPLY CONNECTED DOMAINS

D. KHAVINSON

This paper consists of four sections. In the first section we give a
survey on the reproducing kernel for harmonic functions in finitely-con-
nected Jordan regions. We also prove a certain version of Fatou’s
theorem which we will use in the next sections.

In the second part we construct the generalized Schwarz kernel for
an arbitrary finitely-connected Jordan domain. This kernel reproduces
any continuous single-valued analytic function inside the domain by the
boundary values of its real part. Also, we give an explicit formula for the
real part of this kernel in terms of the harmonic measures.

In the third section we study the Blaschke products in arbitrary
Jordan domains.

The main results are contained in the fourth section. There we prove
factorization theorems for the classes N, N, , H , and E,.

Introduction. It is well known that R. Nevanlinna’s and V. I. Smir-
nov’s factorization theorems have been very useful for many problems
concerning analytic functions in the unit disc (e.g. see [8], [9], [15], [19]).
Unfortunately, a direct attempt to extend these results to multiply con-
nected domains has been unsuccessful. The fact is that the most natural
function to play the role of the Schwarz kernel in such domains is not
single-valued. Another problem appearing in that case is to define the
Blaschke factor. It is obvious that even in an annulus one cannot find a
single-valued function f(z) satisfying the following properties: (1) f(z)
vanishes only at one given point; (2) f(z) is continuous up to the
boundary; (3) | f(z)|is equal to 1 on the whole boundary of the annulus.

Many papers investigating the classes of analytic functions in multi-
ply-connected domains have appeared. We refer the reader to the survey
by S. Ya. Havinson and G. C. Tumarkin [10] which is quite detailed. The
construction of the “Blaschke products” in finitely connected regions was
suggested by V. A. Zmorovi¢. The convergence theorem for the products
of that type has been proved by P. M. Tamrazov in [22].

The first attempts to generalize the Schwarz formula to finitely
connected domains had already taken place in the 19th century. (By the
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“Schwarz formula” we understand the integral representation of an ana-
lytic function inside the domain in terms of the boundary values of its real
part.)

The papers [24] and [1] contain many results obtained while trying to
solve this problem. In [5-7] L. E. Dunduchenko and S. A. Kas’yanyuk
have proved the factorization theorem for functions meromorphic in
circular domains, belonging to the Nevanlinna class N there and admit-
ting only finitely many zeroes and poles inside the domain.

They used the analog of the Schwarz kernel which had been suggested
by Zmorovi€ in [23] for the circular domains.

The most convenient construction of the Schwarz kernel for the
solution of the factorization problem was given by R. Coifman and G.
Weiss in [3]. In that paper they considered domains bounded by analytic
curves. For those domains, they have proved the factorization theorem for
the analytic functions of Nevanlinna’s class N. Although the authors
pointed out the possibility of extending their results to the classes N, and
H,, they did not give explicit statements. Some further investigation in
this direction is contained in T. S. Kuzina’s paper [17].

If the boundary of the domain is only rectifiable (without assuming
any smoothness conditions), or, furthermore, if it consists of arbitrary
Jordan curves, the construction of the Schwarz kernel given in [3] cannot
be applied. In this case, it is necessary to start out with the general
reproducing kernel for harmonic functions. Generally speaking, this kernel
is the quotient of the derivatives of the harmonic measures. Such a kernel
has often been used in the theory of harmonic functions (see [18], [2]). To
make its conjugate function single-valued we follow the procedure given
in [3]. As a result, we obtain the factorization representations for the
classes N, N and H, in arbitrary Jordan domains and for the classes E,
in the domains with Jordan rectifiable boundaries.

1. The generalized Green kernel and the Green-Stieltjes integral in
finitely connected domains. Let G be a multiply-connected domain with
the boundary I' consisting of » disjoint Jordan curves ¥;. z, is a fixed point
in G. w(E, z, G) denotes the harmonic measure of the set E C I taken at
the point z € G. Let du(§) be a finite real Baire measure on I'. According
to Koebe’s theorem (see [9]) there exists a function w = {(z) mapping G
conformally onto the circular domain K. Note that y(z) is bijective and
continuous up to the boundary T. Let z = ¢(w) = ¢~ (w). wy, = Y(z,).
Let g(z,¢), g(w, t) be the Green functions in G and K, respectively.
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Consider the following function on K X dK:

= _ 1 dg(w,1)/9n,
KO 1) = 2 g, 1) /0,

where w € K, t € 0K and 0/0n, is the derivative in the direction of the
inner normal at the point z. Then I?( w, t) is harmonic as a function of w
and continuous as a function of ¢. Note that the harmonic measure
dw(E,w, K) is absolutely continuous with respect to Lebesuge measure ds
on 0K, ie.

do(E,w, %) = = g(w, 1) ds.
on,
Therefore, the function I?( w, t) can also be defined as the Radon-Niko-
dym derivative at the point ¢ of the measure (1/27)dw(E,w, K) with
respect to the measure dw( E, w,, ). Since harmonic measures are con-
formal invariants, then we can transfer the function I?(w, t) into G as
follows: Letz € G, { € T, Y({) = ¢, Y(z) = w. Then we define

1 dw(E,z,G)

27 do(E, z5,G) |, Kw, 1).

