PACIFIC JOURNAL OF MATHEMATICS
Vol. 110, No. 1, 1984

HARMONIC ANALYSIS ON CENTRAL
HYPERGROUPS AND
INDUCED REPRESENTATIONS

WILFRIED HAUENSCHILD, EBERHARD KANIUTH AND AJAY KUMAR

Various results from harmonic analysis and representation theory
for central locally compact groups and compact hypergroups, including
the Plancherel theorem and the Inversion formula, as well as the finite
dimensionality of irreducible representations, are extended to central
hypergroups. Moreover, representations induced from unitary represen-
tations of the maximal subgroup of a hypergroup are defined and studied.

Introduction. A locally compact hypergroup K is called central or a
Z-hypergroup if K/Z is compact, where Z is the intersection of the
maximal subgroup G(K) and the center of K. Such hypergroups arise
naturally as double coset spaces of compact subgroups of Z-groups (i.e.
locally compact groups with cocompact center). In this paper we are
-primarily concerned with harmonic analysis on Z-hypergroups and their
continuous irreducible representations. The basic development of harmonic
analysis for hypergroups can be found in [7, 13, 16, 17, 19]. A survey of
the subject appeared in [15].

In §1 we prove Weil’s formula and show that for arbitrary hyper-
groups K, unitary representations of subgroups of G(K) can be induced
up to K. These induced representations turn out to be very important for
our investigations. Furthermore, we discuss the extension of positive
definite functions. In §2 we confine our attention to representations of
Z-hypergroups K. After establishing the orthogonality relations and show-
ing that irreducible representations are finite dimensional, we prove that
the canonical map r: K - Z is a local homeomorphism and decompose
the induced representations U*, A € Z. Moreover, an analogue of the
character formula is given. At last we apply some of our previous results
to show that if K is a commutative hypergroup and H a subhypergroup
such that H/H N G(K) is compact, then characters of H extend to
characters of K. §3 contains the Plancherel theorem and the Inversion
formula for central hypergroups. Finally, in §4 we briefly study represen-
tations of double coset hypergroups and present an illustrating example.

The results of §§2 and 3 generalize the corresponding ones for central
groups [8, 9, 10] on the one hand, and most of the results of [16] and [19]
for hypergroups on the other hand. We should mention that several proofs
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are similar to those in the papers just mentioned, while some of our proofs
are even simpler than those given previously in the group case.

Notation and preliminaries. Throughout this paper K will denote a
locally compact hypergroup (same as ‘convo’ in [13]). The notation used is
that of [13] except 8, denotes the point mass at x, x — X the involution on
K, and for a Borel function f on K and x € K, ,f denotes the left
translation

S) = f(xxy) = [ f(2) 48, + 8,(2),
K
and f, the right translation

1.0) = f(y = x) = [ f(2) d8, = 8,(2).

A representation p of K in the Hilbert space H, = H(p) is a mapping
of K into the algebra of bounded operators on H, such that the following

hold:
(i) x = {7(x)u, v) is bounded and continuous on K for all u, v € H,.

(i) (7(8, * 8,)u, v)= (7(x)7(y)u, v) and m(x) = 7(x)* for all x, y
€ Kandu,v € H,.

(7(w)u,0)= [ (w(x)u, 0) dp(x),  p &€ M(K),

is a representation of K in the sense of [13, 11.3] in case 7 is non-degener-
ate, since by [13, 2.2.D] it follows that p — (#(p)u, v) is continuous on
M™ (K). The notion of equivalence between representations is that of
unitary equivalence.

We shall denote the maximal subgroup of K by

G(K)={x€K;8 *x8,=38,1,
and the center of K by
Z(K)={xE€K;8,+6,=8,x5 forally € K}.

For a subhypergroup H of K, K/H = {Xx = x * H; x € K} is equipped
with the quotient topology, so that the natural projection p: K - K/H is
open and continuous. For a normal subgroup H of K (i.e. a subgroup of
G(K) which is normal in the sense that x * H = H * x for all x € K) it s
easy to show that K/H is a locally compact hypergroup under the
convolution defined by

fK/Hf(z') dd; « 8,(z2) = /Kfo p(z)dé,_ * 3y(2)
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for all f€ Cy(K/H) and x, y € K. For x € K and ¢t € G(K), we will
write xt for the unique element y satisfying &, * §, = §,.

If K has a left Haar measure, then L'(K) denotes the convolution
algebra. For f € L'(K), x —» _f is continuous from K into L'(K) [13,
2.2.B, 5.4.H]. It is easy to show that L'(K) has a bounded approximate
identity {u;; i € I} C Cq(K) such that ||u;||, = 1. Hence we can form the
enveloping C*-algebra C*(K) of L'(K) [5, §2.7]. Since the left regular
representation of L'(K )/ox&z(K ) is faithful, the map L'(K) - C*(K) is
injective. Finally, K = C*(K) denotes the dual space of K (resp. C*(K))
endowed with the usual topology [5, §3.1].

1. Weil’s formula and induced representations. We didn’t succeed
in defining induced representations in the case of an arbitrary locally
compact hypergroup K and a closed subhypergroup H of K. But the main
purpose of this section is to show that when H is a subgroup of K, then
unitary representations of H can be induced up to K. This will be done by
modifying Blattner’s proof [1] for the group case.

LeMMA 1.1. Let H be a subhypergroup of K possessing a left Haar
measure. For f € Cy(K), let Ty, f on K/H be defined by

Tuf(x) = [ f(x= 1) dt.

Then Ty is a linear mapping from Cy(K) onto Cy(K/H). Moreover,
Coo (K/H) = Ty(Coo (K)).

Proof. T,(f) is well defined since x — [, f(x * t) dt is constant on
left cosets of H. Let x € K and € > 0 be given, and choose a compact
neighborhood U, of x in K. Then C = (170 *supp f) N H is a compact
subset of H with finite measure M. Because of the continuity of (x, y) —
f(x = y) there exists a neighborhood U C U, of x such that ||, f — fll,, <
M~ 'e for all y € U. On the other hand, f(y *t) #0 for some t € H
implies (U, *t) N supp f# @, hence t € (U, * suppf) N H= C [13,
Lemma 4.1.B]. Thus

| Ty f(3) — Tuf(%)|< fc If(y*t)—flx=t)|di<e

for all y € U. Clearly, T is a linear mapping into Cy(K/H). Given
g € Cy (K/H), the existence of an f € Cy,(K), such that T, f = g, can
be proved as in the group case [14, Ch. 3, §4.2].

Let H be a subhypergroup of K and suppose that K and H possess
left Haar measures with modular functions Ay and A, respectively. Set
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8(2) = Ay(2)'/?Ax(¢)~"/? for t € H. We are looking for solutions ¢, in
particular strictly positive, continuous ones, of the following equation:

(q) p(xx1) =8(t) p(x) forx EK,t € H.

The proof the following lemma is a slight modification of the one in
[14, Ch. 8, §1.7].

LeMMA 1.2. Let H be a subhypergroup of K. There exists a non-negative
continuous function F on K satisfying

(1) For every x € K thereisat € H such that F(x *t) > 0.

