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ON THE HOMOLOGY OF SPACES OF SECTIONS
OF COMPLEX PROJECTIVE BUNDLES

JESPER MICHAEL MΘLLER

By means of a Moore-Postnikov decomposition we compute the
first homology groups of some spaces of sections of projective bundles
associated to complex vector bundles.

1. Introduction. Let Pξ: P(V) -> X be the projective bundle asso-
ciated to a complex (n + l)-dimensional vector bundle ξ: V -> X, n > 1,
over a connected CW-complex X. Suppose that Pξ admits a section u:
X -> P(V) and consider the space ΓM of all sections vertically homotopic
to u. In this paper we discuss the (co)-homology of ΓM using the construc-
tion by Thom-Haefliger [1] of ΓM as an inverse limit derived from the
Moore-Postnikov factorization of Pξ. Explicit formulas for some (co-)ho-
mology groups of Tu are obtained provided X = T is a closed, orientable
surface, X = P m , I < rn < n, is a complex projective space, or 1 =
L2m+1(p), 1 < m < n,p odd, is a lens space.

If ξ is trivial, then ΓM is a (path-)component of the space M(X, Pn) of
maps of X into Pw, so in particular we obtain formulas for some
homology groups of the components of M(X9 Pn). In fact, sufficient
information is obtained to show that two components of M(Γ, Pn) or
M(Pm, Pn)9 1 < m < n, are homotopy equivalent if and only if their
associated degrees have the same absolute value.

The work presented here was inspired by the paper [4], in turn
inspired by [2], in which Larmore and Thomas computed the fundamental
group of some spaces of sections of real projective bundles associated to
real vector bundles. In contrast to [4] we avoid, however, the use of
twisted coefficients, for Pξ is orientable, and the focus will be on homol-
ogy groups rather than homotopy groups.

2. Moore-Postnikov factorizations of projective bundles. Since the
projective bundle Pξ: P(V) -> X, having a connected structure group, is
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orientable, it admits a Moore-Postnikov factorization of the following
type

P(V)

K(Z/2,2n + 2)

K(Z,2n + 1)

K{Z,2)

- Ei

Pi i

-» E2

P2 i

- Ex

P\ I

X

k^ K(Z/2,2n + 3)

k^ K(Z, 2n + 2)

- K(Z, 3)

where the ^-invariants k3 and k2n+2 are given in

LEMMA 2.1. A:3 = 0, Eλ = X X K(Z, 2)

where a is a generator of # 2 (Z,2; Z) andc^ξ) e i/2ί(X; Z), 1 < i < n + 1,
are *Ae CΛerw classes ofξ.

Proof, Choose an imbedding /': V -» X X C°° of ξ into the trivial
infinite dimensional vector bundle over X. The induced map P(i): P(V)
-* P(X X C°°) = X X P°° is then an imbedding of Pξ into the trivial
infinite-dimensional projective bundle over X and P(/)*(λ) = λ ,̂ where
λ^ and λ are the canonical line bundles ([3], p. 233) over P(V) and
X X P°° respectively.

Since the restriction of P(i) to the fiber is the usual imbedding of Pn

into P 0 0, we may take Eλ = X X P°° and/?! = prx: Eλ = X X P°° -> X as
the first stage in the Moore-Postnikov factorization of Pί .

By the defining relation ([3], Definition 2.6, p. 234) for the Chern
classes of £, we have

n + l

PUY Σ(-l)'c,(£)®α"+1-' = Σ (-l)'c,({)ci(λί)"+ ' = 0
i=0 / /=0

for P(i)* is an H*{X)-module homomorphism and P(i)*(\ ® α) =
= cx(λ f). Since H*{P{V)) is free #*(X)-module by the
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Leray-Hirsch Theorem ([3], Theorem 1.1, p. 231), it follows in fact that

generates H2n+2(X X K(Z,2); Z) Π kern P(ί)*. D
Assume for the rest of this section that dim X < In + 1. For i =