(1.1) K(z,8) =
In other words, K(z, {) is the Radon-Nikodym derivative at the point
¢ of the measure (1/27)dw(E, z,G) with respect to the measure
dw(E, zy,, G). Note that in our case this derivative turns out to be a
continuous function of {. Also, (1.1) implies that K(z, {) is harmonic in G
as a function of z.
Consider the function u(z) defined by

(1.2) u(z) = [ K(z,§) du(¥)
T
It is clear that the function u(z) is harmonic in G.

REMARK 1. Let dji(¢) be the measure on 0K defined by p(E) =
p(¢o( E)) for all Baire sets E C dK. Then by (1.1) we have

u(z) = fr K(z,¢)dp() = fa K, 0) dii (1) = u((2)).

We call the integrals (1.2) the Green-Stieltjes integrals. We also call K(z, {)
the generalized Green kernel in G.
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If u(z) can be represented in the form
(1.3) u(z) = [ K(2,)f(§) do(E, 2, G),

where f({) € L'(dw), then we shall call u(z) the Green-Lebesgue integral.
The following two theorems are well known (see [18, 2, 11]).

THEOREM 1.1. Let z = a(7) be the uniformization mapping of the unit
disc 9 onto G. G denotes the group of Mébius transformations of 0
corresponding to a(t). Let u(z) be a harmonic function in G. Then the
following statements are equivalent.

(1) |u(z) | has a harmonic majorant in G.

Q) u(z) =u'(z) — uX(2),u'(z) =0inG,i = 1,2.

(3) The function u*(7) = u[a(7)] is automorphic with respect to § and
representable by the Poisson-Stieltjes integral in ).

(4)

u(z), u(z)=0,

has a harmonic majorant in G.
0,  u(z)<o0, )

ut(z) =[
(5) If {G'}T is a sequence of domains such that G' C G'*', U2 | G' =G
and W'(E, z,, G') are the harmonic measures on 0G', then

lim [ |uldo'(E, z,,G') = C, < + 0.
i—»o0 YOG

(6)

lim u* dwi(E,zO,Gi)SC,;<+oo.
i—o0 YOG’

(7) u(z) is representable by the Green-Stieltjes integral in G.

THEOREM 1.2. Let u(z) be a harmonic function in G and let a(7), G be
the same as in Theorem 1.1. Then the following statements are equivalent.

(1) The function u*(7t) = u[a(T)] is representable by the Poisson-
Lebesgue integral in 90 and u*( 1) is automorphic with respect to the group G.

(2) If the sequence {G'}* is as in Theorem 1.1., then the integrals
{ fogi|u| d&'(E, 2o, G')} are uniformly absolutely continuous with respect to
the harmonic measure (cf. [11)).

(3) u(z) = u'(z) — u?(z) where u'(z) =0, i = 1,2, and there exist
nondecreasing sequences of bounded harmonic functions {u'(z)}*-, con-
verging uniformly to u'(z) on the compact subsets of G.
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(4) The least harmonic majorants u™(z) of the subharmonic functions
lu(z)| —M]" converge to zero uniformly on the compact subsets of G as
M - 0.

(5) u(z) is representable by the Green-Lebesgue integral (1.3).

Let us study the boundary behavior of the Green-Stieltjes integrals.

Let { € I and let v, be a Jordan half-open arc such that y, € G and {
is its endpoint. Let f(z) be any function in G. Assume there exists the
limit 4 = lim,_;. . <, f(z) (finite or infinite). Then following [4] we call 4
the asymptotic value of f(z) at the point { along y,. If f(z) has the
asymptotic value 4 at { along a certain curve 759 (it is possible that
A = *o00) and the asymptotic value along any other curve y; is either
equal to 4 or does not exist, then A is called the asymptotic boundary value
of f(z) at {. According to the celebrated result of F. Bagemihl, an
arbitrary function f(z) has asymptotic boundary values at all points { € T’
except a certain countable set (see [4]). Let us fix arbitrary points {, € v,,
i =1,...,n. Define the generating function i for the measure du as
follows. Let { € v, and {;{ denote the arc of v, between {; and { oriented in
the same directions as y,. Then we set

i(w($8, 20, G)) = p(£5).
It is clear that i has bounded variation as a function of the parameter
00({1{, Z(), G)'
THEOREM 1.3 (P. Fatou’s theorem). Let us consider all points §, € v,,
i = 1,...,n, such that there exists a finite or infinite derivative

_ . .‘74("-’(5':)}’ 20> G))
! =1 = .
# (%) fl—'r?o (oS, 29, G)

Then the integral (1.2) has asymptotic boundary values [i’({,) at all such
points §, except, maybe, a countable set.