(ii) If W C K is compact, then F coincides on W * H with some function
in Cyo(K).

Proof. Let x € K and U be an open relatively compact neighborhood
of ein K. Let C=(UU U)™ and L= U*_,C" then L is an open
subhypergroup of K. Replacing & by U, G, by L * x and K" by C” * x in
the proof of [14, Ch. 8, §1.7], we obtain a subset Y, of L * x such that
{(Uxyx+H; y€ Y]} is an open locally finite covering of L * x = H.
Consider the double cosets L * x * H, x € K. They are open and pairwise
disjoint or equal (the proof in [13, (14.1.A)] does not use L = H). Choose
A C K such that K= U __,L+*x+ H is a disjoint union, and set ¥ =
U.c4 Y. Then {U* x + H; x € Y} is an open, locally finite covering of
K. Take now any f € Cy, (K) such that f(e) > 0 and apply the above to
U= {x €K; f(x)>0}. Since U= y = {x € K; f{x) >0} [13, (4.2.D)],
F =2 cyf; defines a continuous function on K. If W C K is compact,
then there are only finitely many y € Y such that W+« HN U=* y #* &,
so (ii) holds. Finally, if x € K, then x € U * y * H for some y € Y, hence
x*HNUx*y## @, and this implies F(x ) = f{x =) >0 for some
t€H.

COROLLARY 1.3. Let H be a subhypergroup of K and suppose that K and
H admit left Haar measures. Then there exists a strictly positive, continuous
function q on K satisfying equation (q).

Proof. Set q(x) = Ag(x) "y F(x * t) dt.

REMARK. We will always choose ¢ = 1 in case A, = Ay | H.

Let’s now turn to the case where H is a subgroup of K and consider
any locally integrable function ¢: K — C satisfying (q); we shall call such
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a function a g-function. Then for f, g € Cy,( K) the following holds:

[ S0 Tug(x)o(x) dx = [ [ f(x)glat)o(x) dr
N foKAK([)f(x;)g(x)q)(x;) dx dt
= [ [ 8u(Dfxi)g(x)o(x) di dx

= [ Tuf ($)g(x)o(x) dx.

We would like to mention that a similar computation holds in case H
is a subhypergroup of K, H and K being unimodular and ¢ = 1.

Now given f we can choose g € Cy,( K) such that T, g|p(supp ) = 1;
then T, f = 0 implies [ f(x)p(x) dx = 0. Thus by

ugmnzﬁﬂnﬂmw,

a linear functional on Cy(K/H) can be defined. For ¢ =0 we get a
positive (possibly unbounded) measure on K/H. If ¢ is an arbitrary
g-function, then so is |@|; hence p, is a complex measure in case p,, is
bounded.

Applying this to the function g of Corollary 1.3 we get

LeEMMA 1.4. Let K be a hypergroup with left Haar measure and H a
subgroup of K. Then a positive measure d , on K /H can be chosen such that

f,(/H(ff(’“)d’) dx Zfo(X)q(x)dx forf € Cp(K).

H

REMARK 1.5. Given K, H and g we can consider Ty ,: Cyo(K) —
Coo( K/H) defined by T, . f = Ty(f - q M. Ty, again is a linear surjec-
tion, by the aid of which we may write Weil’s formula in the following
way:

f Ty f(%) d % =/f(x)dx for f € Cyy(K).
K/H K

As in [14, Ch. 3, 4.5 and Ch. 8, 2.3] we can extend these two formulas
to integrable functions: (i) For f € L'(K) there is a null set 4, in K/H
such that ¢ - f(xt) € L'(H) for every x & p~'(A4,). (ii) The function
X — [y f(xt) dt, defined almost everywhere, is in L'(K/H).
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(iii) fK/H(fo(xt)dz) d % Zfo(x)q(x)dx.

If Ay, = Ag| H holds, we take ¢ = 1 and write dx instead of d x. Now we
give a generalization of [13, Theorem 5.1.D] which will be important later
on.

LEMMA 1.6. Let K and H be as in Lemma 1.4 with A, = Ag|H.
Assume further that f and g are continuous functions on K with compact
support modulo H such that

f(zt)g(xt) = f(z)g(x) forx,z € Kandt € H.

Then for y € K the functions x — f(y * x)g(x) and x — f(x)g(y * x) are
constant on cosets of H, and

[, J0 e de =] fx)e(yex)ds.

Proof. Both functions are supported by some compact subset C of
K/H. Using [13, Theorem 5.1.D] and selecting & € Cy,(K) such that
Ty h|C =1, we get

[, /8= x)di = [ (h- )55+ x) d
= [ Rsyde=[ [ (- ) (xops(er) drd
=[S rEO g0 b, < 5,(2) dr s
:L/pr_,(c)(f}]h(zt) dt)f(z)g(x) ds, « 8.(z) dx

= [ J(yxx)g(x) d.
K/H

ReEMARK 1.7. It follows from the remark preceding Lemma 1.4 that
1.4-1.6 are valid also for a subhypergroup H possessing a left Haar
measure provided that H and K are unimodular.

Our next lemma deals with the relationship of left Haar measures on
Kand K/H.
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LEMMA 1.8. Let H be a normal subgroup of K. Then K admits a left
Haar measure such that Ay = A |H iff K/H has a Haar measure.

Proof. If dx is a left Haar measure on K such that A, = Ay | H, then 1
is a g-function and a left Haar measure on K/H can be defined by
Sk Tuf(%) dx = [ f(x) dx. Conversely, if dx exists, then f -
[k Tyf(X) dx defines a Haar measure on K. Moreover, Ag|H = Ay
since

AK(s)fo(x)dx Zfo(xi)dx =fK/Hfo(xzs“) dt dx

= 8y(s) f f(x) dx
forall f € Cy(K) and s € H.

Now we are going to define induced representations. So we are given
a hypergroup K with left Haar measure, a subgroup H of K and a unitary
representation p of H in a Hilbert space H,. Let ¥’ denote the linear space
of all mappings £: K > H, having the following properties:

(1) £ is Bourbaki measurable.

(ii) &(xt) = 8(1)p(£)&(x) forx € Kand ¢ € H.

(i) x — ||€(x)||? is locally integrable.

(it) forces x — (&(x), n(x)), & n € F’, to be a g-function, since p is
unitary. Therefore a positive measure u, on K/H can be defined by
(T f) = [x SONEDI? dx, f € Coo(K). Clearly, F={¢ € F'; p, is
bounded} is a linear subspace of %', and ¢, n € § define a complex
measure g, , on K/H by p; (Tyf) = [ f(x)(§(x), n(x)) dx. We obtain
a positive semidefinite hermitian form (&, n)=u, (K/H) on ¥, and
setting ¢ = (¢ € F; p, = 0}, one proves as in [1, Lemma 1 and Proposi-
tion 1] that ¥ = $/9 is a Hilbert space. Following [1] denote by ¥, the
subspace of %’ consisting of continuous mappings having compact sup-
port modulo H. If the support of £ € % is contained in p~!(C) for some
compact subset C of K/H, then supp u; C C, hence{ € ¥. For f € Cy(K)
and v € H, set

dﬁwu>=Laﬁ”ﬂm»owm.

