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NON LINEAR MULTIPLIERS AND APPLICATIONS

GEORGES PINCZON

Non linear multipliers, associated non linear representations and
non autonomous systems are studied. A notion of inducing of non linear
representation is defined. Various applications are given.

Introduction. A theory of non linear representations of Lie groups
was initiated in [5]). Non linear representations are related to non linear
physical equations, as shown in [7] where a general program of lineariza-
tion of a priori non linear field equations was sketched. This program is
based on a powerful criteria of linearizability given in [6] and used in
several papers to prove linearizability of some physically interesting non
linear representations ([6, 7, 8, 15, 17, 18, 19]). On the other hand, it is
well known, since Poincaré’s work on singular vector fields, that there
exist non linearizable non linear representations, and, moreover, it seems
true that nature may use representations of this kind when formalizing
some of its physical properties. Therefore, it seems interesting to develop
techniques for the construction of non linear representations. This was
initiated in [12] and [14], and this paper is continuation of this construc-
tive program. When one is concerned with linear representations, a
powerful constructive theory is indeed the theory of induced representa-
tions. To the author’s knowledge, such a theory does not exist in the non
linear case, and the first goal of this paper is to define non linear inducing.
As we shall see, this definition is based on the notion of non linear
multipliers, and when developing our theory, it appeared that this notion
has some interest in itself, since it can be used to describe several non
linear problems. The second goal is to describe these associated problems
and how they can be solved.

We now give a brief description of the paper:

In §0 we recall needed definitions and results about non linear formal
representations of Lie groups and Lie algebras in Fréchet spaces.

Let us note that in this short survey, the presentation is slightly
different from [5] (which, moreover, was devoted to the case of Banach
spaces): we try to keep as close as possible to the usual formalism of
differential geometry, using very simple notions of formal differential
calculus in Fréchet spaces. For instance, the “Fock-space linear represen-
tation” associated to a non linear representation, was one of the main
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tools of [S], but was not given a geometrical interpretation. We give here a
natural realization of this representation on the space of polynomials on
the leading space, using the canonical duality between this space and the
space of formal power series, on which a linear action is obviously defined
from a non linear representation. For more details and developments, see,
e.g., [5], [11], or [10].

Now let G be a connected Lie group, I' a closed subgroup, X a
manifold with a C* action of G, and E a finite-dimensional space.

In §1, having defined the notion of multiplier on G X X with values in
E (1.1), we associate to such a multiplier 4 a formal representation V# of
G on C*(ZX, E). Equivalence of multipliers is introduced in such a way
that equivalent multipliers lead to equivalent formal representations (1.4).
We describe the formal representation dV“ of the Lie algebra g of G (1.2),
and then characterize which representations of g on C®(ZX, E) are of the
form dV4 (1.3). This last result can be considered as an existence theorem
for solutions of some systems of non linear evolution equations.

In §2 we assume X = G/I'. Then any multiplier extends, in some
sense, a formal representation of I' (2.1). The crucial point is that given
multipliers are equivalent if and only if the corresponding formal repre-
sentations of I' are so (2, 3). This gives a very simple criteria for instance
for linearizability of a multipler 4 and consequently of the formal
representation V4,

In §3 we introduce systems of non linear non autonomous differential
equations on G, with I'-periodic coefficients which are naturally related to
multipliers over G X G/T. These systems are generalizations to the non
abelian case of ordinary total differential equations in R”. Solvability of
such systems is studied in (3.3) and related to a Frobenius compatibility
condition. From the relation with multipliers, a natural equivalence of
such systems can be introduced (3.6), which turns out to correspond to
some kind of Backlund transformation of solutions.

In §4 we study the case when E = C, i.e. the so-called scalar multi-
pliers. Our principal goal in this section is to study the following problem:
given a formal representation of I' in C, is it possible to construct a
multiplier over G X G/T" extending this representation? To our knowl-
edge, except in the trivial case when there is a C* section of the projection
G — G/T (2.3), there is no general answer to this question, even in the
linear case. It is shown in (2.4) that if the answer is yes for the linear part
I' of the given formal representation I of T, then it is yes for the
representation  itself (2.4). Therefore, the problem is reduced to the linear
case. We describe in (4.1) linear scalar multipliers over G X G/T as
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exponentials of 1-cocycles of the regular representation of the covering G
of G on G/T. These 1-cocycles are easily obtained by Shapiro’s lemma
(4.4). Let us note that since G appears, it will not be always possible to
define continuous powers of a multiplier, and this explains why discrete
phenomena can appear when constructing multiplier representations (4.3).
As a corollary of the preceding results, we get (4.6), which can be
considered and used as a no-go theorem: several examples are given from
(4.6), where it is not possible to construct a linear scalar multiplier
extending a character of I' (4.7). Alternatively, these are examples where it
is not possible to realize a C* linearly induced representation as a
multiplier representation on the homogeneous space (4.7). Let us mention
that the given example of m? = 0 discrete helicity representations of the
Poincaré group is related to some problems which arise in the case of
massless particles (see [4]).

In §5 we give several criteria of linearization of multipliers. The first
kind is (5.4): if X is a product of homogeneous spaces of G, and if at least
one of the corresponding subgroups is compact, then any multiplier over
G X X is linearizable. The second kind is (5.8), which is cohomological,
and can apply to cases which are very far from homogeneous spaces:
examples are developed in (5.9).

In §6 we develop the announced notion of non linear inducing: we
show how to associate to any class of formal representations I of I a class
of formal representations S of G with leading space the space H” of the
usual linear representations U of G C*-induced by the linear part L of I,
and with linear part U’ By definition, equivalence is preserved by
inducing. Finally, we discuss possible realizations as multiplier representa-
tions on the homogeneous space (6.8).

In §7 we specialize to G = R", I' = Z" and X = G/I'. We first show
that induced (non linear) representations can always be realized as multi-
plier representations over X (7.1).

We then give a series of reduction results concerning multipliers over
G X X, and corresponding non autonomous associated systems of §3.
Using equivalence (3.6) we are able to reduce these systems to normal
forms as close as possible to autonomous systems. (7.2), (7.4) and (7.5) are
extensions to general n of results known for n = 1 (see [1}). (7.8) and (7.7),
which is a particular case) give minimal normal forms. Let us mention
that Lemma 7.6 (which shows how to extend formal representation of I" to
formal representations of G under certain conditions) has some interest by
itself (especially since its proof is very simple!).
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REMARK. §7 shows how the computation of non linear representation
induced from Z" to R” gives the reduction to normal forms of systems of
non linear non autonomous formal equations with periodic coefficients,
satisfying the Frobenius compatibility condition, of type df/dt;, = Fi(¢, f),
i =1,...,n. Since it extends the classical non linear Floquet-Liapunov
theory [1], which is the case n = 1, one may ask some question concerning
this particular case: where is, in this picture, the monodromy (or Poincaré)
mapping [1]? Obviously, it is the inducing representation. We hope that
this remark will show that the framework of non linear inducing is quite
natural in this context.

In §8 we compute up to equivalence non linear induced formal
representations of the hyperbolic group SU(1, 1) with linear part a repre-
sentation of the continuous series. Explicit formulae for multipliers are
given (8.2). It can be seen that these formulae can be obtained from
general formulae given in (4.8).

Finally, let us mention that we hope to come back later to the
following two problems: first, introduce convergence in this theory, which
is, at this stage, formal; second, study non autonomous systems with
discrete periodicity subgroup I' in non abelian cases.

Acknowledgements. I want to thank M. Flato, J. P. Labesse and J.
Simon for stimulating discussions.

0. Notations. We briefly recall some notation and results about
(non linear) formal representations of Lie groups in Fréchet spaces. For
more details see, e.g., [11].

(0.1) Given two locally convex topological vector spaces (tlcvs) E and
F, we denote by L(E, F) (L(E) when E = F) the space of continuous
linear mappings from E into F. When L(E, F) is endowed with the
topology of convergence of finite sets (resp. on compact sets), we use the
notation L _(E, F) (resp. L .(E, F)). We denote by L,(E, F) the space of
n-linear continuous mappings from E into F. In the following, we identify
L,(E, F)and L( én E, F). We define the symmetrization o, € L( &, E)
by

1
o,,(e1®-~-®en)=;1—! Z@ea(l)®-~-®ea(n), e, €E,
ced,

and the symmetric tensors @n ,E as the range of the projection o,. We
identify the space L:(E, F) of continuous n-linear symmetric mappings
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from E into F with L(én‘s E, F); we denote by F(E, F) (F(E) when
E = F) the product space F X I—InzlL(énsE, F); the elements of
F(E, F) are called formal series from E into F, and we use the standard
notation T=%,.,7T", T°€F, T"€ L(®,,E,F), n>1. F,(E,F)
(resp: F.(E, F)) is the tlcvs obtained when endowing F(E, F) with the
product topology. Formal series T such that 7° = 0 will be called formal
vector fields, and the corresponding subspace of F(E, F) will be denoted
by C(E, F).

(0.2) We now assume that F and F are Fréchet spaces and G is a tlcvs.
We define the composition product by

UeT=U+> | X U? )Y T'® ---®Thregq,],
1

n>1\ p= h+ - +,=n

Ue F(F,G), T C(E,F),U-Te€< F(E,G).
This product is linear with respect to U and sequentially continuous from

F(F,G) X C,(E, F) into F,(E,G). Moreover, if V€ F(G,H), Ue&
C(F,G), T € C(E, F), one has

Vo(UoT)=(VolU)-T.
Invertible elements D of C(E) are characterized by: D! invertible in

L(E). We denote by D(E) the group of such elements, which we call
formal diffeomorphisms.