Proof. According to the invariance of harmonic measures and Remark
1 it suffices to prove our theorem for the circular domain K. At first, we
note that if u(w) is representable by the integral (1.2) in K with the
measure dj, then there exists a Baire measure dv on 9K such that

(1.4) u(w) = - LK%Z—’)M:).
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In reality, the analyticity of 9 implies that dg(w, t)/0n, is harmonic in
the neighborhood of 0K and does not vanish in that neighborhood. Then
setting

WE)=[ g

ENJK 8g(w0, t)/an[ #

for any Baire set E C R?, we obtain (1.4). Let 3K = U;f:l [;, where [; are
circles. Let »(¢) be the generating function of the measure dv. Fix i. Let
t, € [,. Assume there exists a finite or infinite derivative »’(¢,). Let w tend

to ty. Then 9g(w, t)/dn, - 0 uniformly on all /, j # i. Hence,
1 0
(1.5) u(w) = 5- flﬁ—tg(w,z)dy(z) +o(1)

if w is sufficiently close to ¢,. Let g;(w, t) be the Green function of the
simply-connected domain K, bounded by /, and such that K, 3 K. We
define the function r,(¢) as follows:
I'w(t) = g(W, t) - gi(W7 t)'

r,(t) is harmonic in K. As w — ¢, r(¢) — 0 uniformly outside a certain
neighborhood of ¢,. Since r,(z) =0 on /, then according to the
Riemann-Schwarz symmetry principle we can continue r,(¢) through /..
Therefore, r,(7) — 0 as w — 1, uniformly on all the circles /; symmetric to
l,, j # i, with respect to /;. Hence, r,(¢) > 0 as w — ¢, uniformly in the
whole domain bounded by /, [}, j # i. Then 9r,(¢)/3n, — 0 uniformly as
w — t,. But 9g,(w, t)/0n,, t € 3K, is the classical Poisson kernel in %,.
Thus, from (1.5) we obtain that

(1.6) u(w) = 5 J %gi(w, £) dv(1) + o(1).

Assume w — ¢, inside a certain angle in . Then from (1.6) and the
classical Fatou theorem (see [8, 9, 15, 19]) we obtain that u(w) — »'(¢,).
Since

du _dp dv 0 dv ,

—_— . = - t)- = t s

do ~ dv de an 8o 1) (ag(w,, 1)/0n,) dt (o)

then u(w) — p'(z,) as w — ¢, inside any angle in K. Applying the above-
mentioned theorem of Bagemihl, we complete the proof.

COROLLARY 1.1. The integrals (1.2) have finite asymptotic boundary
values almost everywhere with respect to harmonic measure.
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COROLLARY 1.2. The representing measure du for the harmonic function
u(z) in (1.2) is unique.

Proof. Let us assume there are two measures du,, du, such that
u(z) = [K(z,8) dp, = [K(z,§) dp,.
T T
Letdo = du, — dp,. Then
(1.7) o(z) = [ K(2,¢) do(§) = 0.

According to Theorem 1.3 we obtain from (1.7) that do is singular with
respect to dw. Then, according to the De La Valleé-Poisson theorem,
|do/dw|= oo a.e. with respect to do (see [21]). In the proof of Theorem
1.3 we have actually shown that at each point where there exists do/dw,
there always exists an asymptotic value of v(z) equal to do/dw. So, a.e.
with respect to do there exist asymptotic values of v(z) equal to *oo.
This contradicts (1.7).

For the sake of completeness we state and prove the decomposition
theorem for Green-Stieltjes integrals. A similar result for Green-Lebesgue
integrals was proved in [11].

The following lemma is known (see [12], [14]).

LEMMA 1.1. Let {G'}7 be a sequence of domains with smooth boundaries
such that U2 G'=G, G'C G, aG'=T"= Ul Y/, where v] is ho-
mqlogoqs 10 v; C I'. Let G/’ denote the domain bounded by y; such that
Gi D G'. Let g(z,%), gj(2,§) be the Green functions of G' and G,
respectively. Then there exists a constant A such that for all i,

1< agj(z> ZO)/anz <
8g'(z. 2,)/dn,

THEOREM 1.4. Let u(z) be representable by the integral (1.2). Let G; be
a domain bounded by v, such that G;D G. Fix arbitrary a; € C\G,,
j=1,...,n. Then

A, zEyf,j‘——l,...,n.

u(z) = u(z),

where

(1.8) u,(z) =cInjz —a|+ u)(z),
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c; are constants depending only on u(z). If o & G, then c; = 0. For each

= 1,...,n uj(z) is harmonic in G,. Moreover each u(z) is representable
by the Green-Stieltjes integral in G;, uj(0) =0. The functions uj(z),
Jj=1,...,n, depend only on u(z) and the chozce of a;.

Proof. Let the sequence {G'}? be the same as in Lemma 1.1. Accord-
ing to Green’s theorem applied to G*, we obtain

a9 u
u(z)I%/iu(f)[gﬁln §|]d ——f g ! — 7] gnd

:zu() z e G,

j:

where

(1.9) uj(z):—zl—wfy_u({)[—%ln ﬁ]ds

It is clear that the u;(z), j = 1,...,n, do not depend on i. Also, they are
harmonic in G;, respectively, except, maybe, at infinity (if co € G;). Ina
neighborhood of oo we have

(1.10) u(z) =cjlnfz — o+t uj(z), j=1,..n,

where

1 ou .
j -2'; ngé;l-ds’ j—l,...,n,
and u}(z) are harmonic at co, j = 1,...,n. Fix j. According to (1.9) and
(1.10) there exists the constant M such that the inequality

(1.11) |uj(z)| <|u(z)| + M
holds near v/. Let dw'(E, z,, G'), dwi(E, z,, G]) be the harmonic mea-
sures on dG' and 9G], respectively. Then, by Lemma 1.1, we have

- dwj.(E, zO,G?)