Then & is a bilinear mapping from Cy(K) X H, into %, and for £ = &( f, v)
and 1 € ¥, supp p;, as well as supp ., ,, is contained in p(supp f). Since
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H is a group, one gets, as in [1],

(e(f, U)»ﬂ>:fo(X)<v, n(x)) dx.

Thus we obtain [1, Lemma 2]:

(D) Nl f, O = Agyppsll fllollvll, Where Ay . depends only on the
compact set supp f.

(i) If D is total in H,, then D = {e( f, v); f € Coo(K), v € D} is total
in K.

The difficulties arising from the fact that K is not necessarily a group,
are extracted in the following

LEMMA 1.9. (i) ,&( f, v) = &(, f, v) for f € Co(K),v € H,and y € K.
(i) If &€ € B, such that & € §,, then || & <||&||.

Proof. (i) Put C = supp f and choose g € Cy,(K) such that Tjg]|

p(y * C) = 1. Since, for every n € ¥, supp Pye( f,0),q aDd supp Pef,0).n TE
contained in p(y * C), we get

(ets o) m)= [ g elf, 0)(x),m(x)) d
= [£(x) [ [ 8(1)" f(z0)(p(1)o, n(x)) dr b, + 8,(z) ax
= [8(x) [ ()", f(xt){p(t)0, n(x)) dr dx
= [ £(){e(, 1. 0)(x). n(x)) dx = (e(,/, 0). ).

(i) Let £ € %, such that & € %, and select g € Cy(K) so that
Ty g|supp pe = 1 and || T8, = 1. Then

el = sup{ L1(E(), 0)1d8, % 8,(2)s 0 € H,u ol = 1}

=< fK||s(z)|| ds, » 8,(z) < ( /;(ng(z)nz ds, » &(z))vz;
hence

LI = [ SCECN v = [ ¢o)| [ eGP a8, = 8,(2)]

= /K (5 * x)|E(x)| dx = fK /HTH(;g)(x) dp.(%).
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Though H is not necessarily normal, we nevertheless have
T,(,8)(%) = /K Tyg(2) ddy;+ 8,(2) < ||Ty8ll-

Thus we obtain
LEP =< [ Tu(8)(%) dug(%) <llnell = 117
K/H

Now we are ready to define the induced representation. § —;§ is a
bounded linear mapping from a dense subspace of K into itself, namely
the subspace generated by the &( f, v), v € H,, f € Cy( K). Hence it can
be extended to a bounded linear operator U?( y) on K.

ProPOSITION 1.10. UP: y — UP(y) is a continuous representation of K
in K.

Proof. Given &( f, v), 7 € ¥, and x € K, choose a compact neighbor-
hood U, of x. Then |{v, n(z))|< M < oo for every z € U, * supp f and a
suitable M. Now there exists a neighborhood U C U, of x such that
pf —xfll<e/Mforally € U. Thus

| {(U*(y) = UP(x))e( £, 0),m)]
SfKIvaf(Z) — /(2 1o, n(2))]dz <.

By Lemma 1.9(ii) we have [U°(y)||< 1. Fore(f,v),n € Xand x, y €K
we have

J LU (2)el £, 0).m) B, » 8,(2)
:'/kaf(z' «w){v,n(w)) dwds, * 8,(z)

:‘/;(f()j «xX*w)(v,n(w)) dw = <e(g(yvf), U)a'ﬂ),

ie. UP(x = y) = UP(x)UP(y). Similarly, one verifies
(UP(x)e( f,0), e(g, u))= (e(f, v), U(x)e(g, u)),

i.e. UP(X) = UP(x)*. (Concerning the associativity see [13, §3].)
We call U* the representation induced by p and henceforth denote K
by H(U®).
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We next give Blattner’s description of the induced representation in
terms of positive definite measures [2] in our setting. This will turn out to
be very useful.

Let p be a positive definite measure on the hypergroup K, i.e.
p(f*+* f)=0 for all f € Cy(K), and set N* = {f € Cp( K); p(f* = f)
= 0}. Then N* is a left ideal and left translation invariant, and L* =
Cw(K)/N* 1s a pre-Hilbert space with inner product ( f¥, gt)=
p(g* » ). Every x € K defines a linear operator V*(x) in L* by V*(x)f*
= (3f)". We assume now that K has a left Haar measure and denote by
P(K) the set of all bounded continuous positive definite functions on K.
Let p € P(K), N* = {f € Cyo(K); { f* * f, )= 0} and H? be the com-
pletion of Cy(K)/N? with respect to the inner product ( /%, g%)=
(g* = f,9),f? =f+ N¥ g defines a cyclic representation 7, of K on H?¥
such that 7,(x)f? = (;f)? and @(x) = (7 (x)v, v) for some cyclic vec-
tor v. Moreover, , is irreducible iff ¢ is indecomposable (same as
irreducible in [13, §11]).

Suppose now that H is a subgroup of K and define R: Cy(K) —
Coo( H) by R(f)(2) = 3(1)f(¢). g defines a measure p,on Kby p (f) =
Ju P(OR(f)(2) dt.

Given g, f € Cy(K), choose h € Cf(K) such that [, h(xt)dt =1
for all x € supp f U supp g (Lemma 1.1). Using the fact that H C G(K),
by a lengthy, but straightforward, computation one verifies the following
formula:

k(= 8) = [H0)| [ [ RCITOR(S)solis) ds | .

(Compare the proof of [2, Theorem 1].) Thus g, is positive definite. The
easiest way to show that x — V*¢(x) defines a representation of K, which
is in fact equivalent to U™, is now to show:

LEMMA 1.11. With the above assumptions and notations a linear map-
ping ¢: L*» — H(U™) can be defined by ¢( f**)(x) = R(,f)%. ¢ is isomet-
ric and dense and satisfies ¢pV*+(x) = U™(x)¢ for all x € K. Hence
V*t+(x) extends to a bounded linear operator on H"+, the completion of L*»,
and V*e. x - V*+(x) is a representation of K and is equivalent to U™.

The proof is straightforward [2, Theorem 1] and follows from the
above equation. We say that K has small H-invariant neighborhoods
(K € [SIN],,) provided there exists a neighborhood basis 8 of e in K such
that 1V = V¢ for all t € H and V € 8. As in the group case, the above
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description of induced representations in terms of positive definite mea-
sures can now be used to prove extension results on positive definite
functions. In fact, the proofs of [11, Lemma 2.1 and Satz 2] carry over to
our situation and show the following

PROPOSITION 1.12. Let K be a hypergroup having a Haar measure, and
suppose that H is a closed subgroup of K such that K € [SIN]. Then, given
any indecomposable y € P(H), there exists an indecomposable ¢ € P(K)
such that ¢|H = y. Consequently every irreducible representation of H is
equivalent to a subrepresentation of p|H for some irreducible representation

pof K.