1,2,3, let Γ,- be the space of sections of Et -> X vertically homotopic to ui9

where u3 = qu, u2 = p3u3 and uλ = ρ2u2. According to ([1], §2) there is
then an induced tower of fibrations

K{Z/2,2n + 2)x -> Γ3

P-i i

K(Z, 2n + l)x -> Γ2 *-> K(Z/2,2n + 3)*

Γ2 *-> A:(Z,2Λ + 2)*

where fc2*+/ denotes the map defined by composition with k2n+i, i = 2,3.
Moreover, p3: Γ3 -> Γ2 is the pull-back along k2n+3 of the path space
fibration over K(Z/2,2n + 3)x and p2: Γ2 -» I\ is the pull-back along
£ 2 r t + 2 of the path space fibration over K(Z, 2n + 2)x.

There is a homotopy equivalence

h: K(Z,2) X F0(X, K(Z,2))-^ T±

where F0(X, K{Z,2)) c K(Z,2)x denotes the space of based, null-homo-
topic maps of Xinto K(Z, 2). Note that F0(X, K(Z, 2)) = K(H\X; Z), 1);
see e.g. ([1], §1). For y e K{Z,2\ a G FO(X, K(Z92)) and x G X, the
homotopy equivalence Λ is given by Λ( j>, α)(x) = (x, y a(x) μ(x)),
where the multiplication refers to the i/-space structure of K(Z, 2) and
where μ: X -> ^(Z, 2) is the second component of the section uλ: X -> J?x

= XX ΛΓ(Z,2).

Via A, the adjoint of £ 2 n + 2 may be identified with a map

. A \£J, 1) X KyiΊ \Λ, Li), i) X A —* A y/j, Ln -r 2j.

In order to identify / 2 M + 2 as a cohomology class, let cx{u) G

Z) denote cx(w*(λ|)) =/x*(α), let {xy} be a free basis of
Z), and let {*;.} be the dual basis of H\H\X\ Z), 1; Z) =
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LEMMA 2.2. The homotopy class off2n+2 is given by

( n +1 - i

() £ j

. Let g: ί(Z,2) X F 0 ( I , ί(Z,2)) X I -> I X ί(Z,2) be the

map given by g(y9 α, x) = (x, y α(x) μ(x)). Then

g*((l xj

for it follows from ([1], §1) that e = Σ y xj ® xJ9 where e: Fo( JT? ί:(Z, 2)) X

X -> ^ ( Z , 2) is the evaluation map e(a, x) == α(x).

As f2n+2 = g*(/: 2 w + 2 ), Lemma 2.2 is now a consequence of Lemma

2.1. D

As a special case of the above result we emphasize

COROLLARY 2.3. Suppose H\X\ Z) = 0. Then

n + l n + l — i ι ι _ - i _ \

f2n+2=Σ £ ( - l ) ' r + ; l

Let Γ denote the space of all sections of Pζ. By associating to each

section u e Γ the cohomology class cx(w) = c1(w*(λ^)) of the induced line

bundle over X we get a map cx: π o(Γ) -> H2{X\ Z) from the set 7ro(Γ) of

(path-)components of Γ to H2(X; Z). Since cx(w) = μ*(α), an easy

application of obstruction theory shows

PROPOSITION 2.4. The map

Cι:π0(T)->H2(X;Z)

is bijectiυe when dim X < 2n + 1.

With this classification of the set of vertical homotopy classes of

sections of Pξ9 we conclude §2. The following sections contain examples

of applications of the above results to the computation of the homology of
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3. Sections of projective bundles over surfaces. Suppose X = T is a
closed, orientable surface of genus g > 0. By Proposition 2.4, the space Γ
of sections of the projective bundle Pξ: P(V) -> T has a countably
infinite number of components classified by H2(T; Z). The component
Γw c Γ containing the section u: T -> P(V) determines as in §2 a se-
quence of fibrations

