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WEAK COMPACTNESS OF REPRESENTING
MEASURES FOR R(KX)

T. W. GAMELIN

Let K be a compact subset of the complex plane, with connected
interior K°. Suppose that p € K° has a weakly compact set of represent-
ing measures on 3K with respect to the algebra R(K). Then every
representing measure for p is mutually absolutely continuous with respect
to harmonic measure, as is every nonzero orthogonal measure on 0K. A
class of champagne bubble sets with weakly compact sets of representing
measures is constructed.

1. Introduction. Let K be a compact plane set, and let R(K) be the
algebra of continuous functions on K that can be approximated uniformly
on K by rational functions with poles off K. A representing measure for a
point p € K is a Borel probability measure A on K such that f( p) = [fdA
for all f € R(K). The representing measures for p form a convex, weak-star
compact set of measures on K. Our aim is to obtain information about
R(K) in the case that the set of representing measures on the topological
boundary 9K of K for some fixed p € K is a weakly compact subset of the
Banach space of finite measures.

In the case that p € K has a finite dimensional set of representing
measures on 0K, reasonably complete information is available concerning
the Gleason part of p and the corresponding orthogonal measures. If such
a p belongs to 0K, then in fact p is a peak point for R(K), so that the
point mass at p is the only representing measure for p. If such a p belongs
to the interior K° of K, then the connected component U of K° contain-
ing p is finitely connected and forms a Gleason part for R(K'). Moreover,
the boundary values of any conformal map from a canonical circle
domain D into U determines a Borel isomorphism which transplants
harmonic measure on dD to harmonic measure on dU, and which carries
measures in R(D)* to those measures in R(K)* corresponding to the
part U.

Following a conjecture of E. Bishop [1, p. 347, problem 8], S. Fisher
[3] initiated the study of norm compact sets of representing measures,
giving conditions for compactness and also for non-compactness in the
norm topology of the set of representing measures. The study was con-
tinued by the author in [4], where it was shown that if p € K has a norm
compact set of representing measures, then either p € K°, or else p is a
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peak point for R(K). The proof in [4], which depends upon Iversen’s
theorem on cluster values together with a theorem of Hoffman and Rossi,
is valid under the weaker hypothesis of a weakly compact set of represent-
ing measures.

Our first aim is to establish in §2 an abstract version of Iversen’s
theorem. This will be combined in §3 with a result from [10], which
depends crucially on the Hoffman-Rossi theorem, to establish a theorem
on the weak-star approximation of representing measures by absolutely
continuous representing measures. The approximation theorem readily
yields information on weakly compact sets of representing measures,
including the following result.

THEOREM 1. Suppose that K° is connected, and that p € K° has a
weakly compact set of representing measures on 0K. Then any representing
measure on 0K for a point of K° is mutually absolutely continuous with
respect to harmonic measure. If moreover K° is dense in K, then every
nonzero measure on 0K orthogonal to R(K) is mutually absolutely continu-
ous with respect to harmonic measure.

Incidentally this shows that each point ¢ € dK is a peak point for
R(K). Otherwise one constructs an orthogonal measure on 9K that
charges the singleton {gq}, contradicting the fact that harmonic measure
does not charge singletons. Thus the only nontrivial Gleason part for
R(K) is precisely K°. It would be interesting to determine in these
circumstances whether R(K) is pointwise boundedly dense in H*(K°);
this would imply in particular that R(K) = A(K).

The second statement of Theorem 1 can be obtained from the first by
a straightforward and standard argument. It can also be obtained, im-
mediately, by appealing to a theorem of I. Glicksberg [11] to the effect
that every nonzero orthogonal measure is mutually absolutely continuous
with respect to a representing measure.

In §5, we observe that the basic results are also valid for certain
algebras related to R(K). In §§6 and 7 we discuss various classes of
compact sets K, the roadrunner sets and the champagne bubble sets.

As a source for standard notation and terminology we refer to [8].