(0.3) Given a Fréchet space E and a tlcvs F, we define the Fréchet
derivative D(T') € F(E, L(E, F)) of a formal series T € F(E, F) in the
following way: first suppose T = T; then D(T) = 0; now suppose T =
T"; then D(T) is the unique continuous symmetric # — 1 linear mapping
such that

[D(T)(x,...,x)](e)=nT"(x,...,x,e), x,e € E;
n—1
when T =3 _,T" we define D(T)=2%,.,D(T"). Actually, D is a
continuous linear mapping from F,( E) into F,(E, L (E, F)).

(0.4) Given a Fréchet space E, and a tlcvs F we define a sequentially
continuous bilinear mapping x from F,(E, L (E, F)) X F,(E) into
F (E, F) in the following way: let

T=)Y T €F(E,L(E,F)), S= ) S"€F,/(E);

n=0 n>0
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we define

W(erone) = T [Tier e (8" (eransense,)),
i=0

nx>1,ee€E, W°'=T"S°;

Vh=W"oo" and TXS= ) V"

n>0

Given now U € C(E), wehave (T X S)oU = (ToU) X (S°U).

(0.5) Suppose E is a Fréchet space. We define a Lie algebra structure
on C(E) by introducing the Jacobi bracket of vector fields:

T,S € C(E), |[T,S]=D(T)xS - D(S)XT.

To each vector field T is associated a linear continuous mapping 7, of
F(E, F) defined by

7:(Z)= —D(Z)XT, ZeF(E,F).
Let us define a product on F(E, C) by: let

z=Y 27" v=Y Y'F(E,C);

n>0 n>0

set

n
W"(ey,...,e,) = 3. Z'(ey,...,e,)Y" " (e,11,---,€,),
i=0

e,€E,n>1, Wo=2Z%Y° V"= W"os"and Z- Y = ), V",

n>0

It turns out that F(E,C) is an abelian algebra and =, T € F(E), is a
derivation of it.

(0.6) Suppose E is a Fréchet space. Given T =Y ,,T" € C(E), we
assume there exists a one parameter group U € C*(R, L,(E)) such that
d(U,)/dt = T~ U(t). Then, the equation (d[V(¢)]/dt) = T V(t), with
initial condition V(0) = 4 € C(E), has a unique solution V €
C*(R, C,(E)). Let S be the solution with initial condition Id z; one has
S'=U, S,,, =S8, Vt, ¢’ €R, and V, = S,o A. The one parameter
group S of formal diffeomorphisms is called the flow of the formal vector
field T.
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(0.7) Suppose E is a Fréchet space, G a Lie group, g, the Lie algebra
of G. A formal representation of G in E (resp. g,) is a morphism S:
G — D(E) (resp. s: g, = C(E)) such that Ve,,...,e, € E,n>1, g >
Sz(ey,---,e,) is continuous from G into E. S (resp. s') is a continuous
linear representation of G (resp. g,) in E, called the linear part of S (resp.
s). If we assume S' is a C*® representation then any of the mappings
(8, e) > S;(e), 8€GC, e ® JE, is also C*, and therefore we can
define the d1fferent1a1 dSof S by

= d/dt[ th]t =0
dS is a formal representatlon of g,, and the one parameter group
S; = Sexp(x is the unique solution of (d/dr)[S,] = dSy e S, with initial
condition S(0) = Id,.

Given formal representations S; and S, of G in E (resp. s, and s, of
go), We say that S; and S, (resp. s; and s,) are equivalent if there exists
A € D(E) such that S, = 4o S, o A7 (resp. s, = (D(A) X 5;)e A7) A
formal representation S of G (resp. s of g,) is linearizable if it is
equivalent to its linear part S (resp. s?).

Let us assume that the linear parts of our formal representations are
C* linear representations. Then, as soon as S; and S, are equivalent, dS;
and dS, are also equivalent. On the other hand, if we assume that G is
connected, then S; and S, are equivalent if and only if dS; and dS, are
equivalent.

(0.8) Keep the assumptions of (0.7). We give a natural introduction to
the “Fock-space linear representation” associated to a formal representa-
tion, which is probably one of the most useful tools for this type of
problem (see e.g. [5]). We denote by A, the abelian algebra F,(E,C),
a=o0 or c. Let H be the strict 1nduct1ve limit H=U,,,H,, where

=@ H,H°=C, H'=E H' = ® JE, Vi > 2. Introducing the
duahtyh c H feAd h=XYs.h"f= Zf" (f|h) =X f"(h"), one has
A, = H*.

Each T € D(E) (resp. X € C(E)) defines a continuous automor-
phism (resp. derivation) .7, (resp. my) of 4, by & (f) = fT ! (resp.
7y(f) = —Df X X), Vf € A. o/ (resp. ) is an injective morphism from
the group D( E) of formal diffeomorphisms (resp. the Lie algebra C(E) of
formal vector fields) into the group of automorphisms (resp. the Lie
algebra of derivations) of 4.

Since A, = H¥*, by transposition, we define for any 7 € D(E) (resp.
X € C(E)) a continuous linear mapping L (resp. 7,) from H into H by

Ly='stp (resp.my= —'my).
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One has L, (H,) € H, (resp. 74(H,) € H,) and

Vhe H", L.(h)=Y Y o[Tve ---® TH(h)]
k=1 i)+ --- +ip=n
(resp.
n k-1
Tx(h) = Z Z ok[Ip ® X" e Ik—p—l(h)]’

k=1 p=0

where I, = Id épE).
Given now a formal representation S of G (resp. s of g) in E, we

define two associated continuous linear representations by

§g = Mss, Sxy=m,,

§g=LSg’ geEGC resp. Sy=1, Xeqg].
The first one acts by automorphisms (resp. derivations) on 4, and the
second acts on H. If we assume S* is C*, then S and S are also C*, and

one has
A\

d(S§)=dS and d(S)=4ds.

S is the announced natural realization of the “Fock-space linear represen-
tation associated to S intensively used in [5]. Let us now point out why S
(and not §) is, in our opinion, the good linear object associated to S. The
useful property of S is the following: denoting S, the restriction of S to
H,, one has an exact sequence

0 (H,,8,) = (H,.i S0 > (H", ® 5T) -0,

which means (H,,,, S,,,) is an extension of (H,, S,) by (H", ®nsSl)
(see [9] for details about extensions of representations). Since extensions
of representations can be described in terms of 1-cohomology, it turns out
that, using S, many problems concerning S will be easily translated into
1-cohomological problems, for which much information is known. For
instance, splitting of the above extensions will correspond to linearization
of S, and this leads to a simple criterion of linearizability that we shall
give in (0.9). As a second application, one has the following integrability
theorem which generalizes (0.6).

Given a formal representation s of g in E, assume there exists a linear
representation S* of G (the universal covering of G) such that dS* = s'.
Then there exists a unique formal representation S of G such that dS = s.
Assume, moreover, that S* is a representation of G and H'(G) = {0} (de
Rham’s cohomology); then S is a formal representation of G.
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(0.9) Keep the notation of (0.8). We now describe a useful criterion
for linearization. Let us mention that the old Poincaré condition of formal
linearization of a singular vector field in C” is a particular case of this
criterion. We need some notation: given a linear continuous representa-
tion L of G in E, we define a continuous linear representation L(™ in
L(®,E, E)by

LO(T)(ey,.-.,e,) = L[T(L,_sey,....L, se,)],
TeL(® E,E), e,€E, geq.

We denote by HYG, L én E, E)) the first group of continuous
cohomology of G with coefficients in the representation L™ (see e.g. [9]
for details about cohomology). Now, here is the condition of linearization:
if we assume H'(G, L ( én E, E)) = {0}, Vn > 2, then any formal repre-
sentation S, such that S* = L, is linearizable. Similar results hold (using
the corresponding cohomology group of g,) in the case of formal repre-
sentations of Lie algebras. Obviously, our condition of linearizability is
satisfied when G is compact, or when G is semi-simple connected and E
finite dimensional. It is also satisfied in many cases of physical interest

(e-g. [7], [17], [18], [19)).

(0.10) Assume that g is a nilpotent Lie algebra, and s a formal
representation of g in a finite-dimensional space E. Given A € g*, we
define E, = {e € E|(s% — AM(X))"(e) = 0, VX € g, for sufficiently large
n}. It is well known that E, is invariant under s, and we can find
Al,...,}\p € g* such that E, #{0},Vi=1,...,p, and E = @7 E, [2].
Given N = (n,,... ,n,) € N7, we let

P
INjJ=n,+ ---+n,, and (N,A)= ) nA,.

p?
i=1

PROPOSITION. If (N,A) # A, VN € N? such that |[N| > 2, Vj=
1,...,p, then s is linearizable.

Proof. The condition implies that the linear representation deduced
from s on L( ®, E, E), n > 2, does not contain the trivial representation.
Since g is nilpotent, we conclude that H'(g, L( ® E,E))={0},Vn =2,
and then apply (0.9). O

REMARK. When g = R, (0.10) is the well known Poincaré theorem of
linearization of a formal singular vector field.
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In the rest of the paper, G is a connected Lie group, g, its Lie algebra,
g the complexification of g,, and E a finite-dimensional (complex) vector
space.

1. Multipliers and associated formal representations. Let X be a
differentiable manifold denumerable at infinity. We suppose that G is a
Lie transformation group of X. We denote by (g, x) ~» g-x, g€ G,
x € X, the action of G on X, and by U the regular representation of G
on C*(X, E).