qi

W + 0 ->Γ 3

2

Π ^ ( i / 2 - / ( Γ ; Z ) , 2 « + / - l ) ->Γ2

i-O

k2n+2 2

K{Ty2)xK(Hι(T\Z),ί) =ΓX "-> Π ^ ί ^ 2 " ^ ^ 2 ) ^ " + 0
* =o

where we have identified the fibers as well as the space K(Z,2n + 2)τ

with products of Eilenberg-MacLane spaces ([1], §1). For i = 0,1,2, let

be the components of k2n+2 corresponding to the splitting of

K(Z,2n + 2)Γ.
Choose generators AJ9 B} e /f̂ ;̂ z ) ? 1 <7 < g, such that AtAj =

^ ^ = 0 and AtBj = δl7£/, where ί/ generates if 2(Γ; Z), and let as before
A), B] be the dual generators of H\H\T\ Z), 1; Z).

LEMMA 3.1. The components kfn+2 ofk2n+2 are

= (n + l)an β 1 β c^w) - an ® 1 (8) q ( i )

8

-n(n + l)an~ι β £ ^y5i Θ ^

k

Let

£ ( ^ ® Λ + BJ
 Θ 5y) G

 H\FO{T9 κ(z,2)) x ar; z)
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be the evaluation map e: F0(T, K(Z, 2 ) ) x Γ - > K(Z, 2). Then

g

e2 = -IΣA'JB'J 0 U

7 = 1

while e3 = 0. Lemma 2.2 then shows that the adjoint/2"*2 of k2n+2 is

f2n+2 = (α 0 1 0 1 + 1 0 1 0 cx(w) + 1 0 ^ ) M + 1

- ( 1 0 1 0 c1(ξ))(β (8)101 + 101(8) ^(w) + 1 0 έ?)"

= an+1 0 1 0 1 +(n + l)α n 0 1 0 q(w) - fln 0 1 0 cx(ξ)
8

+ (Λ + l)αrt 0 £ ( ^ 0 Aj + 5; 0 5y )

- Λ ( Λ + l ) ^ " - 1 0 Σ A'JB'J 0 [/
7 = 1

and from this formula we can read off ([1], §1) the expressions for k2n+2,
i = 0,1,2. •

Let t(u) e Z be the integer determined by the equation

in H2(T; Z). Then we may write

g

k2n+2 = t(u)an 0 1 0 U - n(n + l )^ w " 1 0 £ ^ J S / 0 t/.
7 = 1

As the main result of this section now follows

THEOREM 3.2. The first In — 1 integral homology groups ofTu are given
by

H(r Z)=lH'{T^Z)> 0<r<2n-l,
λ - } \H2n_1(T1;Z)ΦZu, r - 2 n - l ,

Ztt = Z/|/(α)| β Z/n(n + 1) if g > 0 and Zu = Z/\t(u)\ if T = S2

is the 2-sphere.

Proof. Since the fibres of both q: Tu -+ Γ3 and p3: Γ3 -» Γ2 have
vanishing reduced integral cohomology groups in dimension < In, it
follows that Hr(Tu; Z) = Hr(T2; Z) for r < In.

To compute Hr(T2; Z) we consider the Leray-Serre cohomology
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spectral sequence {Ef} with integral coefficients associated top2'. Γ2 -»
Tv We have Eξ« = 0 for 0 < q < In - 1 while E^2"'1 = Z and E\2n~ι

= H\T\ Z) s £2

0'2". Sincep2: Γ2 -» I\ is induced by £ 2 n + 2 from the path
space fibration over K(Z,2n + 2)τ, the first non-trivial differential d2n:

Eoan-i _> E2n,o i s determined by kl"+2. Assuming that g > 0, we con-
clude that E%2"-1 = 0 while

It follows that Hr(Tu; Z) = //'(?!; Z) for 0 < r < In - 1. Moreover,
since E\2n~x and ί1 '̂2" are free abelian groups, the torsion subgroup of
H2n(Tu; Z) equals the torsion subgroup, Z/\t(u)\ ® Z/n(n + 1), of

Using the extra information contained in Lemma 3.1, the reader may
carry the analysis of the spectral sequence a little further and compute
H2«(ΓU; Z).

