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THE CLOSED IMAGE OF A HEREDITARY
MrSPACE IS Mλ

MUNEHIKO Iτδ

We show that every closed image of a hereditary Λf1 -space is
hereditarily M,. This answers positively G. Gruenhage's question.

1. Introduction. J. Ceder [3] introduced the M-spaces, / = 1,2,3
and proved that Mx =* M2 => M3. He asked whether the converses hold. G.
Gruenhage [4] and H. Junnila [8] independently proved that M2 — M3.
Recently R. Heath and H. Junnila [6] showed that every M3-space is the
image of an M,-space under a perfect retraction. Thus Mx — M2 if and
only if for every Mx-space, every closed image of the space is M{.
However, in general, it is not known whether the closed image of an
Mx -space is Af,

G. Gruenhage [5] proved that the closed image of an Mx -space X with
the property (*) is M,.

(*) Whenever H and K are closed subsets of X with H C K, then H has
a σ-closure preserving outer base in K.
If an Mj-space X has the property (*), then every closed subspace of X is
M,. He then posed the following question.

// every closed subspace of a space X is Ml9 is every closed image of X
also M{! ([5], Question 3.4.)
The aim of this paper is to give a positive answer to this question.

Secondly, we study the class of spaces with a σ-almost locally finite
base which was introduced by K. Tamano and the author [7]. This class is
contained in the class of Mx -spaces and contains every metrizable space
and every M0-space. Recently G. Gruenhage [5] proved that every Fσ-
metrizable M3-space is Mx. In §3 we shall show that every countable
dimensional Fσ-metrizable M3-space has a σ-almost locally finite base.

All spaces are assumed to be regular Tx and maps to be continuous.
The letter N denotes the positive integers. For undefined notion see [5].

2. Main results. Let X be a paracompact σ-space. If every closed
subset of X has a σ-closure preserving outer base, then X is an M,-space.
However, it is not known whether every closed subset of an Mx-space has
such a base. Our first theorem shows that every closed subset of a
hereditary Mx -space has a closure preserving outer base. This result leads
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us to the main theorem. To prove the first theorem we start with the

following lemma.

LEMMA 2.1. Let X be a space, U a clopen set of X and % a closure

preserving family of subsets of X. Then {B Π U: B E %} is closure preserv-

ing in X.

Proof Let %' C % and x g U {Cl(B Π U)\ B E <&'}. If x £ U, then

obviously x & Cl U {B Π U: B E $ '} . Let x e CΛ Then for every 5 e ®',

x&ClB. Hence x $ Cl U {B Π £/: £ G $'} .

The following results are well known and the proofs are omitted.

LEMMA 2.2. Let X be a space, S a regular closed set of X and T a

regular closed set of S. Then T is a regular closed set of X. Thus every

closure preserving family of regular closed sets of S in S is a closure

preserving family of regular closed sets of X in X.

LEMMA 2.3. Let X be a space. Then X is an Mx-space if and only if X

has a σ-closure preserving quasi-base consisting of regular closed sets of X.

THEOREM 2.4. Let X be an Mx-space such that every regular closed

subspace of X is Mv Then every closed set of X has a closure preserving

outer base.

Proof. Let F be a closed set of X. Take a family [Hn\ n E JV} of

regular closed sets such that

X = Hλ D Int Hλ D H2 D , Π Hn = F.

Set

Sλ = C l ( l n t F U ( U {#2n-i -H2n

S2 = Cl( lnt Fu(\J{H2n- H2n+ι: n E N})).

Then Sx and S2 are regular closed sets of X and cover X. For / = 1,2, let

U«eΛr®/i(0 ^ e a σ-closure preservig quasi-base of S, such that for every

n ELN, %n(i) C ® / I + 1 (0 and every B E %n(i) is a regular closed set of 5,-.