A stronger extension result for commutative hypergroups will be
proved in §2.

2. Representations of central hypergroups. Recall that a locally
compact hypergroup X is called central or a Z-hypergroup if K/(Z(K) N
G(K)) is compact. It follows from [13, 7.2.A] and Lemma 1.8 that such
hypergroups possess left Haar measures and are unimodular. In this
section K will always denote a central hypergroup unless otherwise stated
and Z a closed subgroup of G(K) N Z(K) such that K/Z is compact. It
is easy to see then that K = CZ for some compact set C in K. Haar
measures on K, Z and K/Z will be normalized so that K/Z has measure
one and Weil’s formula holds. The proof of the following proposition is
modelled after [8, §2, Proposition], but there are some difficulties arising
from the facts that ( fg) #, f.g in general and continuous representations
of K need not be unitary.

PROPOSITION 2.1. Let p be an irreducible representation of K. Then
(1) For each choice of u, v, u’, v’ in H , the function

x > (p(x)u, v){p(x)u’, v)

is constant on cosets of Z and defines a continuous function on K/Z.
(i) To p corresponds a positive real number ¢, = [x ., |{ p(x)u, v)[ dx,
where u and v are any vectors of norm 1 in H,, and

f (p(x)u,v0)(p(x)u',v")dx = c,(u,u)(v, v')
K/Z
for all u, v, v, v" in H,.

Proof. Since p is irreducible and unitary on Z, we have p(z) = A(z)1,
for z € Z, where |A(z)|= 1. Hence the continuous function in (i) is
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constant on cosets of Z, and (i) follows. Consider
o(u,v,u’,v) :f {(p(x)u, v)(p(x)u’, v')dx.
K/Z

For fixed u, u’, ¢(u, u’, v, v’) can be represented by a bounded operator.
Specifically there exists a family B, ,, of bounded operators on H, such
that (B, ,(v),v)= ¢(u,v,u’,v"). Let f(x)= (p(x)u,v) and g(x)
= (p(x)u’, v'). Then clearly f and g satisfy the hypothesis of Lemma 1.6.
Therefore

(B,..(p(y)v), v)‘:fK/Z(p(x)u, o) (o(y)*p(x)u’, v')dx

= [ fx)g(yex)di=[ f(yxx)g(x)ads
K/Z K/Z

:fK/Z<P(X)u, o(»)*o)(p(x)uw', v')dx

= <Bu,u’(v’)> p(y)*v>
for all y € K and u, u’,v,v" € H,. Hence B, ,o(y) = p(y)B,,, for all
y € Kand u,u’ € H,, so that B, , = B(u, '), B(u, u’) € C, by Schur’s
Lemma. Now one easily verifies
¢(u, u',0,0) = ¢(v', 0,0, u),
and this implies
Bu, w){(v',0)= B(v',v){u,u’).
It follows that B(v, v) is constant on ||v|| = 1. Denoting this constant by
c,, we obtain

f (p(x)u,v){(p(x)u’,v")dx = c,{u,u’){v,v).
K/Z
Finally, if ||u|| = ||v|| = 1, ¥’ = u and v’ = v, we get
= , v ) dx.
c, /K/z' (p(x)u, v)f dx

Recall that P(K) is the set of all bounded continuous positive definite
functions on an arbitrary hypergroup K. Moreover, let us denote by
P'(K) the convex set of ¢ € P(K) such that (e) = ||¢||,, = 1, and by
ex P'(K) the set of extreme points of P!(K). It is easily seen that
lp(y * x) — @(x)|< 2(1 — Re ¢(y)) holds for ¢ € P}(K) and x, y € K.
Using this fact one shows as in the group case [5, (13.5.2)] that on P'(K)
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the weak =* -topology of L*(K') coincides with the topology of uniform
convergence on compact subsets of K. Moreover, the canonical mapping
¢ — m, from ex P'(K) onto K is open and continuous [5, (3.4.11)].

Returning now to Z-hypergroups, it is clear that ¢, does only depend
on the equivalence class of p.

LEMMA 2.2. The function p — d,, on K is continuous.

Proof. Let K = CZ, where C is compact, and let ¢, € ex P'(K) and
€ > 0 be given. Then by the above remarks,

V= {W(p; @ € ex P'(K) such that |p(x) — @,(x)|<eforall x € C}

is an open neighborhood of 7, in K. Since Cry = fx /Zlq)(x)|2 dx, it

follows that p — d, is continuous.

THEOREM 2.3. If p is an irreducible representation of K, then p is finite
dimensional. Moreover, the dimension function p — d, is locally bounded on
K.

Proof. Let {e,, e,,...,e,} be an orthonormal set in H,. Then
ne,= [ J1{(p(x)e,e)fdi=[ [p(x)e*di=1
P p 1> *i o 1
K/Zi=) K/Z

by Proposition 2.1. Hence n < ¢, ' and therefore d, < ¢, . Since p — ¢, is
continuous, p - d ) is locally bounded.

Ifp=m,EK, ¢ Eex P'(K), then p(z) = @(2)I, for all z € Z and
@|Z € Z. We therefore have a canonical mapping r: K — Z defined by
7, > @| Z. Clearly, r is continuous.

THEOREM 2.4. Let p and o be irreducible representations of K such that
r(p) = r(o).

(1) If p and o are inequivalent, then

L/Z<p(x)u, v)(a(x)u', v )dx =0

forallu,v € H,and v’, v EH,.
(ii) If {ey,. .. e, } is an orthonormal basis of H,, then

];(/Z<p(x)e,, ef>mdx = {cp ifi=k and j=1,

0 otherwise.
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Proof. (i) follows as in [8, Theorem 6.1] using Lemma 1.6 ap-
propriately, and (ii) is a consequence of Proposition 2.1.

LEMMA 2.5. For A € Z, r~(A\) = supp U™

Proof. Let m = m, € supp U A: then by [5, (3.4.4)] ¢ can be uniformly
approximated on compact subsets of K by positive definite functions
associated with U*. But (U(2)¢, £) = A(2)||€||? for £ € H(U?) and z €
Z, and this implies ¢ |Z = A, ie. m, € r~'(X). Conversely, if 7 =7, €
r~(N\), then we show that { f* = f, )< p,(f* * f), where p, denotes the
positive definite measure on K defined by A. Choose & € Cj;(K) such
that 7,4 = 1. Then easy computations show

(r* *f,<p>=fzfz(fxfxmf()c)<p(y“ « x)h(xt)h(y5) dx dy) ds di

2
dx dy

= [ JHOR()9(7 + %)

S IO

= (/Kh(x)le<xf, )P dx)2 =[K/Z|e(xf, 1) P dx
= If'x(f* *f)

(see the discussion before Lemma 1.11). Thus the positive linear func-
tional f — ( f, @) is majorized by the positive linear functional f — u,( f).
By [5, (2.5.1)] and Lemma 1.11, given n € H,, there exist an operator T’
on H, and ¢ € H, such that

(m(f)n,n)= (UM [)TE TE)

for all f€ Cy(K) and hence for all f& C*(K). This shows that
kernel U* C kernel 7, i.e. m, € supp U™.