J

< <.
dwi(E, Zg, Gi) =

(1.12)
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Since u(z) is representable by the integral (1.2) in G, then applying p. 5 of
Theorem 1.1 and estimates (1.11) and (1.12), we obtain

L'Iu}ldw}(E, 29, G!) s}\j;lu|dw"(E, 2,G) + M <AC, + M < + 0.

Then applying Theorem 1.1 again we obtain that each u/(z) is representa-
ble by the integral (1.2) in G,.
In §4 we will make use of the following.

THEOREM 1.5. Let u(z) be a harmonic function in G. {G'}?,
dw'(E, zy, G') are the same as above. The following statements are equiva-
lent.

(1) The integrals { [, u™ (§) dw'(E, 2y, G')} are uniformly absolutely
continuous with respect to the harmonic measure.

(2) u(z) is representable by the integral (1.2) with the measure du({) =
F({)dw + dv, where dv < 0 and dv is singular with respect to dw. F({) is
equal to the asymptotic boundary values of u(z) a.e. with respect to dw on T.

(3) u(z) is representable by the integral (1.2) with the measure du({) =
Y($)dw + dv,, where dv, <0, ¥({) =0 and Y({) is equal to the asymp-
totic boundry values of u™ (z) a.e. with respect to dw.

REMARK 2. The class of harmonic functions characterized by Theorem
1.5 as well as the corresponding class of subharmonic functions was
introduced by I. 1. Privalov in [20] for the unit disc. In [16] these classes
were investigated in simply connected domains with rectifiable boundaries.

Proof. (2) = (3). Let F({) = F" () — F(£). Then
dp=F"({)dw+ dv— F($)do = F* ({)dw + dv,,

where dv, < 0.

(3) = (2). According to the Lebesgue decomposition, we have dv, =
f(§)dw + dv, where dv is singular. Since dv, <0, then f({) <0 and
dv < 0. Therefore,

dp($) = ¥($)dw + f(§)dw + dv = F(¢)dw + dv.
(2) = (1). Since

u(z) = fr K(z,8)dp(}) < /r K(z,$)F* (¢) dow = v(z),
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then u* (z) < v(z). According to Theorem 1.2 the integrals { ;v dw'}
are uniformly absolutely continuous. Then the integrals { [ u™ dw'} are
also uniformly absolutely continuous. In a similar way one can show that
(1) = (2). The theorem is proved.

2. The Green-Schwarz kernel in finitely connected Jordan domains.
We keep the same notation as in §l. Let K(z,¢) be the conjugate
harmonic function of K(z,{) as { € I is fixed. Let f(z) = u(z) + iv(z)
be a single-valued analytic function in G such that u(z) is continuous in
G. Then, according to Theorem 1.2, we have

u(z) ZfFK(z, Ou(?) de(E, z,, G).

Set p(z,¢) = K(z,¢) + iK(z,¢). Then

(2.1) 1(z) =fru(§)p(z, ¢) dw(E, z,, G).

But if u({) is an arbitrary real-valued continuous functions on I', then the
integral (2.1) gives, in general, a multi-valued function in G. We want to
construct the kernel (z, {) such that for any continuous function #({) on
I' the function

f(z) = fr P(z, $)a(¢) do(E, zy, G)

is analytic and single-valued in G. In the following construction we use the
basic ideas of [3].

Let I'"= Uj_, v/, where y, are analytic curves in G and vy, is
homologous to v,, kK = 1,...,n. Let G’ C G be a domain bounded by I".
Let w,(z) be a harmonic measure of v, k= 1,...,n, ie. wf =1,
W, lv, =0, # k, and w, is harmonic in G. w} are harmonic measures of y;
with respect to G', k = 1,...,n.

Let u(z) be a harmonic function in G and let v(z) be its conjugate.
According to the Cauchy-Riemann equations and Green’s formula the
conditions for v(z) to be single-valued in G can be written in the following
form:

’

[ v, ou , dwy , _ B
Aka—LL ds~—f{ands——fpu anafs—O, k=1,....n— 1.

Yk
From now on we assume v,,...,Y,_, lie inside of y,. Let

ds on

Yj Y

9z 3
(2.3) wkj:f/—oi’ids:—fﬂds, k,j=1,....n—1.
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Here, &, is the conjugate function of w,. As it is known (see [3]), the
matrix ||, jH{ ~! is symmetric and positive definite. Hence, det||7, A 0.
Therefore, for any harmonic function #(z) in G there exist real numbers
Al,...,A,_, such that the conjugate function of u(z) — 2{7' A w(z) is
single-valued in G. Those A,,...,A,_, are uniquely defined by u(z). By
(2.2) and (2.3) it is also clear that A, j = 1,...,n — 1, satisfy the following
equations:

du
(2.4) 2)\/ = ads,  k=l..n—1

Yk

THEOREM 2.1. There exists a unique function P(z,§) continuous on
G X T and satisfying the following properties: (1) If { € T is fixed, then
P(z, ) is single-valued and analytic in G. (2) If z € G is fixed, then

f@(z,g)dw(E,zo,G) =0, k=1,..,n—1;
Yk

/@ $)dw(E, zy,G) = 1.