Let Ru be the subring of H*(TU; Z) generated by all cohomology
classes of degree < 2 and let Tu be Ru truncated above degree 2n. The
proof of Theorem 3.2 shows that

Tu = Z[a]*A(A[,Bί9...9A'g9B'g)/Iu

where Iu c Z[a] 0 A(A[, B[>... ,Af

g, B'g) is the ideal generated by

t(u)an β 1 - Λ(/I + l)an~ι (

together with all elements of degree > In. Tu is a homotopy invariant of
ΓM> so from the fact (pointed out to me by A. Thorup) that

where ( r j ) is the ideal of Tu generated by all elements of degree 1, we
obtain

COROLLARY 3.3. Let v: T -* P(V) be a section that is not vertically
homotopic to u. If ΓM is homotopy equivalent to Tv9 then

As a special case we take as £ the trivial (« + l)-dimensional vector
bundle over T. Then Γ = M(T, Pn) is the space of maps of Γinto Pn and
ΓM = Mk(T9 Pn) is the component consisting of maps of degree k = cx(u).

COROLLARY 3.4. Two components of M(T, Pn) are homotopy equivalent
if and only if their associated degrees have the same absolute value.
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This result was also obtained for n = 1 in [2] and for g = 0 in [5].
In the nonorientable case we get

PROPOSITION 3.5. Suppose that the base space X = Uh is a closed,
nonorientable surface of genus h > 1. Then there is a (2n — T)-connected
map

and

where

: Γu -> I\ = K(Z,2) X

n^(Tu; Z/2) = H^iTϊ Z/2) θ Zu

In particular the two components of Tu are not homotopy equivalent when n is
even.

Depending on knowledge of the cup square e2, the above method
actually makes possible the computation of the first In - 1 homology
groups of Γw when the base space X is any 2-dimensional CW-complex.

4. Sections of projective bundles over projective spaces. In this
section we assume that the base space X = Pm is the complex projective
m-space, 1 < m < n. The space of sections Γ then has a countably infinite
number of components classified by H2(Pm; Z). The component ΓM c Γ,
containing the section u: Pm -> P(V), determines a tower of fibrations

Γ[K(Z/2,2n

m

Y[K(Z,2n-

- 2m

2m 4-

+ 2 4- 2i)

1 + 2i)

^(Z,2)

- r3

1

- r2

i

= Γ

where the fibers are products of Eilenberg-MacLane spaces.
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Let am e H2(Pm; Z) be a generator and let t(u) e Z be the integer
determined by the equation

+2in H2m(Pm; Z). Then by Corollary 2.3, the first component kln

H2n~2m+2(Z, 2; Z) ® H2m(Pm; Z) of the map £ 2 w + 2 is

By a spectral sequence argument similar to that of §3 we get

THEOREM 4.1. For 0 < r < In - 2m + 1, # r (Γ u ; Z) = /Γ(Z,2; Z),
ίλe (2« — 2m + 1)- α«J (2π — 2m 4- 2)-dimensional integral

cohomology groups ofTu are determined by the exact sequence

0 -> # 2 w - 2 w + 1 ( Γ w ) ^χd-Xz^ H2n-2m+2(Tu) -> 0

where du is multiplication by t(u).

With the trivial (w + l)-plane bundle as £, this yields

COROLLARY 4.2. For i G Z , feί Mk(Pm, Pn) be the space of maps of
degree k of Pm into Pn,\ <m < n. Then

n-2m+l

This result, which also was obtained in [5] by a different method,
shows that two components of M(Pm, Pn) are homotopy equivalent if
and only if their associated degrees have the same absolute value.