We should mention that the proof of the following theorem does not
require any structure theory and is much simpler than the one given in the
group case in [10, Theorem (1.4)].

THEOREM 2.6. The canonical map r: K - Z is a local homeomorphism.
In particular, r is an open map and r~ '(\) is discrete for all A € Z.

Proof. We first show that r is locally injective and r~'(\) is discrete
for every A € Z. Let Ty = Ty, € K, P € ex P'(K) and assume r is not
injective on every neighborhood of 7, in K. By the earlier discussion and
[5, 3.4.11], the mapping ¢ — 7, as a mapping from ex P'(K) onto K is
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open. Let K = CZ, C compact and V, = {7 ; ¢ € ex P(K), |@(x) —
@o(x)|< 1/n for all x € C}. Then V, is an open neighborhood of 7, and
there exist 7, = =, and p, = m, in ¥V, such that r(m,) = r(p,) but , # p,.

Let ¢,(x) = (m(x)§,,§,) (n=0) and ¥,(x) = (p,(x)n,,m,) (n=1)
and set 8 = [x | @o(x) > d% > 0. Then for sufficiently large n,

§‘< 2 dx = 2 g
2 —/;(/Zl%(x)l dx _/;(/Z|<7Tn(x)§n,§n>| dx

:j;/z«”"(x)gn’ £,)— (P(xX) M5 1, )) (M (x)E,, £, ) dX

by Theorem 2.4. Now if x =cz, ¢ € C, z € Z, then the integrand is
=<|eg,(c) — ¢,(c)|= 2/n. This is a contradiction.

It remains to show that r is open. For this notice that if E C Z and
A € E, then ker U D N__, ker U". In fact, if for f € Cy( K) we define
ex(f) € H(U™) by

ex()(y) = (£ )(2) = [ 132)A(2) &z,
then the set of all &,(f), f € Cy( K), is total in H(U™), and we have
(UN9)ex(f), aalg))
= [o0] | [ 5 yoMe) - [ZORINNes | b a

for @, f, g € Cyo(K). Hence (UMNo@)ey(f), ex(g)) is the limit of the
(U (@)e(f), e(8)), T € E, and the same holds for a € C*(K) instead
of ¢ € Cy(K') by continuity and density arguments.

Let now ¥ C K be open and set 4 = r~(Z\r(V)). Then 4 is closed.
In fact, if m, € A4, then r(m,) € r(4) Cr(A4) = (Z\r(V)), hence

ker U™ D () {kerU"; r € Z\r(V)} = N kerm,
7EA

ie.r (r(m)) CACK\Vandm, € A. But A = r~(r(A)) and 4 closed
implies r( A) is closed by the same arguments.

PROPOSITION 2.7. H(U™) is a Hilbert algebra for every \ € Z.

Proof. H({U™) consists of all Bourbaki measurable functions f: K — C
such that x —|f(x) [ is integrable and f(xt) = A(¢)f(x) forx € K, t € Z.
Set H = H(U"), and let A denote the subspace of all continuous functions
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in H. For f€ A and g € H we define g* € H and fo g € A by g*(x)
= g(x)and

fog(x)=(UNR)/, g*)= /K S s @

Then || fo g|| <||f]l - ||gll, and 4 becomes a Hilbert algebra. Put ¢ = &(g, 1)
for ¢ € Cyy(K); then for g € 4 we have

¢og(x)= fK/Zq”J(x «y)g(y)dy = fK/Zquo(x « yt)N(t)g(y) dt dy
= fK/ZfZ<P(x * yt)g((yt)) dt dy = quD(x * y)g(¥) dy

= fK o(y)g(5 * x) dy = UNg)g(x).

Choose ¢, € Cyo(K), n €N, such that UNg,)g —> g ie g=
lim,  ,¢,og€ Ao A Hence A0 A is dense in H. Now g > ¢ o g and
U™ @) are continuous mappings in H, so we obtain ¢ o g = U*(¢p)g for
all g € H and ¢ € Cy(K). Finally, by Lemma 1.6, we have fo g(x) =
Jk,2f(»)8(¥ * x) dy for all f, g € A. Thus f — f o g can be extended to H
by setting fo g(x) = [x,-f(y)g(V * x) dy for f € H and g € 4. Again,
Ifegll<IlfIl - llgll, hence every f € H is bounded, and H is the maximal

Hilbert algebra.
For every p € r '(A) = supp U we select an orthonormal basis
{e,....e,} of H, and define the coordinate functions p,;(x) =

(p(X)e, e), 1 =i,j=d,. Then p, € A, the subspace of all continuous
functions in H(U*). If k, = ¢, ', then

B = {k;/zp”; per (N1 Si,jsdp}

is an orthonormal system in H(U) (Theorem 2.4). Let L’{ denote the
linear span of {p,; 1 =i=d,}, 1 =j=d,.

PROPOSITION 2.8. B is an orthonormal basis for HU"), i.e. HU") =
D{L); pE r'(N), 1=j=d}. U» is equivalent to the direct sum
@pEr_'(}\) dp P

Proof. First we observe that

dﬂ
PU(X xy)= kglpzk(X)ij(Y)-
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Moreover, using Proposition 2.1 and denoting by o the product in the
Hilbert algebra H(U?) (see the proof of Proposition 2.7), we obtain

p;;° Pk/(x) = ,kP,I(x)

Define now J, to be the linear span of {p;;; 1 <4, j=d,}. Then J, is a
right ideal in H(U") In fact, for f € H{U?) and x € K,

p;;° f(x) :j;(/zpij(x * )’)f(f) dy

fK y)Ep,k (x)py;(y) dy

ll

3 ( [, JO(5) |oul).

Next we claim that L/ is Uinvariant and U*|L/ is equivalent to p.
The equality

U}\(x)Pij(Y) = Pij(jé * )’) = 2{91’1(3\5)91/'()’)

shows that U(x)p,; € L/. For the isomorphism ¢: L/ — H, defined by
o(k, %p;;) = e,, we have

U}‘(x)(k‘/ pu) ;pil(i)¢(k:>/2plj)
= 21‘, (p(x)e,,e,)e, = p(x)e;;

hence ¢U*(x) = p(x)¢. Finally, let E denote the orthogonal complement
of ®{L/; p € r"{(A),1 =j =d,} and assume E # 0. Then, since supp U*
is discrete (Theorem 2.6), there exists an irreducible subspace F of E (see
[20, Theorem 1.7]). For a suitable p € r (), U|F is equivalent to p,
hence to U*| L:,. Let ¢ be an intertwining operator and put

= ¢(k/%,) €F.
For ¢ € Cy,(K) we have
§ou, = UMNo)u, = ¢((UMNo)k) %)) = &(§ 0 k) %p,).
On the other hand,
d(p;i° pa) = d(c,p0) = c,u;.
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Choosing now ¢, € Cy(K) such that p,, = lim ¢,, it follows that
u; = kp¢(Pit °p,) = k,lim ¢(@, ©p;1)

= k",/zlimq”)n ou, = k)%, °u, €J,

since J, is a right ideal. Thus u, € F N J, = 0, a contradiction. Hence
HU") = @{L); per '(A\), 1 =j=<d,}, and this implies immediately
the assertion on U*.