(3) If f(z) = u(z) + iv(z) is a single-valued analytic function in G and u(z)
is continuous in G, then

/(z) =fF§P(z, Ou($) do(E, zy, G) + iv(z,).
We shall call 9(z, {) the Green-Schwarz kernel in G.

Proof. (1) Fix { € I. Choose the numbers A({),..., A, (§) such
that the conjugate function R(z, {) of the function

R(z,§) = ZA(f)w (z)

is single-valued in G and R(z,,¢) = 0. In case of u(z) = K(z, {), from
(2.4) it follows that A(S),...,A,_($) are continuous functions of §.
Setting P(z, {) = R(z, {) + iR(z, {), we complete the proof of (1).

(2) Let u({) be an arbitrary real-valued continuous function on T.
Consider the following integrals:

(2.5) u(z) :/FK(Z,§)L7(§) dw(E, z,,G),

0(2) = [R(:, D)) du(E. 20.6) = ulz) = 3 Ay :)
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where

(2.6) y :fFAj(g)ﬁ(g) dw(E, z,, G);

27 F(z fr@(z O)i(¢) dw(E, 2y, G) = u,(z) + iv,(z),

where v, is the conjugate of u,. Then ¥(z) is single-valued. Take u({) =
@,($). Then u(z) = w,(z). Put A, = --- =X, _, = —1. Since system (2.4)
has a unique solution, #,(z) = 1. Hence,

fr@(z, e, (§) dw(E, 2y, G) :/@(z,g) dw(E, zy,G) =1+ ic.

But R(zo, $)=0. So ¢ =0. Letting u({) = w,({), Kk <n, and putting
=0,....,A, =-1,A,,, =0,...,A,_, = 0, one can easily verify that

f@(z,g)dw(E, 24, G) = 0.
Yk

(3) Let f(z) = u(z) + iv(z) satisfy our hypothesis. Then system (2.4)
has only a trivial solution. If we plug () = u({) into (2.5)—(2.7), then we
obtain that u,(z) = u(z) and f(z) = ¥(z) + iv(z,).

To prove the uniqueness of 9P(z, {), let us assume there exists another
function P (z, {) satisfying (1)—(3). Take an arbitrary real-valued func-
tion #($) continuous on I'. Define u, u, and ¥ by (2.5), (2.6) and (2.7),
respectively. According to (2) and (3), we have

) = [9,(2,5)u§) do = [ f)(ﬁ(s“) - 2 Ao (§)] de

:fr@l(z,g)a(g)dw =fr@(z,§)ﬁ(§)dw

for all z € G. Since #({) was an arbitrary continuous function, we obtain
P(z,§) = P(z, §). The proof is complete.

To compute Re P(z, {) we have to introduce more notation.

At first, let us consider the circular domain K. Let 9 = U;’ s
and let w; be a harmonic measure of /.. We define the functions S,(7) on

9K as follows:

da,;(1)/0n,

AT e =1, 0 — 1.
ag(ta WO)/ant

Sj(” WO) = Sj(t) =
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It is clear that S;(¢) are continuous functions on I'. Let I'" = Uj_, /; be
defined in the same way as above. Let u(z) be a harmonic function in K
continuous in K. Let v(z) be its conjugate. Then, according to (2.2), we
have

o dui(r)/on, o
Ao = _-/r'u o B = —L,u(T) 22(tw),/n. anTg('r,wO) ds.

As TV - 9K it can be easily seen that

f“aiﬁ%ﬁgn aiTg(”’Wo)ds*fmﬁ(t)Sk(t)dw.

Therefore,

Yk

(2.8) Aov= _fmu(t)sk(t) do(E,w,, 5C).

Let G be an arbitrary n-connected Jordan domain. w = {(z) is as in §1.
We put

S,(5.20) = 5,(§) = S,(¥(5)), ¢ €ET.

Since both sides in (2.8) are invariant with respect to conformal maps,
then (2.8) still holds for G (u(z) = u(y(z)), i.e.

(2.9) Ap= —fru(g“)Sk(s“)dw(E, 25, G).

THEOREM 2.2. Let ||q . II7 ™" = (lmy 7 ~")™". Let P(z,§) be the Green-
Schwarz kernel in G. Then

Re ¥(:z §)‘R(Z $) =K(z,¢8) — 2 A (§)w(2),
where
(2.10) A = _:gl 4,50,

Proof. Let u({) be an arbitrary real-valued continuous function on T'.
Define u(z) in G by (2.5). From (2.4) and (2.9) we obtain

n—1
N, == 3 gu [Su)a() de(E, z,,G).
k=1 r
At the same time, by (2.6), we have

N = [A,(6)E() do(E, 29, G).
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Therefore,
n—1
_[F[Aj(f) + X 2;:S(§)|u(§) dw(E, 24, G) =0
k=1
for any u. From this (2.10) follows.

3. The generalized Blaschke products. In the following theorem we
put together the necessary information (most of which is known) concern-
ing zeroes of analytic functions. We keep the same notation as in §§1, 2.