2. The Shilov boundary of H*(A,). In this section, K is an arbi-
trary compact subset of the complex plane, and Q is a nontrivial Gleason
part for R(K). Let A, denote the restriction of the area measure dx dy to
Q, and let H*(A ;) denote the weak-star closure of R(K') in L*(A,). By
Davie’s theorem, every function in H*(A ) can be approximated point-
wise a.e. (dA,) by a bounded sequence in R(K). The point evaluation at
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a point { € Q extends to be a weak-star continuous homomorphism of
H>(A,), which will be denoted by ¢;. Every weak-star continuous homo-
morphism (nonzero, complex-valued) arises in this manner, from a point
of Q. For these results, and for further background material on H*(A ),
see [9] and [10].

In many respects, H*(A ) is similar to the algebra H*( D) of bounded
analytic functions on a domain D. In this section, we wish to prove a
theorem for H*(A ) which is known to be valid for H*( D) and which is
an abstract version of Iversen’s theorem.

Let 9N denote the maximal ideal space of H¥(A ;). We will regard the
functions in H*(A,) as continuous functions on 9. The coordinate
function Z € R(K), when regarded as a continuous function on 91U, maps
M to the closure O of Q. For § € Q, define the fiber M, of I over ¢ by

M, = Z7({¢}) = {9 € M: Z(9) = §).

The Shilov boundary of H*(A,) will be denoted by II. The result we
require is the equality (2.1) of the following theorem, which is proved for
H*(D) in [5].

THEOREM 2. Let Q be a nontrivial Gleason part for R(K), and define
H*(X,) as above, with maximal ideal space I, fibers M., and Shilov
boundary WL. Then for each { € Q, the restriction of H*(A,) to O, is
closed subalgebra of C(9W,) whose maximal ideal space is 9W,. Further-
more, if §{ & K°, the Shilov boundary of the restriction algebra is given by

(2.1) I, =M NN, ¢{€O\K".

Proof. We will follow the proof of the corresponding fact for H*( D),
as given for instance in [7]. We provide only an outline of those parts of
the proof which carry over virtually verbatim from H*( D).

The algebra H*(A,) is invariant under the T,-operators used in
rational approximation theory. Using these, one can establish as in [7, §1],
that

sup{|/(¢)|: ¢ € M| =limsup f(q),  f€ H*(Ay).
0349-¢
In particular, if f(q) tends to zero as ¢ - ¢, ¢ € Q, then f =0 on IN,.
Using the T-operators, one can also establish (as in [9, Corollary 2.2]) that
for each f € H*(A,), there is a bounded sequence { f;} in H*(A,) that
converges uniformly to f on each subset of Q at a positive distance from ¢,
while each f; is analytic at §. In particular, {f,} converges uniformly to f
on each compact subset of %\%g, and each ]3 1s constant on %§.
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As in the proof of [7, Lemma 6.3], the approximating sequence { f}
can be used to show that if » is any measure on 9N such that » L H*(p,)
and »( "JILI) = 0, then the restriction of » to G)TL; is also orthogonal to
H>(Ap). Thus the proof of [7, Theorem 6.1] (see also [9, §6]) shows that if
M, is not a peak set for H*(A,), there is a weak-star continuous
homomorphism in 9, namely ¢,, and the kernel I, of ¢, has the
property that if a measure » on 9 is orthogonal to I;, then the restriction
of v to G)IQ is orthogonal to I;. In this case, the restriction of I, to 5.)11§ 1sa
closed subspace of C(9M;), so that also the restriction of H*(A,) to I,
is closed. In the other case, in which @TQ is a peak set, it is a consequence
of Glicksberg’s peak set theorem [8, Theorem I1.12.7] that the restriction
of H*(A,) to I, is closed. Since M, is the level set of the function
Z € H*(\,), each I, is H*(A,)-convex and hence coincides with the
maximal ideal space of the restriction algebra. This proves the first
assertion of Theorem 2.

Now let { € Q, and fix ¢ € I N 9. Let N be any open neighbor-
hood of ¢. Since the generalized peak points are dense in III, there is a
sequence {;} of generalized peak points for H*(A ) such that ¢, € N for
all j, and Z(¢;) > {. The “independence of fibers” argument of J.-P.
Rosay [14], as utilized in [5, §1], then shows that every point in 9N
adherent to the sequence {¢,} is a generalized peak point for H*(A,). In
particular, there exists ¥ € N N I, that is a generalized peak point for
H>(A,), hence for the restriction of H*(A ) to 9, so that ¢ € I and
II[, meets N. Since N is arbitrary, ¢ € LII,. We conclude that

(2.2) m,omnM, {€0.