Set

&2n_λ = {BΠ H2n_λ.B E %{\)}9n E N; and

&2n={BΠH2n:Be%(2))9neN.
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Then for each n GiV, H2n-\ and H2n are respectively clopen sets of Sλ

and 5*2, so by Lemma 2.1, &2n-\ a n c * ^in a r e respectively closure preserv-

ing families of regular closed sets in Sx and S2. By Lemma 2.2, every &n is

a closure preserving family of regular closed sets of X in X. Set

{ β β : α £ i ) } = (<3>:<5>C U # n , F C l n t ( J # ] ; and

To prove that % ' is closure preserving, let ψ ^ ΰ ' C ΰ and x ξ2

U (Cl t4: α G D'}. Then x £ F, so there exists a unique n £ N such that

x G i ^ - t f ^ . T h e n

( U {Ua:aeD'})); and

ί U fl

For each Λ E ( U a e o , ( ϊ α ) n (U,"= ,#,.), x ^ C l y ί . Since U ^ , ^ , is

closure preserving,

Cl ; and

Therefore x « Cl( U {C/α: α G jDr}).

To prove that % r is a quasi-outer base of i7, suppose F C l f and W is

open. For each x E F w e define $ x C ^neN&n as follows. If x e Ŝ  Π S ,̂

then there exist H E TV, Bx{\) G ®n(l) and 5^(2) E $n(2) such that x G

Int S i 5X(1) C 5X(1) C Wand x G I n t ^ 5^(2) C Bx(2) C W. Define

&x={Bx(l)nH2n_l9Bx(2)nH2n}.

If x G 5, - S2, there exist n G TV and JS^l) G <&π(l) such that x G

Int 5 i ^ ( 1 ) C Bx{\) C W. Define

If x e 5 2 - 5 l 5 then we define analogously &x. Let & = U {β^: x G F}

and f/ = U6B. Then C/ G %' and F C Int U C C/ C FT.

Let % = {Int [/α: α G Z>). It is easy to show that for every a G Z>,

Cl £/α = Cl(Int ί/α). Then clearly % is a closure preserving outer base of F

and the proof is completed.
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The proofs of the following two theorems are straightforward, and are
thus omitted.

THEOREM 2.5. Let X be an Mλ-space with dim X — 0. Then every closed

set of X has a closure preserving outer base.

THEOREM 2.6. Let X be a space and {Sa: a E D) a locally finite cover

of X consisting of regular closed Mx-subspaces. Then X is an Mx-space.

COROLLARY 2.7. Let {Xa: a E D) be a family of Mrspaces such that

each Xa satisfies one of the following conditions.

(1) Every regular closedsubspace of Xa is Mλ.

(2) dim Xa = 0.

(3) Xa is first countable.

Then for every p E BaXa, Ep is Mx. {Here BaXa is the box product space of

{Xa: a E D] and Έp is the subspace {x E BaXa: xa φ pafor at most finitely

many a) of BaXa.)

Proof. This follows from Theorem 2.4, 2.5 and [10], Theorem 3.1.

Before stating the main theorem of this paper, we note the following
lemma holds. Then a space X is hereditarily Mx if and only if every closed
subspace of X is Mv Therefore Theorem 2.9 is a positive answer to G.
Gruenhage's question ([5], Question 3.4).

LEMMA 2.8. Every dense subspace of an Mx-space is Mx.

Proof. This follows from the fact that the closure of an open set is
equal to the closure of the intersection with a dense subset.

THEOREM 2.9. Let X be a hereditary Mx-space. Then every closed image

of X is hereditarily Mλ.

Proof. Let/: X -> Ybe a closed onto map. It is enough to show that Y
is Mv Let H and K be closed sets of X with H C K. Then K is hereditarily
Mx and H is closed in K. So by Theorem 2.4, H has a closure preserving
outer base in K. Then X satisfies the property of [5], Theorem 3.2. Hence
by [5], Theorem 3.2, Y is Mx.

Problem 2.10. Is the countable product of hereditary Mx-spaces
hereditarily MXΊ
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More basically:

Problem 2.11. If X and Y are hereditary Mx-spaces, i s I X Fheredi-
tarily MλΊ

If the answer to Problem 2.10 is positive, then the class of hereditary
Mj-spaces is one giving a positive answer to [5], Problem 3.6.