THEOREM 3.1. Let f(z) be a single-valued analytic function in G. Let
{z,}T be the sequence of its zeroes in G. The following statements are
equivalent:

(1) In|f(2)| has a harmonic majorant in G.

(2) The series 2 g(z,, z) converges uniformly on compact subsets of

G\{z,}7.

(3) Let {z{}3¥-1,J = 1,...,n, be the subsequences of {z,}%~, such that
all cluster points of {z[} belong to v;; {z,}7 = Uj_, {z}¥=1, {zi}¥=1 N
{z1)%=1 = D asi # . Then the series 2¥_,8,(z|, z),j = 1,...,n, converge

uniformly on the compact subsets of G\{z/}¥-,.

(4) The series 27—, |w(z]) — & i=1,...,n,j=1,...,n, converge.
(8, is the Kronecker symbol.)

If T' = U"_, v, is analytic and §; denotes the closest point to z; on T,
then (1)—(4) are equwalent to the followmg

ijl’

(5) 21 |z, — §| < +o0.

Proof (1) = (2) follows immediately from the Green-Jensen formula.
(2) © (3). From Lemma 1.1 it easily follows that the following in-
equalities hold near each v;,j = 1,...,n:

1 ng(z, Zo)/g(Z, ZO) = C}’

where C; are certain constants. This implies that (2) < (3).

(2) & (4). Let us transfer everything into the circular domain JC. Let
g;(w, t) be the Green functions of %j, Jj=1,...,n, and w, = Y(z,).
According to the invariance of Green’s functions we have

ig(zk’ zy) = ig(wlawo)-
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Since we have already proved that (2) < (3), then all series 27, g ( wi, W),
J=1...,n, w/ =14y(z{), converge as soon as I g(w,,w,) < t+oo.
According to the equivalence of (1) and (2), and the well-known Blaschke
theorem for the unit disc, we obtain the convergence of the following
series: 27°|w/ — t{|, j=1,...,n. Here, t/ is the closest point to w/
on 9JC. It is clear that there exists a constant M such that |w(w) —
w(w’)|=M|w" —w”| for all w', w” € 9C. From this and according to
the fact that all w; are invariant w1th respect to the conformal mappings,
we obtain our statement. We note that in the last argument we only used
the analyticity of dK. Therefore, if 9G is analytic we obtain that (1)—(4)
are equivalent to (5).
Leta € G, a’ € I'. Following [3] we define the functions

(3.1) B(z,a)=(z - a)exp{—fr@(z, Olnl¢ — aldo(E, 2, G)}.
(32) B(z,a)=(z— a')exp{_fr@(z, Onl¢ — a'lde(E, z,, G)}.

In the same way as it has been done in [3], one can show that the function
(3.1) conformally maps G onto the unit disc with slits along circular arcs
centered at the origin. Similarly, the function (3.2) conformally maps G
onto the annulus with slits along circular arcs around the origin.

The proof of the following theorem is almost the same as that for the
corresponding result in [3], so we omit it.

We recall that [lg;,/I7 ™" = (lm /™)™ (see §2).

THEOREM 3.2. Let the sequence {z,}¥ satisfy (1)—(4) of Theorem 3.1.
Let ¢ = ¢7\(t]), where t] are the same as in the proof of Theorem 3.1
(k=1,...,;j=1,...,n). Then the product

%O(Z) ﬁl kHI : Ei, ;13

converges absolutely and uniformly on the compact subsets of G. B(z) = 0
if and only if z € {z,}7. Moreover, if the sequence {G'}., is the same as in
§1, then (I'" = 3G" = U;_, vi)

lim [ n|By(2)|-C,ldw/(E, z,, G') = 0,
=00 Yy
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where

00 n n—l1
=2 2 2auld—wlz), k=1..n—1 (=0

i=1 (=1 j=1

Finally, |By($) ||, = exp(C,) a.e. with respect to dw, k = 1,...,n.

We shall call B(z) the generalized Blaschke product.

For the reader’s convenience let us recall the definitions of the basic
classes of analytic functions in multiply connected domains. (Details can
be found in [10].)

Let f(z) be a single-valued analytic function in G. {G'}, 3G’ = I'" are
as above.

The function f(z) belongs to N(G) (Nevanlinna’s class) if

lim f In*|f|dw'(E, z,, G') < const < + co.
i-oo VT

We say that f(z) belongs to N _ (G) if the integrals
{f In*|f] do'(E, z,, G")}
Fl

are uniformly absolutely continuous with respect to the harmonic mea-
sure. The function f(z) belongs to H,(G), p > 0 (Hardy’s classes), if

lim f IfI" do'(E, z,, G') < const < +o0.

i— 00

Finally, the function f(z) belongs to E,(G), p > 0 (Smirnov’s classes),
if there exists the sequence {G'} as above such that I'" = 9G’ are rectifia-
ble and

lim f /" ds < const < +oo0.
I‘l

i— 00
It is known (see [8-10, 15, 19]) that ND N, D H, and N D E, for all
p>0.

COROLLARY 3.1. If f(z) € N(G), then the Blaschke product correspond-
ing to the zeroes of f(z) converges.
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4. Factorization theorems in finitely connected domains. Let G be
an n-connected Jordan domain.