We define an associative product on C*(X, C( E)) by

4,B € C*(%,C(E)), (A4°B)(x)=A(x)°B(x),
and a Lie algebra structure by
A,B € C*(%,C(E)), [4,B](x)=[A(x), B(x)].
We define a linear mapping ~ from C*(%, C(E)) into C(C*(X, E))
by
AeC”(%,C(E)), A=Y 4,
n>1
where
[A"(frs-- o fI(x) = A" ()] fi( %), £, (x)], f,€ C=(¥,E), x € .

~

It is easily seen that A e B = Ao B, and

R

A, B] =[4, B].

—

1.1. DErFINITION. An element A of C*(G X X, C(E)) is called a
multiplier if

A(gg,x)=A(g, x)°A(g’.g7'x), Vg g €G, xEX,
A, x) =1d,, Vx € X.

SetA, = A(g,-)and V' = A,°U,, g € G. From (1.1) V" is a formal
representation of G in C*(%, E), which we call the (formal) representa-
tion associated to 4. Obviously A4' is a (linear) multiplier and the linear
part of ¥ is V4. Moreover, V4 is a C* linear representation of G in
C*(X, E), and therefore (by (0,7)), we can introduce the formal represen-
tation dV* of g.

1.2. PROPOSITION. Let U denote the regular representation of G on
C*®(X, E), and set dAy = (d/dt)[Aexpix)i—0s X € 8g. Then dV* = dU
+ dA.
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Proof. Let B(g, x) = A(g, gx),g € G,x € X,and B, = B(g, -). Since
A =U,- B and U, 1s linear, when differentiating we obtam VX e g,

g
dvi = dUy+ d(B)y, where d(B)y=d/dt[B. x|,

Setting dBy = (d/dt)[ By, ,x],—0, We have d(B), = ELTX Denoting by %
the regular representation of G on C*(X, F(E)), we obtain B, = %,_,(4,)
and, therefore,

dBy = —dUy(A,) +dAy=dAy,
since 4,(x) = Id, Vx € X. O

1.3. PROPOSITION. Denote by % the regular representation of G on
C®(%X,C(E)). Given F € L(g,C*(X,C(E))),wesets =dU + F.
(1) s is a formal representation of g in C*(X, E) if and only if

Fixvy= d%X(FY) FX)+[FX’ FY]’ VX,Y € g.
(2) When (1) is satisfied, there exits a unique multiplier A on G X X
(G the universal covering of G) such that s = dV*.

Proof.
(1) [SX’ SY] =dU[X,Y]+(de°ﬁY“D(FY) Xde)

+(D(Fy) X dUy — dUy o Fy) + [Fy, Fy].
Since OZ/g( )= Uy Fo U,_,, we have
dUyo F= D(F)x dU, +d%(F), VFe C*(%,C(E)).

Therefore

[SX7 SY] = dU[X,Y] + d%x(Fy) - d%Y(FX) + [FX’ FY]

and (1) follows.

(2) We must show that there exists a multiplier A such tht d4 = F.
We first prove there exists a linear multiplier 4! such that d4' = F': For
fixed X € g, and x € X, denote by C,(x) the vector field on E defined
by Cx(X)(f) (o) = —dfiey(Fx(x,¢)), where f € C*(E), e € E. we can
consider the vector fields dUy on X and Cy(x) on E as vector fields on
X X E by setting

{de(f) X, e)= [dUX(f)](X)
Cx(f)(x,e) = [Cx(x)(f)]e,

where f & Coo(x X E)? fx=f(x>')’ fe=f("e)'



370 GEORGES PINCZON

Introducing 7, = dUy, + FL and using (1), we obtain
T = T 1r], VX, Y € g,.

For fixed X in g,, let B'(¢, x) be the solution of the linear differential
equation

‘—?;[Bl(t, x)] = Fl(exptX - x)[B'(t,x)], VteR, x€¥,
BY(0, x) = Id,.

The flow of 7, is the mapping (x, e) ~ (exp tX - x, B(t, x)(e)), and
therefore 7, is a complete vector field. Using Palais’s theorem [3], we
conclude that there exists an action 7 of G on X X E such that 7 is the
differential of T. Let T, (x,e)=(g" x, Bl(g, x, e)); when developing
T,, = T,°T,, we obtain B'(gg’, -x) = BY( 8 gfx) ° Bl(~g’, x), and there-
fore A'(g, x) = B(g, g 'x) is a linear multiplier on G X %. Obviously,
dA* = F'.

We now construct 4. We begin by the construction of A(exp ¢X, x)
for fixed X in g,. Given H € C*®(X, C(E)), we solve the equation

) Zlc(t,x)] = FylexpiX - x)o C(t,x), C(0,x) = H(x).
Set F(t, x) = Fy(exp tX, x), FXt, x) = Fiexp tX, x), ANt, x) =

Al(exp tX, x), and D(t, x) = AY(—t, x)° C(¢, x); we see that C is a solu-
tion of (i) if and only if

B %[D(t, x)] = —AN(—1t, x)o FY(t, x)° AX(¢, tx)° D(¢, x)
(11) +A1(—t, x)°F(t, X)°A1(t, tx)o D(t, x),
D(O7 .)C) =H(X).

Setting D(¢, x) = X,.; D"(¢, x), we obtain D'(z, x) = H'(x), and then
we compute D”(z, x) by induction, since (at the nth order) the right
member of (ii) only contains terms of order strictly less than »n.

Let B(z, x) be the solution of (i) such that B(0, x) = Id;. Since
B(t, x)° H is still a solution of (i), with initial condition H(x), we obtain
C(t, x) = B(t, x)o H(x). Now, for fixed ' € R,

E(t,x)=B(t+ t,exp— t'X - x)

is the solution of

2 1E(1,%)] = Fylexp X)o E(t,x), E(0,%) = B(¢',exp — 'X - x).
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Therefore

E(t,x)=B(t,x)oB(t',exp — t'X - x),
and we obtain

B(t+t',x)=B(t,expt’X - x)o B(t, x).

Setting A(¢, x) = B(t,exp — tX - x), we get a multiplier on R X X such
that d4 = Fy. Let V = V%, we get a formal representation of R on
C*(%, E). By (0.7), V is the unique solution of

d
(111) E[Vt] =sx°V, Vo= IdC""(X,E)'

On the other hand, s' is a linear representation of g, integrable to the
representation V4 of G. Owing to (0.8) or [5], there exists a formal
representation W of G on C*(%, E) such that dW = s. Wexp:x and V, are
both solutions of (iii), which proves that V, = W, x.

We introduce some notation: given e € E, set {,(x) =e, Vx € X,
F(g, x) = W£)(x), and F(1, x) = T, F"(g, x)L. Since V, = Wy, 5.

we have
A"(t, x)(e) = V;"(€.)(x) = F'(exptX, x)(e).

We conclude that A(z, x) = F(exp tX, x). Since X is arbitrary in g,, we
have proved there exists an element 4 € C*(G X %, C(E)) such that
A (1, x) = A(exp tX, x) is an R X X multiplier for each X in g,. More-
over, I/Vexp tx = I/tAX = l’/t',[)tth’

Using the mappings £,, e € E, and the fact that W is a representation
of G, it follows that 4 satisfies the conditions of a multiplier in a
neighbourhood of 1 in G. Therefore, V' satisfies the conditions of a
representation in a neighbourhood of 1 in G. Since G is simply connected,
we conclude that V“ is a representation of G, and A is a multiplier over

G X X. Since W = V4 and, by definition, dW = 5, we obtain dV4 = 5. O
1.4. DEFINITION. Multipliers 4 and A’ on G X X are equivalent if
there exists F € C*(X, C(E)) such that
F(g)e D(E), VgeG,
and
A(g,x)=F(x)'oA(g,x)°F(g"x), Vg€ G, x€X.

We say that A4 is linearizable (resp. trivial) if it is equivalent to a linear
multiplier (resp. to the trivial multiplier), i.e. a multiplier with values in
L(E) (resp. A(g, x) = Id;, Vg € G, x € X).
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Note that ¥4 and V4 are equivalent as soon as 4 and A’ are
equivalent (the intertwining mapping is F).

2. Multipliers on homogeneous spaces and applications. In this
section we fix a closed subgroup I' of G and assume that X = G/T" with
the canonical action. The following lemma is easily obtained from (1.1).

2.1. LEMMA. Given a multiplier A on G X %, we set b(g) = A(g~ %, 1);
I, = A(v,1), B(g, x) = A(g, gx),c(g) = B(g,1) forge G,y € I',x € X.

I is a formal representation of T in E, called the formal representation
associated to A. Moreover, one has:

b(gy)=1,_,b(g), b(1)=1d,,

A(g, h)=b(h) "ob(g™'h), Vg, heG, yeT,
B(gg’, x) = B(g, g'x)° B(g, x),
c(g)=b(g)", clgy)=c(g)eI,, c(1)=1d,,
B(g,h)=c(gh)oc(h)™', Vg, g,heG, xek, yel.

2.2. PROPOSITION. Multipliers A and A’ are equivalent if and only if the
associated representations I and I’ are equivalent.

COROLLARY. A4 is linearizable if and only if 1 is linearizable.

Proof. Assume A and A’ are equivalent, then obviously I and I’ are
equivalent.

Conversely, assume there exists U € D(E) such that I’ = Ue [ U™ L.
Using the mappings b and b’ of (2.1) we set f(g) = b(g) o U o b'(g).
We see that f(1) = U™}, and since f(gy) = f(g), Vg € G, y € T, we can
find F € C*(%, C(E)) such that F(g) = f(g), Vg € G. One has b'(g) =
F(1)~' o b(g)° F(g), and, by (2.1),

A(g,x) = F(x) "2 A(g, x)° F(g ). O

2.3. DEFINITION. Given a formal representation [ of I' in E, we say
that I extends to the multiplier 4 on G X X if I, = A(v,1),Vy € I,

Note that 7 might extend to several multipliers on G X X, but, owing
to (2.3), they are all equivalent.
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2.4. PROPOSITION. Assume there exists a C* section s of the projection
m: G- G/T = X; then any formal representation of T' extends to a
multiplier on G X X.