If (’JlQ is a peak set, then the reverse inclusion follows gom an
abstract fact about uniform algebras. Thus (2.1) holds for all { € Q\ Q.

Fix { € Q. The splitting property of measures orthogonal to I, cited
earlier in the proof, implies the following extension theorem (cf. [8,
Theorem I1.12.5] or [9, Lemma 6.1])): If & is any (strictly) positive
continuous function on M, if g € C(IM;) is the restriction of a function
in I, and if | g|< & on 9N, then there exists f € I, such that f = g on IMN;
while |f|< & on 9. Now suppose ¢ € III, is distinct from ¢,. Let N be
any closed neighborhood of ¢ in 9N, and choose & € C(9M) such that
0<h=<1 h<1on 9M\N, and A =1 in a small neighborhood of .
Since ¢ € I, there is a function g in the restriction algebra of H*(A,)
to I, such that g = 1 somewhere on the small neighborhood of ¢, [g|=< A
on M., and g(¢;) = 0. The latter condition guarantees that g is the
restriction to I, of a function in .. By the extension result, there is
f € I such that | f|< h, while || f|| = 1. It follows that the Shilov boundary
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of H®(A,) meets N. Since N is an arbitrary neighborhood of ¢, ¢ € 11,
and we conclude that

(2.3) I, c (I NM,) U {g}, $€0Q.

Now suppose that § € Q is such that I, # I N M;. In view of
(2.2) and (2.3), II; is then obtained by adjoining ¢, to II N IN,. Since ¢,
is an isolated point of I, it is also an isolated point of 9%,. Hence there
exists f € H*(A,) such that f(¢,) = 1, while |f|< 1/4 on GJR,K\{q;;} In
particular, |f |<1/4 on II N 9N,. Choose & > 0 such that if Ay is the
open disc {|z — {|< d}, then |f|< 1/4 on Il N Z~'(A,). By shrinking 8,
we may suppose also that the range of f on Z~!(A,) is included in the
union of the two discs {|z|< 1/4} and {|z — 1|< 1/4]}.

Let N = {@ € Z7'(Aj): |f(¢) — 1|< 1/4}. Then N is an open subset
of 9N which is disjoint from III, and furthermore the boundary of N is
included in Z7'(A;). By the local max1mum modulus principle, N is
included in the H°°(}\Q) convex hull 9N of N. §1\nce I[f—1|=1/40n N,
this estimate persists on BN and consequently 0N N Z~(As) = N. Now
by an abstract fact, Z(dN) includes the topological boundary of Z(aN ).
Since Z(dN) is included in dA 5, we conclude that Z(N) covers A.

Fix § € A;. Since |f |=1/4 on Il N 9N, while |f— 1]<1 some-
where on %g, we see that I, # III N GJILS, and consequently ¢ € Q. Thus
As; C Q, and { is an interior point of K. This shows that (2.1) is valid, and
the proof is complete. O

3. Weak-star density of representing measures. Let Q be a non-triv-
ial Gleason part for R(K), as before. Let o be a positive measure on K,
and let H*(o) denote the weak-star closure of R(K) in L*(g). We will
write

H*(0) = H*()\,)

to mean that the identity map of R(K) extends to an isometric isomor-
phism and weak-star homeomorphism of H*(o) and H*(A ). This occurs
if and only if (i) o is absolutely continuous with respect to some represent-
ing measure for some point of Q, and (ii) every point of Q has a
representing measure that is absolutely continuous with respect to o. The
condition (i) means that o lies in the minimal reducing band of measures
corresponding to the Gleason part Q. (See [2, §20].) In particular, o is
supported on Q. The condition (ii) is equivalent to asserting that the point
evaluations at points of Q extend to be weak-star continuous homomor-
phisms of H*(Q), again denoted by ¢, { € Q.
Our aim in this section is to establish the following theorem.
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THEOREM 3. Let o be a positive measure on K such that H*(o) =
H>*(A,), and let { € Q. If 7 is any probability measure on the closed support
of o such that T represents { on R(K), then T belongs to the weak-star closure
of the set of representing measures for { that are absolutely continuous with
respect to o.