LEMMA 4.1. Let f(z) € N(G), f(z) € N, (G) or f(z) € H,(G). Let
B(z) be the Blaschke product corresponding to the zeroes of f(z). Then the
function 5(z) = f(z)/B(z) belongs to the same class as f(z).

Proof. For the classes N, N, the lemma follows directly from the
definitions and Theorem 3.1. Let f(z) € H,(G). Then according to the
results in [10), f(z) € N, (G). So ¥(z) € N, (G). Moreover, the condi-
tion

f |F]” dw < const < + oo
T
follows from the fact that

f If” dw < const < + oo,

r
since | By({) ||, = const for all k = 1,...,n. Therefore from the generaliza-
tion of the Polubarinova-Kochina theorem obtained in [10] it follows that
¥(z) € H,. The lemma is proved.

The following theorem extends the result of R. Coifman and G. Weiss
to Jordan domains.

THEOREM 4.1. Let f(z) € N(G). Then f(z) can be represented in the
following form:

(@) f(z) = Q(Z)Bo(Z)exp{ f#6.5) du(f)},

where B(z) is the Blaschke product corresponding to the zeroes of f(z);
du($) is a real Baire measure on T,

Q(z) = exp( n?_ )‘ij(z)), wi(z) = wl(z) +id(z),j=1,...,n — 1,

where A » J=LY...,n—1, are real numbers such that the numbers
(1/27)A, arg Q(z), k = 1,...,n, are integers. The converse is also true,
namely, if (4.1) holds with X ;, j = 1,...,n, such that (1/2m)A, arg Q(z) are
integers, then f(z) € N(G).
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Proof. Let f(z) € N(G), and let By(z) be its Blaschke product.
According to Lemma 4.1 9(z) = f(z)/B,(z) € N(G). Then, by Theorem
1.1, In|%(z)| is representable in the form (1.2), i.e.

In|F(2)| = [ K(z,§) dp(3),
r
where dp is a real Baire measure on I'. Consider the function
[r9P(z,¢) du($). According to Theorem 2.1 we have

d

u(z) efRef?? ,$)dp=In|F(z)|— EAw

Therefore,

5(2) = exp| 'S A () |owp| [ 912, (o).

From this (4.1) follows. Since % (z) is single-valued, then
(1/27) A, argQ(z), k=1,.

are integers.
Assume (4.1) holds. Then the first two factors are bounded functions
in G. Let us denote the third factor by ¢(z). We have

Injg(2)| = [ K(z,£) dn(s) = 2 Ao

= [K(z,0) [du () - zx ,(§) do(E, 20, G)|.

So In|¢(z)| is representable by the Green-Stieltjes integral. Applying
Theorem 1.1 we obtain that ¢(z) € N(G). Therefore, f(z) € N(G).

COROLLARY 4.1. The factor Q(z) can also be represented as

n—1

o(z2) =11 (B(z.a))™,

1

where aj,...,a, _, are arbitrary points on A,,...,\, _,, respectively, and m,,
k = 1,...,n — 1, are integers defined by

my = (1/2‘”)Ayk arg[f(z)/BO(z)].

Proof. Since %(z) = f(z)/By(z) is single-valued, then m, =
(1/27) A, arg ¥(z), k = 1,...,n — 1, are integers. From (4.1) it follows
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that Aykarg@: A argQ,k=1,...,n— lie.
n—1
m,= X mA;.
j=1

Hence, A, = 2iZ1gm,. Fix arbitrary points a; € v,, k= 1,....n — L.
According to the result in [3], we have

n—1
|B(z, ap)|= exp{— > qjkwj(z)}, k=1,...,n—1.
j=1

So

n—1
w(z) =~ X m,In|B(z, a’)|.
v=1
Hence,

n—1
2 }\jwj(z) = - 2 mqujﬂ.jvlnlB(Z’ a,)l
1

k,v,j
-1

= -2 mn|B(z,a)| X q,m,
1

k,v Jj=
n—1
= - > m,In|B(z, a,)|.
k=1
From this we obtain our corollary.

THEOREM 4.2. f(z) € N, (G) if and only if (4.1) holds with dp =
In|f(§)|dw(E, zy, G) + dv, where f({) is the asymptotic boundary values
of f(z), dv =<0 and dv is singular with respect to dw.

Proof. Let f(z) € N, (G). Then (4.1) holds with du taken from the
representation of In|%(z)| by the Green-Stieltjes integral. Since, accord-
ing to Lemma 4.1, ¥(z) € N, (G), then the integrals { [r. In"| %] dw'} are
uniformly absolutely continuous with respect to the harmonic measure.
Therefore, according to Theorem 1.5, we obtain

In|%(z)| = /FK(Z, O[nlF($)lde(E, 2o, G) + dv],

where dv < 0 and dv is singular. But

In|F(§)] = In|/(§)] = In|By($)| = In|f(§)| = C;
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on v,. According to Theorem 2.1(2) we obtain
J 8@z mlf(©)lde = [ (=, O)nlF (§)|de.
r T

Therefore, we can replace the measure dp in (4.1) by the measure
dw’ = In|f({)|dw + dv. The proof of the converse statement is the same
as in Theorem 4.1.