It should be mentioned that the following theorem is proved in a
similar way as the character formula in [19, Theorem 2.15].

THEOREM 2.9. 4 continuous function h on K satisfies
h(y)h(z) :f h(x+y*X=+z)dx and h(e)#0
K/Z
if and only if h(y) = c,trp(y) for some p € K.

Proof. Applying Proposition 2.1, one shows as in the case of a
compact hypergroup that every function ¢, trp, p € K, satisfies the above
formula. Conversely, suppose /#(e) # 0 and the given equation holds for
h. Then

h(y)h(1) :fm”(" * yt = X) dx = h(yt)h(e)

for y € K, t € Z. In particular, \(t) =h(e) 'h(t) defines a character on
Z. Since h(yt) = M(t)h(y) for y € K and ¢t € Z, for every p € supp U*
we can define a bounded operator 7, on H, by

(T&m)= [ n(x)(p(x)&n)ds, &nEH,
K/Z
As 0 = h € H(U"), there exists a p such that T, # 0. Now, by Lemma 1.6

<h(e)7;£,n>=f

K/Z

:/ / h(y + x){p(x * y)&, n) dx dy,
x/z'k/z

[ h(xxyx)(p(»)tn) di dy
K/Z
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and again using Lemma 1.6 repeatedly, it follows that

(pla)r(e)T,¢,m) = fK/ZfK/Zh(y «x)(p(a*x)p(y)§, m) di dy
:f f h(y *ax*x)(p(x)p(y)é, n) dy dx
K/Z'K/Z

=[ [ h(zxyxx){p(y)p(a)¢,n) ds dy
K/z'K/Z

= (h(e)T,p(a)t, n).

Therefore 7, is a scalar operator, T, = a - I,. Let {el,...,edp} be an
orthonormal basis in H,. Then for z € K,

dP
ah(z)d, = h(z) 3 fK/Zh(pr(y)en e) dy
:f f h(%*y=x*z)trp(y) dx dy
K/Z'K/Z
:/ f h(y*z)trp(x * y*X)dx dy
K/Z'K/Z

=6d, [ by 2)e(n) &

dP

=¢,d, 3 [ h(»)(e(p(2)e,e,) dy
i=1"K/Z

= ¢, d,atrp(Z).

Hence h(z) = ¢, trp(z), where p is the conjugate representation of p.

ReMARK 2.10. If K is a commutative central hypergroup, then using
Lemma 1.6 and Theorem 2.4, it can easily be shown that every bounded
multiplicative continuous function x: K — C is hermitian, i.e. satisfies
x(%) =x(x) for all x € K (see [4]).

We conclude this section with a generalization of [16, Corollary 2.3
and Proposition 3.6].

THEOREM 2.11. Let K be a commutative hypergroup and H a subhyper-
group of K such that H/H N G(K) is compact. Then every character of H
extends to a character of K.
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Proof. Let x € H, F= H N G(K) and A = x| F. We first claim that
if & € supp xU™, then | F = A. Assuming that a| F % A, by the regular-
ity of L'( F) there exists an f € L'(F) such that f(a|F) # 0 and f(X) = 0.
It follows that L U™(g * u,;) = 0 for all g € Coo( K) since

(UMg*py)E)(x) = f(X) fK JEIE(N)E( * x) dy.
Hence
0= g+ (@)= g@a)f(a]F) forallg € Cy(K),

which contradicts f(a | F) # 0.

We show next that if & € Cy( H) such that (U>(g * u,) = 0 for all
g € Cy(K), then LUh) = 0. It clearly suffices to show that
e M) * h)(t) dt = 0 for all ¢ € Cy(H). But this follows easily from
the assumption, since

0 =4, UNg * p,)E(p, 1)(e) = /F M1)[(9 * g) | H = h](1) ar

for all ¢, g € Cyo( K).
Let now A = {a € K; «|F =2A)}; then by what we have verified
above

{(feL'(K);f(a) =0foralla €A} C {f€ L(K); UNf) =0).

Assume x & A|H and choose f € Cy(H) such that T.f = 1 on H/F and
f(e) > 0. Then by the orthogonality relations

0= fH/Fa(x)mdx = /H/F/;a(xt)rxt)f(xt) dt dx

= [ a(XOH () & = F-X(aTH)
for all « € A. Thus
(8 n,5) (@) = 2(@)F X(aTH) = 0
for a € A and g € Cy(K), and therefore
xUMg*p.5) =0 forallg € Cy(K).
This shows ,U(f- X) = 0. But x € supp HU" (Lemma 2.5), so

[ 7 1x(x) P dx =0,

a contradiction.
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3. Plancherel theorem and Inversion formula. Our proof of the
Plancherel theorem follows the lines of [9, Theorem 4.1]. But there seem to
be some gaps in the proof given in [9], one concerning the application of
Fubini’s theorem on page 435. To be very careful, we include the follow-
ing

LeMMA 3.1. For f € L\(K) and X € Z define &\(f) on K by
e(f)(x) = { JZR) if N1Z € 1(2),

otherwise.

Then the function (x, ) = &( f)(x) on K X Z is measurable.

Proof. Notice first that for f € Cy(K), &(f) = &(f,1) € H(U") in
the notation of §1. Let f€ LK), u € Cy(K) and g = f* u. Then
xg]Z € L'(Z) for all x € K, and the mapping x —»,g|Z from K into
LN(Z)is @Qmuous and bounded byl f||,/|T5ull, [14 Ch. 7, §3.3]. Hence
(x,A) =,8|Z(N) = &,(g)(x) is continuous on K X Z.

Now f can be approximated by a sequence f, = f x u,, u, € Cy, (K).
Thus, following [14, Ch. 3, §4.7] one shows the existence of a null set 4 7 in
K/Z such that for every x & p~'(A,) the integrals [,|f(xt) — f(xt)|dr
tend to zero. Hence ,( f,)| Z converges to , f| Z in L'(Z) for x & p~ '(Af)
and p~ (4 7) is locally null by Weil’s formula. Thus p~!(4 )X 7 is
locally null in K X Z, and on the complement we have el f(x) =
lim,,_ . &(f,)(x). By [3, Ch. IV, §4, Theorem 2] (x, A) — &(f)(x) is
measurable.