5. Sections of projectίve bundles over lens spaces. As an example
where the space Γ has a finite number of components we shall here
consider X = L2m+\p), the lens space obtained by letting Z/p act on
5 2 m + 1 in the usual way. Throughout this section we assume that 1 < m < n
and that p is odd. By Proposition 2.4, the components of Γ are classified
byH2(L2>»+1(p);Z) = Z/p.

As above, let Tu c Γ be the component containing the section u:
L2m+ι(p) -> P(V) of Pξ. After inserting an extra stage in the Moore-
Postnikov decomposition of P£ and noting that

0, otherwise,



152 JESPER MICHAEL M0LLER

we obtain the following tower of fibrations

K(Z/2, t + 2) X K(Z/2,2n 4-3) -> Γ4

AXZ/2, / + 1) X K(Z/2,2n + 2) -» Γ3

1

, t) xY[K(Z/p,t+ 1 + 2ί) -> Γ2

where t — 2n — 2m. Since

Hr(K(Z/2, t + 1) X K(Z/2,2n + 1 + ι ) ; Z//ι) = 0

for 0 < r < ί 4- 2, / = 1,2, this implies

LEMMA 5.1. /Γ(ΓM; Z//?) = /ί r(Γ2; Z/p)forO < r < 2n - 2m + 2.

Let α w e H2(L2m+ι(p); Z) be a generator and choose /(w) e Z such
thatO < ί(w) <jζ?and

; +

+ ί _ -
2m(L2m+1(in H2m(L2m+1(p); Z) s Z//>. The first non-trivial component

kln+1: Tx -* K(H2m(L2m+1(p); Z), In - 2m + 2)

of k2n+2 is then, by Corollary 2.3, given by

k2n+2 = t(u)an'm+1 ® β™.

Combining this with Lemma 5.1, we can prove

THEOREM 5.2. When the base space X = L2m+1(p), 1 < m < n, p odd,
is a lens space, we have:

(i) Hr(Tu; Z) = Hr(Z,2; Z)forO<r<2n- 2m.
(ii) H2"-2m(Tu; Z) = Z Φ Z.

(iii) H2"-2m+\Tu) Z/p) = Z//(κ) 0 Z//».
(iv) There is a filtration

Z/t(u) 9 Z/p = /° c J1 c / 2 = ^ 2 " - 2 l B + 2 ( Γ B ; Z/p)

where J^J0 = Z 2 /^ 1
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Proof. The first two assertions follows easily from the constructed
tower of fibrations. To prove the remaining cases we can, according to
Lemma 5.1, use the cohomology spectral sequence {Es

r*} with Z/p-coeffi-
cients associated top2: Γ2 -> Γ\. Note that E2 = 0 when 0 < t < In — 2m
or s is odd. The differentials d2: E°>2n-2m+2 -> E^"'2™*1 and d2:

Eoan-2m+i _> Ei,2n-2m a r e tΓivial for so are the corresponding differen-
tials in the spectral sequence for the path space fibration from which p2:
Γ2 -> Γx is induced. The only non-trivial relevant differential is thus
d2n-2m+2'- E^2n~2m+1 -> E2n~2m+2β which is determined by k2n+2; i.e.

there is an exact sequence

0 -> E^2n~2m+l -> Z/p -4 Z/p -> Eln-2m+2>° -* 0

where du is multiplication by t(u). This proves (iii). To prove (iv), we note
that E%2n~2m+2 = E°>2n-2m+2 = Z/p and E^2n~2m = E2>2n~2m = Z/p. Π

For any K Z , let Mk(L2m+\p), Pn) be the space of maps of degree
fcmod p of L2m+\p) into Pn.

COROLLARY 5.3. // Mk(L2m+\p), Pn) is homotopy equivalent to

The above necessary condition only provides a partial solution to the
homotopy classification problem for the components of the space
M(L2m+\p), Pn) of maps of L2m+\p) into Pn. The complete solution is
unknown.

After finishing this manuscript I learned that the results stated in
Corollary 3.4 and in the remark immediately after Corollary 4.2 also have
been obtained by M. C. Crabb and W. A. Sutherland.
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