Proof. This was proved in several special cases, including the case
o=A 0> in [10]. To prove the result in the case at hand it suffices to check
the hypotheses of the abstract version, Theorem 7.3 of [10]. This amounts
to checking that the property (f) on [10, p. 137] holds, and for this we
proceed as follows.

The restriction map H*(o + 7) - H*(0) is an isometric isomor-
phism and a weak-star homeomorphism, so that

H*(o + 1) =H*(0) sH”()\Q).

Moreover, these isomorphisms respect the fibering of 9N by the I, ’s.

Let 2 denote the maximal ideal space of L*(o). Then H*(o) can be
regarded as an algebra of continuous functions on Z. In fact, H*(o)
becomes a uniform algebra on the quotient space =/~ obtained by
identifying points of 2 that are identified by H*(o). Thus £/~ can be
regarded as a closed subset of 9N, and =/~ includes the Shilov boundary
of H*(A,). _

Let 2, denote the fiber of 2/~ over { € Q:

={p€Z/~:Z(9) =}, €0

The range of f € H*(0) on 2, is precisely the o-essential cluster set of f at
{. By Theorem 2, Z. includes the Shilov boundary IIl ¢ of the restriction of
H*(0) = H*(A ) to ;. Thus if f € H*(0), then

sup{]f((p)\: pE (’JIL{} < o-ess lirfls;lp [f(2)].

Now the 7-essential cluster set of f at { is included in f(9;), as can be
seen by regarding H*(o + 7) = H*(o) as an algebra of continuous
functions on the maximal ideal space of L*(o + 7). It follows that

m-ess limsup |f(z)| < o-ess limsup |f(z)]

z—-¢§ z=¢
for all ¢ € Q that belong to supp 7. This is property (#) of [10, p. 137], so
we may now appeal to Theorem 7.3 of [10] to deduce Theorem 3. 0

4. Weakly compact sets of representing measures. Let Q be a
nontrivial Gleason part for R(K), and suppose ¢ € Q has a weakly
compact set of representing measures on 0K. Then ¢ has a dominant
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representing measure on 0K, that is, a representing measure 7 that
dominates every representing measure for g on dK. Furthermore, the
Radon-Nikodym derivatives of the representing measures for g with
respect to  form a weakly compact subset of L'(n). This is equivalent to
asserting that they form a bounded, weakly closed subset of L'(n) which
is uniformly integrable.

Each point of Q has a weakly compact set of representing measures
Just as soon as one point does (cf. [8, VI.1]). Thus n dominates any
representing measure on 0K for any point of Q. In particular, n dominates
the point mass at any point of Q N 0K, so that there are at most
countably many points of Q N 0K. The main theorem of [4] asserts that
Q C K°, and we will give a proof of this fact presently. First we give the
following corollary to Theorem 3.

THEOREM 4. Let Q be a Gleason part for R(K), and let o be a positive
measure in 0K such that H*(o) = H*(A,). Suppose that the set of repre-
senting measures on 0K for some (hence for all) q € Q is weakly compact.
Then every representing measure for any q € Q is absolutely continuous with
respect 1o o.

Proof. Since point evaluations at points of Q are weak-star continuous
on H*(o), o has mass in any neighborhood of each point of Q N9K, and
supp 0 = Q NIK. Let » be supported on Q, so that supp » C supp o. By
Theorem 3, there is a net {»,} of representing measures for g that
converges weak-star to », such that », < 0. Passing to a subnet, we may
assume that {»,} converges weakly, evidently to ». Since the representing
measures dominated by o form a weakly closed set, we obtain » < g, as
required. 0

Now we indicate how to prove the main result of [4], that Q C K°
whenever points of Q have weakly compact sets of representing measures.
Let n be a dominant representing measure on dK for some point of Q, and
let p € 9K. Write n = 0 + ad,, where ¢ = 0 and o({ p}) = 0. It is easy to
check that every point in Q has a representing measure dominated by o,
so that H*(0) = H*(A ). Theorem 4 shows that n < ¢. This implies that
n({ p}) = 0. Hence n has no point measures on 4K, and Q is disjoint from
0K. So Q C K°, and in fact Q is a union of connected components of K°.