3. Maps of spaces with a σ-almost locally finite base. Recently K.
Tamano and the author [7] introduced the class of spaces with a σ-almost
locally finite base. This class is contained in the class of Mx -spaces and
contains every metrizable space and every M0-space. In this section we
shall prove that the class of spaces with a σ-almost locally finite base is
closed under finite to one closed maps. As a corollary of this result, we
have every countable dimensional i^-metrizable Af3-space has a σ-almost
locally finite base.

DEFINITION 3.1. Let X be a space, x E X and & a, family of subsets of
X. 6E is said to be almost locally fiite at x if there exist a neighborhood U of
x and a finite family % of subsets of X such that

{AΠU:AE&}

C {B Π V: B E ®, Fis a neighborhood of x].

& is said to be almost locally finite in X if $ is almost locally finite at every
x E X. Note that we can take X as above U.

Every locally finite family is of course almost locally finite and every
almost locally finite family is closure preserving. For other fundamental
results concerning almost locally finite families see [7].

LEMMA 3.2. Let X be a space and & an almost locally finite family at
x E X. Then both {Int A: A E &} and {Cl A: A E $} are almost locally
finite at x.

Proof. By Definition 3.1, there exist a neighborhood U of x and a
finite family % of subsets of X such that

C [B Π V: B E %, Fis a neighborhood of x).

LetAΓ\U=BΓ\V with A E β, B E % and Vis a neighborhood of x.
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Then

lntA = lnt(B U {X - [/)) Π Int{A U (ί/Π F)); and

CM = Cl(5 U (X- U)) Π (CM U Int(t/Π F)).

Therefore

C ( F Π Int(5 U ( l - ί / ) ) : 5 e 9 , F is a neighborhood of x}

and

{CIA: A E&}

C (KΠ C1(5U (X- U))\B e ® , Fis a neighborhood of x).

That completes the proof.

LEMMA 3.3. Let f: X -+ Y be a finite to one closed onto map and & an
almost locally finite family of subsets of X. Then {/(A): A Gβ} is an
almost locally finite family of Y.

Proof. Let y E Y andf~\y) = {xl9... 9xn}. For each xι there exist a
neighborhood Uι of xt and a finite family %ι of subsets of X such that

[A ΓΊ £/,:Λ Effi}

C f i Π K B e ^ F i s a neighborhood of xz}.

We may assume (£/z: / = 1,... ,w} is disjoint and U %t C ίζ . Set

- U t/,)):

Then | % | < Ko. Let ^ G i Then for each x,, there exist B, E <3D; and a
neighborhood V, of x, such that A Γ) U, = B, Γ) Vr There exists a neigh-
borhood Voϊy such thatΓ\V) C U^^t/, Π F;). Then

Set VV=VU (F(A) - (V Π £ [ £ „ . . . ,5,,])). Then

= VγΠB[Bx,...,Bn};

B[BX,... ,Bn] £ %v; and Kv, is a neighborhood of7.
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Therefore {f(A): A E (£} is an almost locally finite family of Y and the
proof is completed.

THEOREM 3.4. Let Xbe a space with a σ-almost locally finite base andf:

X -> Y a finite to one closed onto map. Then Y has a σ-almost locally finite

base.

Proof. Let U π e Λ Γ %n be a σ-almost locally finite base of X such that

for each n e N, % C Bn+λ and if % C %, then U $ E %. For each

«6Λ^, let <?LW = {Int / ( # ) : 5 E $ n } . Then by Lemma 3.2 and 3.3, each

% w is almost locally finite in Y. It is easy to check that Uw ( Ξ Λ Γ

 βlln is a base

of y and the proof is completed.

COROLLARY 3.5. Let X be a Fσ-metrizable M3-space with countable

dimension. Then X has a σ-almost locally finite base.

Proof. By [9], Corollary 3, there exist a paracompact ,Fσ-metrizable

space Z with dim Z = 0, and a closed onto map f:Z-*X such that for

every x 6 l , l / "^*) | < N o Since, in this case, X is M3, so is Z. Then by

[5], Theorem 3.1, Z is an M0-sρace and has a σ-almost locally finite base.

Hence by Theorem 3.4, X has a σ-almost locally finite base.
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