Proof. Set y(g) = s(7(g)) 'g, and define A(g, x) = Iy‘(zlg-ls(x)), g € G,
x € X. A is a multiplier on G X X which extends /. O

2.5. PROPOSITION. Given a formal representation I of T" in E, assume
that I' extends to a (linear) multiplier on G X X; then I extends to a
multiplier on G X X.

Proof. Choose f € C*(G) such that y ~ f(gy) is compactly sup-
portedin I', and [ f(gy) dy = 1 for any g € G [21].

Let F(g) = [rI;f(gY)I;'dy. We first note that F(g) = Id,, Vg €
G, and, using the invariance of dy, that F(gy) = I,_,F(g)I,, Vg € G,
vy € T. Let us now introduce d(g) = (b'(g)) '° F(g) (see (2.1) for nota-
tion). By (2.1) and the preceding results, d(gy) = d(g)°1,, Vg€ T,
vy € T, and d*(g) = (b'(g)) "~ Therefore, d(g) € D(E), Vg € G, and we
can define b(g) = (d(g)) !od(1). From the properties of d, we now

luce that b(gy) =1,_,°b(g),Vg € G,y €T, b(1) = Id;, and b(y) =

1, 15 V'Y erTl. 3

Let us now define a multiplier A over G X G by the formula

A(g, k)= (b(h)) 'ob(g7'h), Vg, hEG.
Owing to the properties of b, A satisfies
A(y,1) =1, A(g hy)=A(g,h), Vg heG,yeT.
It results from the last equality that there exists a multiplier 4 on G X X

such that A(g, h) = A(g, h), Vg, h € G. Since A(y,1) = I,, Vy €T, the
proof is complete.

3. Systems associated to multipliers. In this section we let I' be a
closed subgroup of G, and X the homogeneous space G/T.

Given a tlcvs F, to each element X of g, we associate the vector field
X acting on C* (G, F) by

X(f)e= S f(exp(~1X) @)l ,m0 /€ C7(G, F).

We identify C*(X, F) and the subspace of I'-periodic functions in
C*(G, F), ie. {f€ C*(G, F)/f(gy)=1(g), Vg€ G, y €T}. Using
this notation, a multiplier over G X X is actually a multiplier over G X G
which is I periodic with respect to the second variable.
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We will now study the solvability of some systems related to multi-
pliers, as we shall see. Given F € L(g, C*(E))), we consider:

() {X(f)g= _FX(g)of(g), VgEG, Xeaq,
f1)=T,

(i) {X(h)g = —m 5(h(g)), Vg€ G, X & g(notation (0.5)),

! h(1) =T,

where T is a given element of C(E) (the initial condition), and the
unknown f (resp. &) is an element of C*(G, C(E)).

3.1. DEFINITION. (i) (resp. (ii)) is integrable if there exists a solution ¢
satisfying c(1) = Id; (resp. b(1) =1d;); c is called the fundamental
solution. We say that the Cauchy problem for (i) (resp. (ii)) can be solved
if there exists a unique solution satisfying the given initial condition for
any initial condition in C(E).

We often make use of the following technical lemma.

3.2. LEMMA. Given f, h € C*(G,C(E))and X € g, one has
X(foh)g=X(f)goh(g) +(D(f(g))h(g)) X X(h),, VgeG.

3.3. PROPOSITION. The following statements are equivalent:

(1) (1) is integrable.

(2) (ii) is integrable.

(3) The Cauchy problem for (i) can be solved.

(4) The Cauchy problem for (ii) can be solved.

(5) There exists a unique multiplier A over G X X such that F = dA.
Whenever these conditions are satisfied one has

(6) F satisfies the Frobenius compatibility condition

Fixy = X(Fy) = Y(Fy) +[Fy, Fy], VX,Y€Eg.
Moreover, the fundamental solution c of (i) satisfies c(g) € D(E), Vg€ G
and c(gy) = c(g)oc(y), Vg € G, y € I. ¢ is related to the fundamental
solution b of (i) by b(g) = c(g) ™', Vg € G. The general solution f of (i)

(resp. h of (1)) is f(g) = c(g)o T (resp. h(g) = T ° b(g)). The multiplier of
(5) is

A(g, x) =b(x) "ob(g7'x), Vg, x€G.
Finally, if G is simply connected, (6) is equivalent to (1)—(5).
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In order to prove (2.7), we first prove the following lemma.

3.4. LEMMA. Suppose there exists a solution f of (i) (resp. h of (i1)) such
that f(1) € D(E) (resp. h(1) € D(E)). Then (i) (resp. (ii)) is integrable,
and there exists a fundamental solution c (resp. b) such that c¢(g) € D(E)
(resp. b(g) € D(E)),Vg € G.

Proof. f' is a solution of the linear system X(f'), = —Fx(g)° f'(g),
Vg € G, X € g, which can be written

%[f‘(em tX - g)| = Fi(exptX - g)o f}(exp X - g),

from which we deduce that

det[ fl(expeX - g)] = [exp[j;t Tr( Fi(exp sX - g)) ds” det(f'(g)).

Recalling that f(1) € D(E) if and only if det( /(1)) # 0, we obtain
det(f'(exp X)) #0, VXeg

and, by induction, det(f'(exp X, --- exp X)) # 0, VX,,...,X, € g.
Therefore f(g) € D(E), Vg € G (G is connected !). We now introduce
c(g) = f(g)°(f(1)) ! and see that c is a solution of (i) satisfying c(1) =
Id; (i.e. a fundamental solution) and c(g) € D(E), Vg € G. Similar
arguments hold in case (ii). O

Proof of (2.7). Assume (5). Using (1.2) and (1.3)(1), we obtain (6).
With the notation of (2.1), we have

2 [e(exp1X - g)] -0 = o[ Blexp (X, ) c(g)] 1~ = dBy(g) o c(g).

2 [blexp ~ X - g)] 1m0 = = [(8)* Alexp X, 8)] -0

= D(b(g)) x dAx(g) = —'”dAx(g)(b(g))-

It is proved in the proof of (1.2) that d4 = dB. Moreover, c¢(1) = b(1) =
Id ; ((2.1)). Therefore we obtain (1) and (2).

Assume (6) and G simply connected. Using (1.3)(2), we obtain (5).

Assume (1). Given a fundamental solution ¢, we apply (3.4) and see
that c(g) € D(E), Vg € G.

We introduce B(g, x) = c(gx)°c(x)™!, A(g, x) = B(g, g 'x), and
easily verify that 4 is a multiplier over G X G. Using the definition of B,



376 GEORGES PINCZON

we have

d d
i Le(exp X - g)] o = [ B(exp X, g) c(g)] = dBx(g)°c(g).
It is proved in the proof of (1.2) that d4 = dB, and we obtain

X(c)g = —dAx(g)°c(g).
Comparing with (i), we deduce that F = dA.
Now set b(g) = c(g) L. Since A(g, x) = b(x) o b(g 'x), we have
L [b(exp — 1X - )]0 = 2 [b(g)° Alexp X, g)] -0
= D(b(g)) X dAX(g) = _WdAx(g)(b(g)) = _'”Fx(g)(b(g))-

This proves (2).
Now set f(g) = c(g)°T, it is easily seen that f is a solution of (i) and
fQ)=T.

Conversely, suppose f is a solution of (i) and f(1) = T. Introducing
f'(g) = c(g)~'° f(g) and using (2.6), we obtain

X(f)g=X(b)gof(g) +(D(b(g))°f(8)) X X(f),
= X(b)gf(g) —(D(b(g))°f(g)) X(Fx(g)° f(g))
= (X(b); — D(b(g)) X Fx(g))° f(g)
= (X(8) 5+ 7 (b(8))) 2 f(8) = 0.

Therefore f'(g) = T and f(g) = ¢(g)°T. This proves (3). Similarly, set
h(g) = T b(g); it is easily seen that 4 is a solution of (ii) and A(1) = T.
Suppose now that 4 is a solution of (ii)) and A(1) = T. We introduce
h'(g) = h(g)° b(g) ! and use (3.2) to obtain

X(h')g=X(h)goc(g) +(D(h(g))oc(g)) X X(c),
= X(h)zoc(g) —(D(h(g))oc(g)) X(Fx(g)eoc(g))
= (X(n); — D(h(g)) X Fx(g))°c(g)
= (X(h) ¢ + 7y (h(8))) o c(g) = 0.

Therefore h’(g) = T and h(g) = T ° b(g). This proves (4).

Let us now introduce, for fixed yin I, ¢*(g) = ¢(gv), g € G.
X(c")g = —Fx(gy)oc(gy) = —Fyoc'(g).
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Since c¢¥(1) = c(y), using the preceding results, we get c¥(g) =
c(g)ec(y), ie. c(gy) = c(g)ec(y), Vg € G, y € I'. Going back to the
definition of 4 and using the last relation, we see that 4 is a multiplier
over G X X. This proves (5).

Summarizing, starting from (1), we have proven (2)—(5). Moreover, we
have proven the last assumption of (3.3) during the proof.

