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THE MAXIMAL ERGODIC HILBERT TRANSFORM
WITH WEIGHTS

E. ATENCIA AND F. J. MARTIN-REYES

This work is concerned with the characterization of those positive
functions, w, such that the ergodic maximal Hilbert transform associated
to an invertible, measure preserving, ergodic transformation on a proba-
bility space, is a bounded operator in L,(wdp).

1. Introduction. Let (X, §, n) be a non-atomic probability space,
and let 7. X — X be an ergodic, invertible, measure preserving transfor-
mation. We consider the ergodic maximal Hilbert transform associated to
T defined by

s [T%)

z (s, €Z)

(1.1) Hf(x) = sup

5,t=0

s<li<t

and acting on measurable functions. Our main result is given by the
following theorem.

(1.2) THEOREM. Let w be a positive integrable function. Then f — Hf is
bounded on L (wdp) if and only if w satisfies condition A, i.e., there exists
a constant M such that for a.e. x € X and for all positive integers k

k—1 k=1 -1

p
(1.3) KU ow(Tx) |k S w(Tx)”7P0 <M
i=0 i=0

2. Main results. In this section we will prove the theorem above
stated using the concept of ergodic rectangle and some ideas in (3)
adapted to our context.

(2.1) DEFINITION. Let B be a subset of X with positive measure and &
a positive integer such that

TBNT'B= @&, i#j,0<i, j<k-—1.

Then the set R = U/ T'B will be called an “(ergodic) rectangle” with
base B and length k.

Obviously p( R) = kp(B).

In the proof of the theorem we will need the following two results
which have been proved in (1).
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(2.2) PROPOSITION. Let k be a positive integer and let A C X be a
subset with positive measure. Then there exists B C A such that B is base of
a rectangle of length k.

(2.3) LEMMA. For any positive integer k, X can be written as a countable
union of bases of rectangles of length k.

The boundedness of the operator f —~ Hf on L (wdp), p > 1, implies w
satisfies 4. Let k be a positive integer and let’s fix a rectangle with base
B and length 4k. We consider, for each integer n, the subset of B given by

k—1
(24) B, = {x €B:2"<(2k) ' I w(Tix)"V?" V< 2"“}.
i=0

Its obvious that B = U, B,.
Now fix n and let A C B, be an arbitrary measurable subset with
positive measure. Consider

Q,=AUTAU---UT* 4,
Q, =T UT'4U---UT?* 4.

If f is a non-negative function we have

k—1
(2.5) Hf(T'x) = (2k) ™" Eof(T’x)
(x€d,supfC Q,k<j=<2k—1),
2k—1
(2.6) Hf(T'x) = (2k)"" 3 A(T'x)
1=k

(x€Ad,supfC Q,,0<j<k—1).
Applying (2.6) to x,, we obtain
(2.7) Hf(T'x) =4 (x€4,0<j<k—1).
It follows immediately that

(2.8) (%)pr(fo) du = [ (HAT))w(T) du.

Summing over j, j =0,...,k — 1, and using the boundedness of our
operator we have

(2.9) f wd,uS2PCf wdpu.
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Throughout this paper C will denote an universal constant not necessarily
the same at each occurrence. Applying now (2.5) to f=w™"/®"Dx , we
find that

k—1
(2.10) Hf(T'x) = (2k)"' 3 w(Tx)"*7 " =27,

=0

since k=j=<2k—1 and x €4 C B,. Thus, for f=w""/»" Dy, it
follows that

(2.11) 2"1'wa(fo) du SfAHf(fo)”w(T/x) dp.

Adding up inj for j = k,...,2k — 1 and applying again our assumption
of boundedness we can write

np —1/(p—1)
2 szwduSClew dp

which, because of (2.9) yields

—1
(2.12) 2"Pf wdp - (f w"'/(P")du) <2rC?,
9 Qi
On the other hand we also have:
k—1 »
p()” [ @) 3 () du =2,
A i=0
raising to the power p and applying (2.12) it follows that
k—1
2

p
W(T"x)g 1/(p—1) d,u,)
i=0

|Gy
0 wid“( Q‘w“/(l’“)du)ﬁl <232

or equivalently

—1

( W) [KS w(T"x)“‘/“’“w)H

=0

: (u(A)_lfAk“kE w(Tix)du) < 2%C.

i=0
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This, immediately, gives

k=1 k—1 p—1
KUY w(Tix) o [ k70 S w(Tix)” /P70 =2%C?> (ae.inB,).

1=0 i=0
Now a straightforward application of Lemma (2.3) gives us that w satisfies
condition 4;,.

In order to prove the converse we first assume that w satisfies
condition A/ and for that we mean that there are positive constants C,
d > 0 so that given any finite set I consisting of consecutive integers and
any subset £ C 1

Siepw(Tx) - C( #E

8
= — e.in X
s =CE ) ey

where #E is the number of elements of E.