THEOREM 4.3. f(z) € H,(G) if and only if (4.1) holds with dp =
In|f($)|dw + dv, where dv =<0 and dv is singular with respect to dw.
Moreover,

j;|f(§)|p dw(E, z,,G) < const < + 0.

We omit the proof of this theorem since it can be obtained in the
same way as the proofs of Theorems 4.1 and 4.2. The following theorem
characterizes the Blaschke products (cf. [8, 9, 15, 19)).

THEOREM 4.4. f(z) is representable in the form f(z) = Q(z)By(z),
where By(z) is the generalized Blaschke product, Q(z) is the same as in
Theorem 4.1, if and only if there exist real numbers C,,...,C,, C, = 0, such
that

o0

(4.2) 1im/v|ln1f|~Ck|dw"(E,zO,G"):O, k=1,...,n.
U Yk

Proof. If f(z) = Q(z)By(z), then (4.2) follows from Theorem 3.2.

On the other hand, let us assume (4.2) holds. Then f(z) € N, (G).
Moreover, the integrals { [r:|In|f||dw} are uniformly absolute continuous
with respect to the harmonic measure. Hence, according to Theorem 1.2,
In|f(z)| is representable by the Green-Lebesgue integral. Therefore, the
measure dy in (4.1) is absolutely continuous with respect to dw. Moreover,
on each y, we have In|f({)|= C, a.e. From this and from Theorem 2.1(2)
we obtain f(z) = Q(z) - By(z).

Let us now study the factorization problem for the classes E,.

Let G be a n-connected domain with the rectifiable Jordan boundary
I'. Hence, we can talk about ordinary angular boundary values. Moreover,
in that case the singularity with respect to the harmonic measure and the
singularity with respect to the Lebesgue measure ds on T are equivalent.
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We recall that G is called a Smirnov domain (G € S) if In|{'(z)]| is
representable by the integral (1.3) (cf. [10]). (As above y(z) is a conformal
mapping of G onto the circular domain K.)

THEOREM 4.5. Let G € S. Then f(z) € E(G), p >0, if and only if
(4.1) holds with dp. = In|f($)|dw + dv, where dv < 0, dv is singular and

f |f(§)|p dS < const < +o0.
r

Proof. Since G € §, E(G) C N, (G) for all p >0 (see [10]). So our
theorem follows immediately from the Polubarinova-Kochina theorem in
[10].

To investigate the case G & S we first recall the following generaliza-
tion of the Keldysh-Lavrentjev theorem for multiply-connected domains
proved in [10].

(4.3) 1(2) € E(G) = f(z)/1¥'(z) € H,(G).
The following lemma is known (see [10]).
LEMMA 4.2. Let G, v, C T, 3, j = 1,...,n, as above. Let y;(z) be a

conformal mapping of G; onto JC . Then there exist constants C,, C, such
that the inequality

0<C =[(z)/¥(z)|]=C,< + o0
holds near vy, for all j = 1,...,n.

From (4.3) it follows that y’(z) € E(G). Moreover, since y'(z) # 0
in G we can write the representation (4.1) for y’(z) as

(4.4) #(2) = exp] [9(2.0) d.

where dp, = In|{'($) |dw + dv,; dv, is a singular measure. Since 1/¢'(z)
= [y (w)l € H(K) (T is rectifiable!), from (4.3) and Theorem 4.5 it
follows that dv, = 0.

REMARK. We assume {/(z) maps the outer curve of I onto the outer
curve of dK. So In ¢’(z) is a single-valued function in G.
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THEOREM 4.6. f(z) € E(G), p >0, if and only if (4.1) holds with
dp = In|f({)|dw + dv, where dv is singular, dv < (1/p)dv, and

Jrlf(E)F ds < +o0.

Proof. Let f(z) € E,(G). Then, according to (4.1), we have
112) = Q=) By 2Jexp [ 9z E )l |exp] [ 9(z.6) .
T T

where dv is a singular measure. From (4.4) we obtain

fz) _ Q(z)B,(z)exp fr@(z, ¢)In SE) dw
W) W)
Xexp{];@(z, f)[dv — %d%”.

Therefore, according to (4.3) and Theorem 4.3, we have dv — (1/p)dv, = 0
and

£y -
(4.5) /FM,({)ldw(E,zo,G)_const< + 0.

Sodv < (1/p)dv,. Since

[4/($)| = 38, (%, 20) /9n;

(g, 1s the Green function of G,), then according to Lemmas 1.1 and 4.2 we
obtain that (4.5) is equivalent to [-|f($) P ds < + co.

We omit a proof of the sufficiency since it is the same as in Theorems
4.1-4.3.

COROLLARY 4.2. N (G) C N, (G).

0<p<oo E[]

Proof. Let f(z) € M,_,_, E,(G). Then according to Theorem 4.6 the
singular part dv of the measure dp in the representation (4.1) for f satisfies
the inequality dv < (1/p)dw, for all p > 0. Letting p tend to oo and using
Theorem 4.2 we complete the proof.

ReEMARK. From the results in [13] it is seen that the modulus of the
boundary values and the singular measure are really the parameters of the
corresponding classes N, N, H, and E,.
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