THEOREM 3.2. (Plancherel formula). For f, g € L'(K) N L*(K) the
function N —> 2, -1, Kk, tt(p( f)p(g)*) is in L'(Z) and satisfies

[1xgtax= [ 3 k,t(p()(g)*) aN

Zper ')

Proof. For f, g€ L'(K) N L*(K) we have _f|Z, .g|Z€ L(Z) N
L*(Z) outside p~'(A) for some set 4 of measure zero in K/Z. So we can
apply the Plancherel formula for abelian locally compact groups to the
functions , f|Z and  g|Z:

<f,g>=fk/zfzxf(t)mdtdx

= [ LaEaletxan ax
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Putting first f = g one can see that (%, A) — &,(f)(x)e,(g)(x) is in
LNK/Z X Z,dx X d\), and Fubini’s theorem applies:

i x - e,\(f)(x)e,\(g)(x) isin LY(K/Z) for almost every A € Z;

i) A - fx,z sx(f)(x)e,\(g)(x) dx is in LI(Z) and

(i) (1, 8)= [z Tz ex(F)N(x)ex(g)(x) dx dA.
From (i) it follows that &,(f) € H(U) for almost all A € Z. Let
A € Z be such that &(f), &(g) € HU"). Then for the basis
(k'%p,;; 0 €r7'(N), 1 =i,j <d,} of HU") we have

ij?

<£)\(f)’ pij>:/;(/Zj;f(xt)x(t)<p(x)ej’ei> dr dx
—_—fk/zfzf(mxp(xt)ej, e[> dtdx = <p(f)ej, ei>_

Thus the following holds:

[ pN@ale)ds = (1), a(s)

dP
= 2 2 <87\(f), k;/zpij><k:)/2pij’ 8>\(g)>

per~i(A) i,j=1

dp
= 2 2 kp<p(f)ej’ei><ei’p(g)ej>
peri(A) Hhi=1
= X k,tr(p(f)e(g)*).

pEr~(A)

Now both assertions follow by means of (ii) and (iii).
We didn’t succeed in proving that a Borel measure p on K can be
defined by

n(E) :fZJE N rY(A)|dA.

Even in the case of a Z-group it is not clear at all whether A —|E N r~'(A) ]
is measurable.

We are going to prove now the Inversion formula for linear combina-
tions of functions in LK) N P(K). We would like to mention at this
point that if K is a hypergroup such that K/G(K) is compact, then a
continuous positive definite function is easily seen to be bounded. In
particular, this holds for Z-hypergroups.

LemMA 3.3. If f € LY(K) N P(K), then p( f) is a positive operator for
allp € K.
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Proof. Let A denote the left regular representation of L'(K) in L*(K)
as well as its extension to C*(K ). We have

(M(f)g g)= fK fK g(x)g(»)f(x * ) dxdy =0

for all g € Cy(K). Hence A(f) =0 and A(f) = T*T for some T €
A(C*(K)). Suppose we have already shown that A is faithful on C*(K).
Then for p € K,

p(f) = p(A"Y(T*T)) = p(A"U(T))*p(A"(T)) = .

Let Z = Z(K) N G(K), r: K - Z and ¢ = r(p). Since p is a subrepresen-
tation of U®?, it suffices to show that kernel A C kernel U?, ie. U? is
weakly contained in A in the sense of [5, §3.4]. To this end, as in the group
case, one has to prove that every positive definite function x —
(U%(x)§, &), £ € HU?), can be uniformly approximated on compact
subsets of K by sums of positive definite functions associated with A. Of
course, ¢ can be assumed to be (g, 1) for some g € Cy(K). Choosing
h € Cy(K) such that T,k = 1, we have

(U®(x)e(g,1),e(g, 1))
:f[(h(y)(fzg(iyt)h(t) dt)(fzg(ys)mds) dy.

Now, given a compact subset C of K, there exist compact sets D in K
and E in Z such that

(U9(x)e(8, 1) e(z. 1)
szh(y)(/Eg(xyz)A(z) dt) (L_—g(ys))\(s)ds) .

Choosing suitable disjoint coverings D = U7, V,, E= U]_ W, and y; €
V,t € Wyand §, € L*(K) by

r

§= 2 |I/V/|A(t/)ijgr,’

=1

where | W,| denotes the Haar measure of W, and Xo, the characteristic
function of V), we conclude that (U%(x)#(g, 1), &(g, 1)) can be uniformly
approximated on C by 270, h(y;)(A(x)§,, ;).

THEOREM 3.4. (Inversion formula). For f € [L'(K) N P(K)] (the lin-
ear span of L'(K) N P(K)) and x € K the function

A= X ktr(p(f)e(x)*)

pEr'(d)
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belongs to L'(Z) and satisfies
f)=[ 3 ktr(p(f)p(x)*) dA.

Z per ()

Proof. Notice first that it follows from [13, 11.4.B] as in [5, (13.4.8)]
that translates of functions in L'(K) N P(K) belong to [L'(K) N P(K)].

Therefore (and for linearity reasons) we can confine ourselves to the
case f € L'(K) N P(K) and x = e. Choose u, € C;; (K) such that |ju,||
=1 and |[f*u,* u} — f||, = 0. Since f is continuous and || f||., = f(e),
we can assume that

fle)=fxu,»ut(e) and f(e)=lim f*u,* us(e).
As u¥ = f+u, € P(K),[12,(D. 39)] yields
0=<trp(ut« fxu,) <t(p(f)o(u,*u}))
= trp(f)llp(u, * ui) < trp(f).

Moreover, |trp(g)|= d,||gll, holds for g € L'(K). We define now F and
F,on Z by

F(N)= X k,irp(f) and F,(A)= X k,trp(f*u,=*u}).

peEr ') pEr ')

Let A € Z such that F(A) = co. Then for M > 0 we find p,,...,p,, €
r~'(A\) so that 37 k, trp,(f) = M + 1. It follows that for some N € N,

2 k,tro(f*u,xuf)=M foralln=N,

i=1

i.e. F(A) = oo. If F(A) < co, then for £ > 0 there are p,,...,p, € r '(A)
such that

2 k,trp(f)<e.

.
PG
On the other hand, there exists N € N so that

2 kp,(trpi(f) - trpz(f* u,* u:)) <e¢

i=1
for n = N; hence
0= F(\) — E())

= X kyop(f)+ Xk, (trp(f) = tro(fxu, = u¥))
i=1

peEr;'(A)
PP,

< 2e.
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Thus F(A) = lim F,(A). Setting G, = inf{ F,; k = n}, we get 0 < G(A\) <
E(M), G(A) - F(A) and, by Theorem 3.2,

fZGn(A)dA = [EO) ax=(fuzxu,)

=fru,*u,e)=f(e).
[3, Ch. IV, §36, Theorem 5] now shows that F € L(Z) and

hmfZE,(A) d\ = 1imf2Gn(A) dA =f2F(A) .

Finally, we obtain

f(e) = lim f* u, * u*(e) = lim th,,()\) dA
VA

ZIZFO\)‘D\:[, > k,trp(f)dA.

Zper')

4. Representations of double coset hypergroups and an example.
Let H be a compact subhypergroup of K with normalized Haar measure
my. The the double coset space K//H is again a hypergroup with
convolution defined by

8)2 * 6y = f 8t.d6x *My * 6y(t)’
H

where Z = HzH for z € K [13, §14]. Jewett [13, §14] describes the connec-
tion between representations of K and those of K//H by means of
positive definite functions. For irreducible representations we need a more
precise description.

For any representation 7 of K, we will denote by 7 the corresponding
representation of K/ /H defined by

7(x) =a(my 8, xmy) forx €K.