It is not known (assuming weak compactness of the set of represent-
ing measures for g € Q) whether the Gleason part Q is connected.
However, in the case that K° is connected, the part Q coincides with K°.
Moreover, if ¢ is any representing measure on dK for a point ¢ € K°, then
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H>*(0) = H*(A,), so that Theorem 4 shows that any other representing
measure is absolutely continuous with respect to . Thus all representing
measures on dK are mutually absolutely continuous. This proves Theo-
rem 1.

5. The algebra A(D). The line of argument above applies not only
to R(K) but to any T-invariant algebra [2, §7]. Here we mention the
analogue of Theorem 1 for the T-invariant algebra A( D).

THEOREM 5. Let D be a bounded domain in the complex plane whose
boundary 9D has no isolated points, and let A(D) denote the algebra of
continuous functions on D that are analytic on D. If p € D has a weakly
compact set of representing measures, then all representing measures on 0D
for points of D are mutually absolutely continuous with respect to harmonic
measure.

Proof. The analogue of Theorem 3 is valid for A(D). To apply it as in
the preceding section, we need only to establish one minor point, namely,
that the closed support of any representing measure on 9D for ¢ € D
coincides with 0D. For this, let S denote the Shilov boundary of A( D). It
is easy to see that any representing measure on S for ¢ € D has closed
support S. So it suffices to show that S = 9D.

Now S is a closed subset of 0D, and all functions in A(D) extend
analytically to D\ S [2, Lemma 17.3]. In particular, the point masses at
points of (0D)\S must be absolutely continuous with respect to a
dominant measure for p on dD. Thus there are at most countably many
points in (dD)\ S, and since 9D has no isolated points, in fact S = 9D, as
required. O

6. Roadrunner sets. A roadrunner set is a compact set K obtained
from the closed unit disc A by excising a sequence of open subdiscs A ,
with pairwise disjoint closures, such that the A /’s accumulates only at
zero. The question of which roadrunner sets correspond to weakly com-
pact sets of representing measures is settled by the work in [3] and [4]. In
fact, Fisher [3] proved that if 0 is a peak point for R(K), then points of
K° have norm compact sets of representing measures. On the other hand,
if points of K° have weakly compact sets of representing measures, then 0
is necessarily a peak point for R(K), by the proof in [4]. In particular,
weak compactness and norm compactness are equivalent. For a more
interesting class of examples, we turn to champagne bubble sets.

7. Champagne bubble sets. A champagne bubble set is a compact
set K obtained from the closed unit disc A by excising a sequence of open
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subdiscs A; with pairwise disjoint closures, such that the A; accumulate
only on 0A.

THEOREM 6. Let K = A\(U A ;) be a champagne bubble set, fix p € K°,
and let M, be the set of representing measures on 3K for p. Then the
following are equivalent.

(1) M), is norm compact.
(i1) M, is weakly compact.

(i) If A, is an open annulus {1 — e <|z|< 1}, then v(A,) - 0, uni-
formlyinv € M,, as e - 0.

(iv) The restriction measures (v |y: v € M} form a weak-star closed set.

Proof. Evidently (iii) and (iv) are equivalent, while (i) implies (ii). If
(1) 1s valid, then the Radon-Nikodym derivatives of the representing
measures with respect to some fixed dominant measure are uniformly
integrable, so that (iii) is valid. Finally, Fisher’s work in [3] shows that (iii)
implies (i). 0

Note in particular that if 9A is a null set for M, then condition (iv)
holds, so that the set of representing measures is weakly compact. B.
Oksendal [13] has given necessary and sufficient conditions, in terms of
analytic capacity, for dA to be a null set. His condition is that the holes A,
be large in the sense of analytic capacity vy, specifically, that

(7.1) lim inf y(A({; %) 0 (U Aj))

>
50 0 0

for a set of { € 9A of full linear measure. It is easy to construct the A’s
large enough so that the condition (7.1) is valid for all { € dA. In this way
we obtain a champagne bubble set such that points of K° have compact
sets of representing measures, all carried by U dA .