Finally, let us assume (2). Since the proof is quite similar, we omit
details:

Given a fundamental solution b of (ii), we introduce the multiplier
A(g, x) = b(x)"eb(g7'x) over GX G, c(g)=b(g)™", B(gx) (=
A(g, gx)) = c(gx)e° c(x) . Differentiating the relation of the definition
of 4, we obtain F = dA; differentiating the relation of the definition of B
we obtain that ¢ is a fundamental solution of (i). This proves (1). O

3.5. PROPOSITION. Suppose that a given F € L(g, C*(X, C(E))) satis-
fies the Frobenius condition ((3.3)(6)) and define F’ by

Fi(g) = —X(1)41(g) " +(D(I(g)) X Fy(g))=l(g) ",

Vge G, Xeqg,

for fixed | in C*(%X, C(E)) such that I(g) € D(E), Vg € G. Then F' also
satisfies the Frobenius condition.

Proof. Using (3.3) there exists a multiplier 4 over G X X such that
dA = F. We define a multiplier 4’ over G X ¥ by A(g, x) =
I(x)° A(g, x)° I(g~'x)~!. Differentiating the equality 4’(g, x)° /(g x)
= [(x)o A(g, x) at the point 1, we obtain F’ = dA’. O

3.6. PROPOSITION. Given the integrable systems (i) and (i)’ with corre-
sponding functions F and F’, corresponding multipliers A and A’, fundamen-
tal solutions ¢ and ', I = c|I" and I' = ¢'|T’, the following statements are
equivalent:

(1) A and A’ are equivalent multipliers.

(2) I and I are equivalent formal representations of T'.

(3) There exists | € C*(X, C(E)) such that: I(g) € D(E), Vg € G,
and

Fy(g) = —X(1),21(g) " +(D(I(g)) X Fx(g))=l(g) ™",
Vge G, Xeg.
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(4) There exists | € C*(X, C(E)) such that I(g) € D(E), Vg € G,
and f' is a solution of (i)’ if and only if there exists a solution f of (i) such that

f(g) =1Ug)f(g) Vg EG.
Whenever these conditions hold, we say that (i) and (1)’ are equivalent.

Proof. (1) and (2) are equivalent by (2.2).

Assuming (1), there exists / € C*(X, D(E)) such that A'(g, x) =
I(x)° A(g, x)° (g~ 'x) L. Differentiating the equality A’(g, x)° /(g 'x)
= J(x)° A(g, x) at the point; we obtain (3).

Moreover, one has ¢’(g) = I(g)° c(g)° I(1)~%; f’ is a solution of (i)’ if
and only if f'(g) = ¢'(g)° T, Vg € G, for a given T € C(E) (see (3.3)).
Setting f(g) = c(g)° (1)~ T, we obtain that f’ is a solution of (i)’ and
only if f'(g) = I(g)° f(8), Vg € G, i.e. (4).

Assuming (3), we see that the multipliers 4° and A”(g, x) =
I(x)o A(g, x)o (g 'x) ! satisfy d4’ = dA” and, therefore, coincide. So
we obtain (1).

Assuming (4), we get ¢'(g) = I(g)°c(g)°T, Vg € G. Taking g = 1,
we get T = [(1) L. From ¢’(g) = I(g)° c(g)° I(1) !, we deduce that

A(g,x)=1(x)e A(g, x)e1(g7'x)"", Vg,x€G
(see (2.1)). So we obtain (1). O

4. Scalar multipliers. In this section, X is a differentiable manifold,
denumerable at infinity, and G acts as a Lie transformation group of X.
We assume E = C. Multipliers over G X X with values in C(C) are called
scalar multipliers.

We denote by U the regular representation of G on C*( X).

4.1. PRQPOSITION. Let & be an element of Z\(G,U) and T a formal
representation of R in C; then

A(g’x) = ng(x)a Vge G, x €X,

defines a scalar multiplier over G X X. Whenever T and T’ are equivalent
representations, or whenever ¢ and & are equivalent cocycles, then the
corresponding multipliers are equivalent.

We omit the proof, which is a trivial calculation. We next give an
answer to the inverse problem of (4.1) in the case of a linear scalar
multiplier.
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4.2. PROPOSITION. Given a linear scalar multiplier A over G X X there
exists £ € ZY(G,U) (G the universal covering of G) such that A(g, x) =
exp §,(x), Vg € G, x € X. If H'(G) = {0} (de Rham’s cohomology), then
¢ e Z\(G, U).

Proof. Since A is linear scalar, one has
dA(y y = dUy(dAy) — dUy(dAy), VX, Y€ g,
and therefore dd4 € Z'(g, dU). Using [16], there exists ¢ € Z(G, U)
(resp. ZX(G, U) if H(G) = {0}) such that d4 = d¢. For fixed X in g, let
us note that 6,(x) = A(exp X, x), t € R, x € X. Using the multiplier’s
relation, we obtain

db/dt =6, UldAx] = 6, U(déy).

Therefore
t
= exp [ U(d€y) ds = exp b o
(see [16]).
This proves that A and the multiplier exp £ coincide on a neighbor-
hood of 1, and therefore everywhere by connectedness. O

(4.3) Given a linear scalar multiplier A4, and using (4.2), we can define
a continuous series 4%, Va € C, of linear scalar multipliers if the associ-
ated cocycle lies in ZY(G, U). If it lies strictly in Z}(G,U) we can only
define a discrete series A”, Vn € Z. Let us show by an example how to
translate this remark in terms of the theory of linear representations of G:
(1) Set G = SU(1,1), X = [z € C|]z| < 1], with action

a o
g-z=;’;§if, if g = (E g) la” — 18" = 1.
We introduce the multiplier A(g, z) = (a —Bz). It is easily seen that
A = exp &, where £ is a cocycle in Z'(G, U) which does not belong to
ZY G, U). It is well known that the representations V4" are realizations
(when restricted to adapted subspaces) of the discrete series of representa-
tions of G.
(2) Set G = SU(1,1), X = {z € C||z| = 1}, with action

_Zx'z+/§ e |« B 2 2
g'Z_Bz+a’ 1fg—(E &), la]” =B = 1.

We introduce the multiplier A(g, z) = |@ —Bz|>. It is easily seen that
A = exp &, where £ is a cocycle in ZY(G, U). The representations V*°,
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a € C, are realizations of one of the continuous series of representations
of G.

4.4. LEMMA [13] or [11). Assume X = G /T and define a linear mapping
R from Z'(G,U) into Z\(T,1d ¢) by R(£),, = 57(1)’ vy e, ¢ ZY(G,U).
R is onto and induces an isomorphism of HY(G,U) and H'(T,1d ;).

Proof. Denote by U the left regular representation of G on C*(G).
Given ¢ € ZY(G, U), we define 1 € C®(G) by 7(g) = §g_1(i) and easily
obtain

£,(8)=0U.(7)(g)—(g), Vg g €C.

Assuming that R(£) = 0, one has 7, = 7,, Vg € G, y €T, and by the
later formula, ¢ € BY(G, U). Obviously, R(B*(G, U)) = {0}.

We next prove that R is onto: given § € ZY(T,1d ), we choose an
element ¢ of C®(G) such that y ~ {(gy) is compactly supported in T’
and [ry(gy)dy =1, Vg € G [21], and we set 7(g) = [r0,¥(gY) dy —
Jr0,4(y) dy. Using the invariance of dy, we obtain 7(gy) = 7(g) + 0,_,,
Vg € G, y € T. Since 7(1) = 0, we obtain 7(y) = 0,_;, Vy € I'. Setting
£, = U,(r) — 7, we obtain an element of Z'(G, U) satistying £.(1) = 0y,
Vy €T. Since £,(8Y)=¢£,(8), V8, 8 €G, y €T, there exists { €
ZYG, U) such that §,(8) = ég,( g), Vg, g’ € G. Obviously, R(§) = 0. O

4.5. COROLLARY. Assume X = G/T. Assume, moreover, -that T' is
connected and H(T') = {0} (de Rham’s cohomology). Then any (linear)
character of T can be extended to a multiplier over G X X.

Proof. dI is a cocycle of the trivial representation of y, and since
HY(T) = {0}, there exists a cocycle 8 on T such that dI = d6 [16]. Define
I' = exp 0, Vy € T; I is a character of I. Since dI’ = dI, the connected-
ness of T implies I’ = I. From (4.4) we can find ¢ € Z'(G, U) such that
R(§) = 0.

Now the multiplier exp § extends 1. O

On the other hand:

4.6. PROPOSITION. Assume H'(G) = {0} (de Rham’s cohomology) and
X = G/T; let K be a compact subgroup of " and I a linear character of T'; if
there exists a linear scalar multiplier A over G X X extending 1, then one has
I, = 1d.



NON LINEAR MULTIPLIERS 381

Proof. Let § € ZY(G,U) such that 4 = exp £ ((4.2)). We have I, =
A(v,1) = expR(§),, Vy € I. R(§) g is a cocycle of the trivial representa-
tion of K and, since K is compact, R(§) x = 0 and ]|y = Id . a

(4.7) In physics, linear induced representations are often realized as
multiplier representations on homogeneous spaces. This can be done
because one is dealing with unitary representations, and therefore the
involved functions (and multipliers) are only assumed to be Borel func-
tions. Since there always exists a Borel section of the projection G —» G /T,
realization on the homogeneous space follows. Nevertheless, as soon as
one is concerned with differentiability properties, singularities do appear,
and this is the case, for instance, for massless particles [4]. Let us show
how this can be seen using (4.6).

Given a (linear) character I of I, we denote by H' the space

H' = {fe c=(G)|f(gv) =1, ,f(g),Vg € G,y €T}.

We define the C* (linearly) induced representation U’ as the restriction
of the left regular representation of G to H”.

PROPOSITION. Assume that I extends to a multiplier A over G X X.
Then V* and U’ are equivalent (linear) representations of G.