In the following the subsets I above described will be called intervals
in the integers. Theorem (1.2) will, then, be a consequence of the following
results:

(2.13). THEOREM. If w satisfies A, then

(2.14) fX(Hf)pwd,u < CfX(f*)pwd,u

where f* is the ergodic no centered maximal function associated to the
transformation T..

(2.15). LemMA. Condition A, implies condition A7,

(2.16). THEOREM.
f(f*)pw dp = C/ Iflpw dp, if wsatisfies A),.
X X

Theorem (2.16) has been proved in (1).

The proof of Lemma (2.15) runs as follows:

Let’s call I to the interval {0,1,...,k — 1} and let E be an arbitrary
subset of 1.

It was shown in (1) that if w satisfies 4, then the following “reverse
Holder” inequality holds:

(2.17) k—‘ki]w(rfx)“ < Ck—v(kil w(T/x))D,

with constants C, v > 1 independent of k.
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Applying Holder’s inequality we obtain

2 w(T’k) S( 2 w(Tf‘x)")Vv(#E)‘“‘/v

JEE JEE

k—1 1/
S( g w(zj)D) (#E)' ~V*.

The result now holds using inequality (2.17).
In the proof of Theorem (2.13) we will use the fact (4) that there exists
a constant C such that for any sequence{b, }7- _ . and any A > 0 holds

C + o0
(2.18) S =5 3 Inl
k: Hb >\ k=—c0
where
bj
Hb,= sup| p— (s,t €Z).
5,120 | s<fk—jl<t J

Combining this result with condition A/ we will prove, for any f € L'(dp),
the following fundamental inequality

8
¥
(2.19) SC(—,) wdp.
/{x:Hf<x>>BA,f*<x>sYA} B ‘[{X:Hf(x)>>\}

where B8’ depends on 8 and vy.
If u{x: Hf(x) > A} =1 the weak type (1 — 1) of H with respect to
the measure p tells us

C
1< Xfxlfldu

and choosing y < C™' we have

A< dp.
vA < [ 7ldn
By the individual ergodic theorem:
YA <f*(x) ae.inX

and that implies (2.19)
Therefore we may assume that u{x: Hf(x) > A} < 1. In particular, if

D={x:Tx€0,:i=0,-1,-2,...}
where O, = {x: Hf(x) > A}, then u(D) = 0, since T is ergodic.
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From this fact is clear that if we call
B, = {x:x,Tx,....,T" 'x € 0,, T"'x, T'x & 0,}

and R, = B, U --- UT'"'B, then O, = U2 R, (ae.).

The former decomposition of O, and the study of distribution func-
tion inequalities in the integers (2), that we now proceed to develop, will
be used in the proof of (2.19).So we consider a function F defined in the
integers and the associated maximal Hilbert transform

(2.20) HF(k)=sup| Y 5(1—) (s,t €Z)
5,0=0 s<k—j<t k —J
and the maximal function
1 m
* = - j
(2.21) F*(k) ms:go pa—— J:E-nIF(k + 7).

Let A be a positive number. The set
{k: HF(k) > )}

can be written as a countable union of disjoint intervals /; in the intergers
and of maximum length. In this situation we can state the following
lemma.

(2.22). LEMMA. There exists positive constants C and C’ such that

. . | ,
#{J € L: HF(j) > B\, F*(j) =¥\ = Cp—y == #1,

for any I, and where B is bigger than 1.

For the proof just look at the proof of inequality (4) in (2) and write it
in the integers.

Proof of inequality (2.19). For n fixed we call E, , the nonempty
subsets of {0,1,...,n — 1} (/= 1,2,...,2" — 1).
For each x of B, we write

Ef={i:0<i=<n—1: HF(T'x) > BX, f*(T'x) < y\}

and

B,,= (x€B:E;=E,}.
By Lemma (2.22) if x € B, we have
Cy

#E* <
"B

#{0,1,...,n— 1}
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which implies
on—1
S w(T'x) = C- (g—) S w(T’x) (x€B)
JEE) Jj=0

since w satisfies A . Integrating over B, we obtain

1)
f wd,uSC-(l,) f wdu.
U/EE,,_,TJBM.I B U;’;(;TJBH‘[

Summing first over / and then over n and keeping in mind that O, =
U*_| R, (a.e.) we get inequality (2.19).

As is well known a standard argument shows that the “good-A
inequality” (2.19) implies (2.14) (see for example (2)). Therefore we have
Theorem (2.13) for fin L'(dp).

Theorem (1.2) now follows combining Theorem (2.16) with standard
density arguments.

The authors wish to thank A. de la Torre for his helpful comments
and suggestions and the referee for his indications.
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