It may occur that the set of representing measures M, is norm
compact, even though the discs A ; accumulate on all of 0A and the
restriction of harmonic measure to dA is mutually absolutely continuous
with respect to arc length there. Such an example is constructed, using
Fisher’s argument, as follows. Choose a sequence {§,} of complex num-
bers of unit modulus which has each point of 0A as a limit point. Suppose
discs 4A,,...,4,_, have been chosen appropriately. Let A, be a disc in A
with center so near to §, and radius so small that, for
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the supremum of »(dA,) for all representing measures » on 9K, for p with
respect to R(K,) is less than 1/2". Let n € M, and let S,y denote the
sweep of 1 to 0K, via harmonic measure. Then S,y is a representing
measure for p on R(K,), and S,n converges weak-star to n as n — oo. The
sweep of S,,, 1 to 0K, is S,,n, and it is obtained by sweeping the mass of
S,,+imon dA, ., to 0K,,. Since the mass of S, . \n actually swept is less

m
than 1/2™"!, we obtain

18,0 — Syl = 17271,

This shows that S, n converges in norm as m — oo, and the limit must be
1. Moreover, the estimate shows that

o0
In=Sal= 3 1S.m-Sal=35
Jj=m+1

This estimate is uniform in 7. Since the range of each S,91, is finite
dimensional, the limit GJILp is norm compact. We may assume that the
radii of the discs A, are summable. Then the measure dz on 9K is a finite
measure that is orthogonal to R(K). By Theorem 1, it is mutually
absolutely continuous with respect to harmonic measure. Thus the restric-
tion of harmonic measure to 0A is comparable to arc length.

By combining Dksendal’s condition with Fisher’s approximation tech-
nique, it is possible to concoct a wide variety of champagne bubble sets
with norm compact sets of representing measures.

THEOREM 7. Let E be a Borel subset of 0A. Then there is a champagne
bubble set K such that points p € K° have norm compact sets of representing
measures on 0K, and such that each representing measure is comparable to
the arc length measure on E'U (U594 ).

Proof. If E is a subset of 0A of full arc length measure, then the
construction discussed above provides such an example. Thus we may
assume that F = (dA)\ E has positive arc length. Let {F;}*2, be a se-
quence of compact subsets of F such that the F’s are pairwise disjoint,
F\(U F) has zero arc length, each F has positive arc length, and for
i = 2 the length of F, is bounded by 1/2'. Let {E,}*2., be a sequence of
compact subsets of E such that E\(U E,) has zero arc length.

Construct by induction open subsets U, and W, of A, k = 1, such that
(1) U, 1s the union of open discs {4, }72, with pairwise disjoint closures
which accumulate on F; (ii) U, is contained in the (1 /k)-neighborhood of
F; (iii) U,‘ is disjoint from (71 forj < k; (iv) if

K, =A(U,U---UL,),
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then F, is a null-set for R(K,)™; (v) if u, is the harmonic function on
K7, with boundary values 1 on F, and 0 on (0K, _,)\ £, then u, > 1/2
on U (vi) W, is a domain in A whose boundary is a simple closed
rectifiable Jordan curve such that (0W,) N (3A) = E,; and (vii) W, is
disjoint from l7j for all £ and j. To see that this can be done, assume that
U,...,U,_, and W,,...,W,_, have been chosen. Let 0 <& <1/k, and
let ¥, be the intersection of the e-neighborhood of F, with the set of
points in A\ K,_, at which u, > 1/2. For ¢ >0 small enough, V, is
disjoint from U, and from W, for 1< <k. For i =1, let L, be the
intersection of V) with the circle {|z|=1— 1/2}. Fix ¢ > 0 small, say
¢ = 1/100, and choose points z;;, z,5,... on L, so that A(z,;; ¢/2') C V,,
such that the discs A(z,;; ¢/2') have pairwise disjoint closures, and such
that any subarc of L, of length greater than c¢/(8 - 2') includes one of the
points z,,. Let U, be the union of the discs A(z,; ¢/2") for j =1 and
1 =i<oo. Let { € F, be a point of full linear density of F,. Then u,(z)
tends to 1 through any cone in A with vertex at {, so that all points in any
such curve and sufficiently close to { lie eventually in V). If the aperture
of the cone is chosen to be sufficiently large, say 7/2, then the construc-
tion is devised so that there is a sequence w, = z,;,), i =i,, such that
[w, — ¢|=<2/2". Fix 8 > 0 small. Choose the smallest integer i such that
4/2' < 8. For & sufficiently small, i =i,. Note also that § < 8/2, and
furthermore that A({; 8) includes A(w;; ¢/2'). Since the analytic capacity
of a disc is equal to its radius,