Proof. We introduce the function ¢ of (2.1). Recall that ¢(gy) =
c(g)1,, Vg€ G,y €T, and set T(f)(g) = c(g)f(g), f € H'. Obviously
T is an isomorphism of H? onto C*(%), and V4 = To U’ T, O

We know cases where (4.7) can be applied (see (2.2) and (4.5)). Let us
now give some no-go examples, where U’ cannot be realized as a multi-
plier representation on C*(G/T'):

(1) Set G = SO(3), I' = SO(2), and apply (4.6) to K = I': the only
(linear) character of I' that can be extended to a multiplier over G X G/T’
is the trivial one.

(2) Set G = SL(2, C), acting on R* via the standard surjection SL(2, C)
— SO,(3,1). Let x be a given point of the vertexless forward light cone,
and T the stabilizer of x. Actually, T is a semi-direct product K - R?,
where K is a one-dimensional torus. Using (4.6) we see that characters of
T that can be extended to multipliers over G/I'" are necessarily trivial on
K. Using physics terminology this result shows that singularities do
appear in the case of massless particles with non zero helicity (see [4] for
development).
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(4.8) Let us return to the construction of (non linear) scalar multi-
pliers.

Given a linear scalar multiplier m over G X X, we define a linear
representation V" on C*(X) by

VI(F)(x) = (m,(x)) """ F(g ).

PROPOSITION. Given £ € ZYG, V", C*(%)), n = 2, the formal develop-
ment of

_ m(g, X)Z
A (. e )

geEG,x€X, z€C,
defines a scalar multiplier on G X X. A is linearizable if and only if § is a

coboundary.

Proof. The first assertion is a simple calculation. Assume next that

£,(x) = (m(g,x) " Vf(g7x) — f(x), fe C=(X).

The formal development of
Z

-z i - 1)
defines an element 7 of C*(%X, D(C)), and it is easily seen that
m (x)eT(g 'x) = T(x)° A(g,x), Vg€ G, x€X. O

Tx(Z)= xex, ze(,

5. Linearization results.

5.1. PROPOSITION. Given a multiplier A over G X X, for any compact
subgroup K of G there exists an equivalent multiplier A" such that A’ is linear
on K.

Proof. Define
B(x) = [ 4'(k,x)o A(k™', k~'x) dk, Vx € X.
K

Since B'(x) = Id, we get that B(x) € D(E), Vx € X. Moreover, using
the invariance of dk, one obtains

A'(k,x)oB(k 'x)=B(x)o A(k,x), Vke K, x < X.
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It results from this last equality that the equivalent multiplier
A'(g, x) = B(x)° A(g,x)°B(g"x)"", gE€G, xe&,
is linear on XK. O

5.2. COROLLARY. Assume G is compact;, then any multiplier A over
G X X is linearizable.

5.3. PROPOSITION. Let M be a manifold on which G acts as a Lie
transformation group. Suppose X = G/I' X M, where I is a compact sub-
group of G and the action of G in X is given by g - (h,m)=(g-h, g, m),
g, h € G, m € M. Then any multiplier over G X X is linearizable.

Proof. Using (5.1) we can suppose that A|; = A4'|.. We introduce
. _ -1 . _
b(g, m)= [Alg_l(l, g 1m)] oA, ,(i,g7'm), g€G, meM.
Using the multiplier’s relation, we see that
A,(g',m)=(b(g',m)) "o d}(g',m)ob(g" (g, m)),
Vg, g’ € G, me M.
Moreover, for any g € G, k € T, m € M, one has

(g, m) = [ b sy (1, kg m)] "o sy (1, kg m)
= [44 (1 g7tm)] o [Aha(1, k77 im)]
o[ (i, kg7 im)] o[ A, (1, g7 'm)]
= b(g, m) since A|; = AY|.
Introducing B € C*(%, C(E)) such that B(g, m) = b(g, m), we obtain
A (g m)=[B(g',m)] "o 4,(g', m)e B(g7(g', m)),

i.e. A is linearizable. |

5.4. COROLLARY. Assume X = G/I'} X --- X G/I,. If one of the
subgroups I, is compact, then any multiplier over G X X is linearizable.

5.5. PROPOSITION. With the notation of (5.3), suppose X = G X M.
Then any multiplier over G X X is trivial.

Proof. Introduce b(g, m) = A,(1,g7'm), g € G, m € M, and use
the beginning of the proof of (5.3). |
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5.6. COROLLARY. Any multiplier over G X G" is trivial.

5.7. EXaMPLE. Set G =R, acting on X =R" by - (x;,...,x,) =
(x; +t,...,x,+ 1), t, x, € R. Given F € C*(R", C(C?)), consider the
equation

dv, 9
1) == L g Vit Flxy e %),

with initial condition ¥V, = Id »g -y, and unknown function V €
C*(R, C(C*(R",C?))). Using (1.3) and (0.6), we obtain that (1) has a
unique solution, given by V, = V4, where 4 is a multiplier over R X R".
By (5.6), A is trivial, and therefore (1) is equivalent (in the sense of (0.7))
to

@) = Lo Ve Vomlewe

(5.8) We next give a linearization result for scalar multipliers. We
recall the notation of (4.7): given a linear scalar multiplier m over G X X,
we define a linear representation V" of G on C*(X) by

—(n—1 _ 0
V(P = (m(x) " "f(g7%), x€& geG, fe ()
Identifying C*(¥X) and C*(X, L(®, C,C)), one obtains V;'(f) =
mgeU/(f)e m;l, where U is the regular representation of G in C*(%).

5.8. PROPOSITION. Assume that HYG,V", C*(¥)) = {0}, Vn =
2,3,.... Then any scalar multiplier A over G X X, such that A' = m, is
linearizable.

Proof. Set B(x) = A (x)°(A4y(x))"", g € G, x € X. From the for-
mula

—_ -1
ng’(x)=Bg(x)°mg(x)+Bg’(g lx)o[mg(x)] ’
we deduce
B2, = V2(B2)+ B2, ie. B*eZ'G,V?).
Therefore, there exists f 2 such that
— -1
BX(x) =my(x)of3 (g x)em,(x)"" — f*(x).

Therefore, we have

(1+72(x))eB,(x) = my(x)o(I+f*(g7'x))om(x)""
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at orders 1 and 2 and
(1 +12(x)) o 4,(x) = my(x)o(I + f*(g7'x))
at orders 1 and 2. Introducing the multiplier

A4 ()= (14 2()e 4,00 (14 72(57)

we have

(2)1 (2)2
A4 (x)=my(x), and A43(x)=0.

(n)
Repeating the same argument, we can construct step by step a series A4

of multipliers such that
(n)
A (x) = (T4 7))o -+ o(I+f2(x))o 4,(x)

o(I+f(g7x)) e - (I +f"(g7x)) ",
(n)

(n) (n)
1 _ 2 — — n —
Ag=mx), A}x)=---=A4%(x)=0.

The sequence (I + f"(x))e --- o(I + f?(x)) converges in the natural
topology of formal series (see [6]) to an element f of C*(X, D(C)), and
one has

mg(x)=f(x)°Ag(x)°f(g_1x)~1, VgeEG, xEX. a

5.9. ExAMPLE. Whenever X = G /T it can be seen that (5.8) is nothing
but linearization condition (0.9) for the associated formal representation /
of I' (see (2.1) and (2.2)). Therefore, we get nothing new. The interesting
case is the case when X is very far from being of type G/T". Let us develop
an example:

Set G = R?, acting on R” by the trivial action. Using (4.2) any scalar
linear multiplier m over G X R” can be written m (x) = exp £,(x), g € G,
x € R", where ¢ is a fixed element of ZXG,Id co®")- Actually,
ZY(G,1d c=®n) = L(g, C*(R")). Introducing a basis X; of g, and setting
d, =dy, d e L(g,C*R"), we can identify L(g, C*(R")) and
C*(R",C?). Coming back to the multiplier m, and setting d = d§, we
obtain

£.(x) = glgidi(X) =(gld(x)), g=1(g)€G, xR,



386 GEORGES PINCZON

and therefore
m (x) = exp(gld(x)), g€G, xeR".

In the following, we fix a nonzero element d of C*(R", C?). Setting
dy=(X|d), X € g, we introduce 3 = {x € R"|d,(x) =0, VX € g},
and X will be the complement of 3 in R”. By definition X is a non void
open subset of R”.

(5.9) PROPOSITION. Let A be a scalar multiplier over G X X such that
A' = m; then A is linearizable.

Proof. Introduce

Vo ()(x) = (expn(gld(x)))(f(x)), feC=(X), g€G, x€X,
and let us show that H'(G, V"*!) = {0}, Vn > 1. This will be achieved if
we prove that H(g, dV"*') = {0}, Vn > 1. So let £ € Z'(g, dV"*); the
cocycle relation gives

(i) §[X,Y](x) =0= n(dx(x)ﬁy(x) - dy(x)«fx(x)),
VX, Yeg, xeX.

We define a function f on X in the following way: given x € X, we can
find X € g such that d,(x) # 0; set

1 $X(x)

f(x)=;dx(x)'

Using (i) we see that the definition is independent of X. Since d , remains
non zero in a neighbourhood of x, the function

oL £x(»)
ndy(y)

is C* in this neighbourhood, and therefore f € C*(X).