LEMMA 4.1. Let K and H be as above. For w € K the restriction of 7 to
its essential subspace K, is irreducible, and in this way one obtains every

p E(K//H).

Proof. Notice first that # % 0 yields #(my) 0 and w(my) is a
hermitian projection. The subspace E = w(my)H,_ is s-invariant, and
#|E*= 0. From #(X)n = «(my)7(x)n for 1 € E it follows that every
n # 0 is cyclic for 7| E. Thus 7| E is irreducible and E is the essential
subspace K ; of 7.
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Conversely, starting with p € (K//H Y, we choose 7 € H,, n#0,
and define ¢ € P(K//H) by y(x) = (p(x)n,n). ¥ is indecomposable
and ¢ € P(K), defined by p(x) = {(x), as well. Hence there is a 7 € K
such that @(x) = (m(x)§, &) for some § € H, (compare [13, 11.3, 114
and 14.4])). From ¢(z) =1 for every t € H it follows that w(z)§ = §;
hence m(m ;)¢ = £ Thus £ is a cyclic vector for 7| K ;. Finally

(#(2)E, &)= (m(my)m(x)E, £>=qu>(t +x)dt = y(x) = (p(x)n, 1)
holds; hence 7| K, is equivalent to p [13, 11.4D].

REMARK 4.2. In a similar way we can obtain every cyclic representa-
tion of K//H as 7| K, from some cyclic 7 of K.

Every finite-dimensional irreducible representation 7 of K is uniquely
determined by its normalized trace x, defined by
Xo(x) =d;" - tra(x)

for x € K, and dim K, = trw(my) = [ptrw(t)dt holds. If #|H =
®,c s Man(p) - p is the decomposition of 7 | H into irreducible represen-
tations, then

thrw(t) dt = kawly(p)/Htrp(t) dt = m (1)

p

by the orthogonality relations. Thus # # 0 iff [, tr w(¢) dt # 0, and for
p = 7| K, we have

trp(x) = tra (%) = tr(w(x)m(my)) =thm(x xt)dt.
Hence
(0= [[x0a] [ xdeena

and [y, x,(1) dt = d;" - m(1).
In particular, for a Z-hypergroup K we get in view of Theorem 2.4:

COROLLARY 4.3. (K//H )A can be identified with the set of normalized
traces, i.e. with

{x - (foﬂ(t)dt)—| 'fo,,(x xt)di;n €K, 7 #0}.
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We will now use this description to compute among others the irreducible
representations of a certain non-commutative Z-hypergroup.

ExAMPLE 4.4. For a prime p, let &, and A, be the set of p-adic
numbers (resp. p-adic integers) and A, = {z €Q; z, =0 for n <k}
(k € Z). Concerning the notations see [12, §10]. For x, €A, (1 =i =4)
and z € SZP we write (x,, X,, X3, X4, z) for the matrix

I x x, z
01 0 x,
0 0 1 x|’
0 0 o0 1

and denote by G the group of these matrices. Clearly G is a Z-group with
center {(0,0,0,0, z); z € Q,}. Put (¢) =(+,0,0,0,0) and H = {(1); t €
A,}. We are going to study the Z-hypergroup K = G//H. First we
compute it as a set, then determine the convolution, and finally describe
the set of irreducible representations of K in terms of the normalized
traces.

(a) For x = (x,, x5, X3, X4, z) and y = (), y1, y3, ¥4, w) € G we have
x=y iff x,=y for2=i<4andz—-wex, A,

Thus we can identify K with the set
85X U ((ANA-) X (2,/A,)),
k=0
and we will write

X = (xz, X3, X4, [Z]x4) €K.

(b) Since G is a group the convolution on KX is given by

By x 0y = fHa(xmy)' dt.
Now
(x(2)y) = (x3 + py, X3 + 33, X4 + Y4y

[z +w+ x4+ (1 + xl))’4]x4+y4);

hence
8(xy)' lfy4 (S (x4 + y4)Ap’

0, * Sy- = 5 . )
_/;( (X222, %3+y5, x4+ ya, [ 24 Wt X2 03] gy ) dt  otherwise,
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where dr denotes the normalized Haar measure on the compact group
X =y,A,/(x4 + y)A,. 1t follows at once that

G(K) = {(x;,%3,0,[z]o); X5, x; €4,z €Q,}
and
Z=G(K)Nn z(K)={(0,0,0,[z]); z € Q,}.

Notice that G(K), and hence K, is non-abelian.

(c) Now the set E(G) of normalized traces on G can be easily
computed, since G is a nilpotent group of step 2. For x € E(G) we have
x| C € C, where C = {(0,0,0,0, z); z € Q,} ~ Q. C is the union of the
annihilators A(C, A,), which can be identified with A_, ., C{, by
w = A, where A is defined by

k—1 k—1
1 —s+n—1
A (z) = | P27\ 2z X p w_,| forz€A, (m<k),
I otherwise.
Now we put
EyG) = {x € E(G): x|C €4(C,4,)},
and for k > 0,

E(G) = {x € E(G); x|C € A(C, ANA(C, A,_))}.

For G, = {x € G; x, € A, for 1 =i =< 4} the following hold:

(i) x] G\G, = 0 for x € E,(G); and

(i) EgG)|G, = (A)* X (A(C, AONA(C, Ay_)) for k>0 and
E\(G) = (A,)* X A(C, A).
Thus we haveforA, € A, (1 <i=<4andweE A_,  \A_, 5

4
_ A I A (%) ifx e Gy,
X g dem(X) =177 ,.I:l, o k
0 otherwise.
We mention that, since the index of G, in G is p**, the dimension of a
representation corresponding to an element of E,(G) is p**.
Now it follows that

[ Xsronaon(£:0,0,0,0) dr = p~* [ N (s) ds
H Ay

_ {p—k ifA =1,,
0 otherwise;
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where ds is the normalized Haar measure on A,, which equals pk - dt, dt
the Haar measure on H.
Since (x,, X,, X3, X4, 2)(2,0,0,0,0) = (x, + t, x,, X3, X4, 2), Wwe have

fHX(A,,)\Z,}\3,)\4,w)(xl + 1, x,, X3, Xy, 2) dl
4
p—kf A(s)ds - TIA(x,) - A (2) ifx, €A, (i =2,3,4),
Ay i=2

0 otherwise.

Thus K can be identified with
A \3 ® a3
((Ap) X Al) u U ((Ak) X (A—k+l\A-k+2))
k=1
via (Ay, Aj, Ay W) = X(a,0,0,w)> Which is defined by

4
TN () M), 5, € A,

0 elsewhere.

X(Az,)\g,)\4,w)(x2’ X3, X4, [Z] x4) =

Define K, = r"(A(C, A,)) and
K, =r'(4(C, ANA(C, A_y)) fork>0,

where r: K — Z is the mapping studied in §2. These subsets of K are both
open and closed, and for the dimension of some p € K| we get

d,=dmK,=d, - foﬂ(t) dt = p*k . p~k = p3k,

Thus the function p — d, is continuous on K and the topology on K is
that of uniform convergence on compact subsets of K.
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