Y(A($; 8) N U,) = v(A(w,; ¢/2')) = ¢/2' = ¢8/8.
Hence

lim inf Y(A(§§ 5) N Uk)
50 0

=
8

Since this is valid for almost-all points of F,, QOksendal’s theorem shows
that F, is a null set for all measures in R(A\U,)", and hence for all
measures in R(K, )" . Thus U, has all the desired properties, and since E,
is disjoint from F| U --- UF,, it is easy to construct W, with the proper-
ties asserted above.

Now let K = lim K, = A\(U U,), which is a champagne bubble set.
Since F, is a null set for R(K,)™", F, is also a null set for R(K)™*, and
hence F is a null set for R(K)™* . Let A, be the measure dz on dW,. Since
W, C K, and W, C K°, A, is orhtogonal to R(K). Furthermore, the
restriction of A, to E, is comparable to arc length on E,. It follows that
any null set of R(K)* lying inside U E, has zero length. Hence any
dominant representing measure for a point of K° is equivalent to the arc
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length measure on (U dA ;) U E. To complete the proof, it suffices to
show that points of K° have compact sets of representing measures on
K.

Since F, U --- UF, is a null-set for measures orthogonal to R(K}),
Theorem 1 of [3] shows that points of K; have norm compact sets of
representing measures on 9K,. It suffices to show that representing
measures on dK are uniformly limits in norm of representing measures on
0K,.

Assume for convenience that 0 € K°, and let n be a representing
measure on 0K for 0. For each k, let n, be the sweep of 1 to dK,, via
harmonic measure. Suppose k£ = 2. Then 7, _, is obtained by sweeping 7,
to dK,_,. Now 0K, is the disjoint union of 9K, , and dU,. Since the
sweep of n,_, to 0A with respect to A is d0/2m,m,_, = d0/2« on F,, and
consequently the mass of n, swept from dU, to F, does not exceed
27k/297 <27%72, Since u, > 1/2 on U,, at least half the mass of 5, on
dU, is swept to F;, and consequently the total mass of n, on 9U, does not
exceed 2%~ Hence

e — mell= 27571, k=2.

This estimate shows that {n,} converges in norm, evidently to 7, and
moreover

n — | =275

Thus the set of representing measures for 0 on 0K is the limit of the set of
representing measures for 0 on 0K, , with respect to R( K, ). Since the limit
of compact sets is compact, points of K° have compact sets of represent-
ing measures. O

By utilizing the technique in the example preceding Theorem 7, one
may pluck out a further sparse sequence of discs so that the A’s in
Theorem 7 accumulate on all of 9A.

On the basis of Theorem 1, it is possible to conclude that several
standard examples of champagne bubble sets fail to have norm compact
sets of representing measures. In one example, given in [6, p. 102], one
chooses the A ’s with very small radii and with centers forming a dominat-
ing sequence for H*(A). In this case, the restriction of harmonic measure
to 0A is comparable to arc length, yet there are representing measures for
points of K° with no mass on dA. Theorem 1 shows that the set of
representing measures associated with such a set is not weakly compact.

The second example, pointed out by Fisher and mentioned in [6, §7],
depends on a function constructed by A. Beurling and used by R.
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McKissick [12] as the principal ingredient of his celebrated Swiss cheese.
In Beurling’s construction, the A ’s are chosen so that their radii are
summable, but so that there exists a nonzero function f in R(K) that
vanishes identically on 0A. This property of f guarantees that harmonic
measure for a point of K° has no mass on dA. On the other hand, the
measure dz on 0K is a finite measure orthogonal to R( K) which has mass
on dA. Again Theorem 1 shows that the sets of representing measures for
points of K° are not weakly compact.

(1]

(10]
(11]
(12]
(13]

(14]
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