By definition we have §,(x) = nd,(x)f(x) whenever d,(x) # 0.
When d,(x) = 0, since the linear form Y ~> d,(x) is nonzero, we can
find Y € g such that d,(x) # 0, and using (i) we see that § ,(x) = 0, and
therefore £, (x) = nd (x)f(x) also in this case. This proves that £ is the
coboundary of f. Now applying (5.8) we obtain the desired result. O

For instance, let us now take G = R* X the forward vertexless light
cone, and the following linear multiplier m over G X X:

g€GCG, x=(x)€R, xI-—xi—x3—x3=0, x,>0,

m(x) = exp(g|d)
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where

d(x)=1ix;, j=1,2,3, dy(x)= i(x2 + x3+ x32)1/2.
(One can recognize the multiplier corresponding to the translation part of
a massless representation of the Poincaré group.) Actually the preceding
proposition applies, and therefore any scalar multiplier 4 over G X X,
such that A! = m, is linearizable.

6. Inducing non linear representations. In this section I is a closed
subgroup of G, X = G/T, L is a linear representation of I' in a (finite-di-
mensional) space E. We denote by H” the space { f € C*(G, E)|f(gv)
=L, f(g),VyeTl,geG}andby U L the restriction of the left regular
representation of G to HY: U’ is called the representation of G induced
(in C* sense) by the representation L of I' (see e.g. [9]).

6.1. DEFINITION. Given a multiplier 4 over G X G, 4 is called an
L-multiplier if

A(g,xy)=L,1°A(g,x)°L,, Vg, x€G,yeT,
A(g,x)=1d,, Vg,x€G.

From the first condition, one easily shows that ¥ (see (1.1)) can be
“restricted” to H”; we denote by W+ the formal representation of G in
H* obtained by this “restriction”. By the second condition, one sees that
the linear part of W4is U~.

6.2. PROPOSITION. Given an L-multiplier A, set I, = A(y,1) L ,y € T;
then I is a formal representation of U in E and I'|. = L.

Proof. Trivial calculation.

6.3. DEFINITION. Given a second linear representation L’ of I' in E, a
L-multiplier 4 and a L’-multiplier 4’, we say that 4 and 4’ are s-equiva-
lent if there exists F € C*(G, C(E)) such that

F(g) € D(E), Vge G, F(xy)=L-°F(x)°L, Vx€G, yeT,
A'(g,x) = F(x)e A(g,x)° F(g"'x) ", Vg, x€G.

6.4. PROPOSITION. Assume that A and A’ are s-equivalent; then W* and
WA are equivalent formal representations of G.
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Proof. Using (6.3) one sees that ¥ € C(H*, HY') and intertwines 4
and 4’. a

6.5. PROPOSITION. A and A’ are s-equivalent if and only if the corre-
sponding I and I’ (see (6.2)) are equivalent.

Proof. Assume that A and A’ are s-equivalent. Using the notation of
(6.3) and (6.1), we see that F'(x)e F(g 'x) = 1d,, Vg, x € G. Using
(6.3) once more, we obtain L/ = F'(1)e L o F'(1)~', and then I, =
F()e I, FA)™,

Now assume there exists U € D(E) such that I’ = U loJoU.
We introduce b(g) = A(g™ ', 1), b'(g) = A(g % 1), and f(g) =
b(g) loU-b'(g), g € G. Since b(gy) = I-12b(g)eL, and b'(gy) =
I'-1ob(g)e L,1,Vg € G,y €T, we have

f(gy)=L,1°f(g)eL,, VgeG, yeT.
Moreover f1(g) = U!, and therefore f(g) € D(E), Vg € G. Since
A(g, x) = b(x)""eb(g™'x) and 4(g, x) = b'(x) "' o b'(g™'x), we get
A(g,x)=f(x) o A(g,x)of(g7'x), Vg, xE€G. O

(6.6) Let us denote by 3, the set of equivalence classes of formal
representations of I' in E having L as linear part, and by 2, the set of
s-equivalence classes of L-multipliers.

PROPOSITION. The correspondence A ~> I of (6.2) induces a one-to-one
mapping from M ; onto N ;.

Proof. Using (6.5) we see that this correspondence induces a one-to-one
mapping from 9, into 9N ;. It remains to show that this mapping is onto.
Let us assume given a formal representation I of T in E such that I' = L.
We choose f € C*(G) such that y ~ f(gvy) is compactly supported in I’
and [ f(gy) dy = 1, Vg € G [21], and we set

o(8) = [ L(f(gn)°1;") dv.
Using the invariance of dy and the linearity of L, we obtain
c(g‘y) = Ly—loc(g)oly, vg € Ga Y € r

Moreover, c; =1Id,, Vge G. Let us introduce b(g)=[c(g)]"* and
A(g, x) = b(x)"*eb(g 'x). From the properties of c, it is easily seen
that 4 is a L-multiplier. Since b(gy) =1,_,°b(g)°L,VgE€ G,y €T,
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we have
A(y,1)° L, = b(1) "o 1,0b(1),

from which we deduce that A(-,1)o L is equivalent to I. The proof is
complete since A'(y,1)e L, = L,. o

(6.7) Now we can define non linear inducing. Given an inducing class
in N ; of formal representations of I', we use (6.6) and pick any multiplier
A in the corresponding class of L-multipliers in 9t ;; then we define the
induced class of formal representations of G to be the class of the formal
representation W (see (6.1)). From (6.4) our definition is coherent, since
it is independent of the choice of 4. By definition the linear part of W+ is
exactly UZ, i.e. the linear part of any representation in the induced class is
equivalent to the linear representation C-infinitely induced by the linear
part of any representation in the inducing class. Finally, let us note that if
L belongs to the inducing class, then U belongs to the induced class, i.e.
if the inducing is linearizable, so is the induced.

6.8. PROPOSITION. Assume there exists a linear multiplier M on G X X
extending L (see (2.3)). Given a formal representation I of I' in E, with
linear part L and a multiplier A corresponding to I from (6.6), then there
exists a multiplier B on G X X extending I, and the formal representations
V2 and W of G are equivalent.

Proof. The first assertion is proved by (2.4). By (6.6) there exists
U € D(E) such that A(y,1)e L, = Ue I, U™}, Vy € T. Denote by J the
representation Uo IoU™! of T, and set b(g) = 4(g,1), c¢(g) = B(g, 1),
g € G. One gets

b(gy)=J,_1°b(g)°L,, c(gy)=1,,°c(g), VgeG,yeT.

Therefore, F(g) = b(g) 'oUo c(g) satisfies F(gy) = L,_,°F(g),Vge
G, v € . Moreover, since A(g, x) = b(x) 1ob(g 'x) and B(g, x) =
c(x) teoc(g x), Vg, x € G, we obtain

B(g, %)= F(x) ' A(g,x)° F(g'x), Vg x€G.
From the relation F(xy) = L,_,° F(x),Vx € G,y € I, one sees that
Fe C(H"Y:, H') = C(C*(%, E), HY),
and the relation B(g, x) = F(x) 'o A(g, x)° F(g 'x) shows that
VE=FloW/-F, VgegG. O
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(6.9) Obviously, if the subgroup I is compact, any inducing represen-
tation is linearizable, and therefore any induced representation is lineariz-
able. Let us now develop an example of linearization in the non compact
case. We assume that N is a closed connected normal nilpotent subgroup
of I" assumed connected. Let n be the Lie algebra of N, set # = dL |, and
letA),...,A, € n* be the weights of 7 (see (0.10)). Given N = (n,,...,n,)
€ N?, weset|N|=2XF n,and (N,A) = X7 nA.

6.9.1. PROPOSITION. Assume that (N, A) # X, Vj=1,...,p, VN such
that |N| > 2. Then any formal representation of G induced from a formal
representation of I with linear part L is linearizable.

Proof. From (0.9) it is sufficient to prove that H'(y, L(®  E, E)) =
{0}, Vn = 2. We use the Hochschild-Serre sequence [4]

0- Hl(z/n, L ® E, E)n) - Hl(z, L ® E, E))
- Hl(n,L( ® E,E))I—> H2(Z/n,L( ® EE)) N

From the condition (N, A) # A;, we deduce that L(® E, E)" = {0}.
Therefore,

Hl(z, L( ® E, E)) - Hl(n, L( ® E, E))Z.

But since L(®, E, E)" = {0}, and since 1 is a nilpotent Lie algebra, one
has H'(n, L(® E, E)) = {0} and, therefore H'(n, L(®, E, E))Y =
{0}. O

6.9.2. Assume that G is the Euclidean group G = SO(n) - R”. Unitary
irreducible faithful linear representations of G are obtained when inducing
linear representations of I' = SO(n — 1) - R” of the form

L(0,r)=0(0)-6(r), 6€SO(n-1), reR",

where o is a unitary irreducible representation of SO(n — 1), and 6 a
unitary non trivial character of R”. Applying 6.9.1 with N = R”, we obtain
that any formal induced representation of G with a unitary irreducible
faithful linear part is linearizable.

6.9.3. Assume that G is the Poincaré group SO,(3,1) - R* and U is a
linear representation of G C*-induced by one of the representations of
the (corresponding) little group I" which are used to obtain the usual
unitary m? > 0 representations. Since the restriction to R* of the linear
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representations of I' inducing U is a non trivial character, (6.9.1) applies.
Therefore, any induced representation of G with linear part U is lineariz-
able.

7. Some examples in the abelian case. In this section we assume
G=R', I'=2Z" and X = G/T. As before, E is a finite-dimensional
complex space. Given a Fréchet space F, we identify C*(X, F) with the
space of I'-periodic F-valued functions over G. Our first proposition
shows that induced representations from I' to G can always be realized as
multiplier representations on X.

7.1. PROPOSITION. Given a formal representation I of T' in E, there
exists a multiplier A over G X X which extends 1. The formal representation
V4 of G belongs to the class induced by 1.

Proof. By (2.4) we have only to prove (7.1) when I is a linear
representation of I'. Let e,,...,e, be the canonical basis of R”, and set
I, = Iej, J=1...,n. We can find K, j =1,...,n, in L(E) such that
[K,, K,]=0,V],m,and I, = exp K, Vj. Setting

S, =exp({,K, + --- +1,K,), t; € R,

e+ - +t,e,

we get a linear representation S of R” extending /. Since S is a multiplier
over G X X, we obtain the first part of (7.1). For the second part, we

apply (6.9). O

We now give a description of multipliers over G X X, and its interpre-
tation in terms of systems of non autonomous differential equations of §3.
Precisely, we shall consider systems of type

(i) g%=F,.(t)of(t), i=1,...,n, t €G,

where F is a given element of L(g, C*(X, C(E))), F,= F_,,,, where
t = (t,,...,t,) is the variable in R”, the unknown fis in C*(R", C(E)) and
must satisfy an initial condition f(0) = T, T € C(E). From the results of
§3, (1) is integrable if and only if F satisfies the Frobenius compatibility

condition
1 ..
—r __ 1 + j] = 0 V,, j-

We assume in the following that this condition is satisfied. Our goal in
this section is to see whether such systems can be reduced to autonomous
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systems (i.e. F € L(g, C(E))) by an equivalence of type (3.6) (i.e. an
equivalence involving a I'-periodic function). We begin by the reduction
of linear systems.

7.2. PROPOSITION. Any linear integrable systems of type (i) is linearly
equivalent to a linear autonomous systems

T _Gof(t). G eL(E), i=1....n.

Proof. From (3.3) there exists a linear multiplier A over G X X such
that F = dA. Set I, = A(k,0), k € T, and introduce the linear representa-
tion S of I" constructed from I during the proof of (7.1). Since the linear
multipliers 4 and S over G X X both extend I, they are linearly equivalent
(2.2). Therefore, the given system is equivalent to the system associated
with the multiplier S (3.6). Since this last system has constant coefficients,
(7.2) follows.

REMARK. For n = 1, (7.2) is known as Floquet’s theorem [1].

We now carry general systems into “normal form”. First, we need
some notation: given a linear representation I* of ', we denote by s (resp.
u) the semi-simple part (resp. the unipotent part) of I*.

7.3. LEMMA. Given a formal representation I of T, let s be the semi-sim-
ple part of I, then, up to equivalence, one has s, o I, = I,°s,,Vk,l € T.

Proof. We denote by Ad"I! the linear representation of I on C"(E)

= L(Q®, ,E, E) defined by
Ad"INT)=1'eToI', VkeT, TeC"(E).

Obviously Ad”s (resp. Ad"u) is the semisimple part (resp. the unipotent
part) of Ad"T*. We decompose C"(E) = C"® CJ, where C" is the sum of
the eigenspaces of Ad”s corresponding to non trivial eigenfunctions, and
C{ is the eigenspace of the trivial eigenfunction. C’} and CJ are stable
under Ad"I.

Let us set if = I}oI}-1, k € I. Writing I, ,,. = I, ° I,., at order 2,
we get

i2,0=Adu}Ni2)+i2, Vk,k eT.

Therefore i2 € ZY(T,Ad*I'). We decompose i = i2+ i3, where iZe
ZY(T,Ad’I'|2) and i§ € Z(T,Ad*I"| ;). Since Ad*I'|.. does not con-
tain the trivial representation, i2 is a coboundary. Therefore, by a stan-
dard argument using an equivalence of type (I + A4%), A> € C*(E), we
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can assume i2= 0, ie. I} € C}, Vk € T'. Writing now I, ,, = I, ° I, at
order 3, we get
o= APL(R) + i+ 12 X (ipeip)eo

i +iy=3
= A’TL(i}) + i} + d}.

Obviously, d} € C}, Vk € T'. Writing i® = ij + i3, we therefore conclude
that

B =AM (i3,) +i2,, Vk k eT.

Therefore i} € Z'(T,Ad’I"|), and since this representation does not
contain the trivial representation, i3 is a coboundary. Using an equiva-
lence of type (I + 4%), 4> € C3}(E), we can assume i3 =0, i.e. I} € C;,
VkeT.

It is now clear that repeating the preceding arguments, we shall
construct an equivalent formal representation satisfying the desired rela-
tion. O

REMARK. Note that (7.3) is true for any abelian group I' with exactly
the same proof.

7.4. PROPOSITION. (1) Given a multiplier A over G X X, let I be the
associated formal representation of T, and let s be the semi-simple part of I*.
Up to equivalence, one has s, A(t, x) = A(t, x)°s,,Vk €T, t,x € G.

(2) Given an integrable system of type (i), let A be the associated
multiplier (3.3) and let us keep the notation of (1). Up to equivalence (1)
reduces to a system which contains only “resoning terms”, i.e.

sge F(t) = F(t)es,, VkeTl,ted.

Proof. (1) From Lemma 7.3, up to equivalence, we can assume that
spol,=105,Vk 1€T.

Let S* be a linear representation of R" extending I' (see (7.1)). We
now are going to refine the proof of (2.5) in order to get our result: with
the notation of (2.5) we introduce

F(1) =frl,1f(t +k)I[['dk, te€G.

Since s is linear and commutes with I and I', we get that s commutes
with F. Moreover, F(t + k) = I o F(t)° I, Vt € G, k € T, and F(¢)
= Id,, V¢ € G. Following (2.5), we introduce b(¢) = F(t)"'o S* o F(0),
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which also commutes with s, and satisfies b(z + k) = I, ' b(t), Vt € G,
k€T, b(t) € D(E), Vt € G, and b(0) = Id;. The multiplier A" over
G X % defined by A(z, x) = b(x) e b(x — ¢), t, x € G, commutes with
s, and since it extends 7, it is equivalent to 4 (2.2).

(2) We set F = dA and use (1). m|

REMARK. (7.4) is proved for n = 1 in [1].
Given a = (ay,...,a,) € C*(G,C™) and p = (py,...,p,,) € N™, we
seta? =af' .-+ afrand |p|=p, + --- + p,.

77.5. PROPOSITION. Given an integrable system of type (i), assume there
are no resonance relations, i.e. the eigenfunctions a, - - - a,, of the semi-sim-
ple part s of the corresponding formal representation I of I satisfy a? # a;,
Vj=1,...,m,Vp € N" such that | p| = 2; then (1) is equivalent to a linear
autonomous system

g=Giof(t), i=1,...,n,t€G, G,€ L(E).
Proof. With the assumption of (7.5), only linear elements of C(E) can
commute with s. Therefore, using (7.4), we reduce (i) to a linear system.

We then apply (7.2). O

We are now going to make (7.4) precise by reducing systems of type
(i) to a canonical form. First, we need a lemma, which concerns extensions
of representations of I' to representations of G.

7.6. LEMMA. Given a formal representation of I' with unipotent linear
part, there exists a unique formal representation S of G, with unipotent linear
part, such that S|, = I. Assuming that T € C(E) and satisfies To I, =
I,oT,Vk €T, thenT~S,= S,°T,Vt € G.

Proof. We begin with the case I' = Z, G = R. Given an element X of
C(E), let us recall how the flow S of X can be constructed (see [S] or [11]
for details): S is the solution of dS,/dt = X o S,, S, = Id. Setting S} =
exp tX*, e € R, we introduce s, = S* , o S,, which is the solution of

ds,

dt

Obviously, s} = Id, V¢ € R, and
" '

si=% [

p=2"0

= —Xyos,+SL,eXoSlos,, s,=1d,.

(Sl_uoXPoSl} Z S:}@ '..®Sli4n°on du.

i+ oo +i,=n
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Now, setting J = I;, we solve the equation S; = J, where the unknown is
the vector field X. Since we are looking for a unipotent S*, X will be a
vector field with nilpotent linear part. We first get J! = exp X', which is
known to have a unique nilpotent solution X'. We recall that X* com-
mutes with any T € L(E) commuting with J. Assuming we have found
X%...,X"" !, we now compute X". Let us define a linear representation
Ad,S' of Gon C*(E) by
Ad, SNT)=S',°Te-S}, teR, Te CYE).

From the beginning of the proof, we see that

(JY) e gn - Z f du(Ad s(x?) Y si@ ---®sh|es,

p=2 i+ o Fip=n

=f Ad,SY(X") du.
0

Therefore, X" can be computed if the linear mapping /j Ad,S} du
is invertible in L(C"(E)). But since S! is unipotent, Ad,S* is also
unipotent, and therefore [; Ad,S!du is invertible. This shows the ex-
istence and unicity of SwhenI' = Z and G = R.

Assume now that T € D(E) satisfies To I, = I, oT, Vk €I = Z.
Then setting ¥, = ToS,oT"', we obtain a formal representation of R
satisfying V' = S and V| = I. By unicity we conclude that V' = S, and
therefore To S, = S,°T,Vt € R.

Now, assume I' = Z" and G = R". Let e,,...,e, be the canonical
basis of G and define I,(k) = I, k € Z. From the preceding results,
there exists a unique formal representation S; of R such that S, = I..
Since I; and I; commute, so do S, and S, therefore we define a formal
representation S of G by

S(tie, + -+ +te,)=8(t)e --- 28,(z,).
Obviously, S| = 1. O

7.7. PROPOSITION. (1) Let A be a multiplier over G X X such that the
associated formal representation I of I' has unipotent linear part. Then there
exists a formal representation S of G such that the multipliers A and S are
equivalent.

(2) Given an integrable system of type (i), let A be the associated
multiplier (3.3) and assume that A satisfies the hypothesis of (1); then there
exist G,,...,G, in C(E) with nilpotent linear part such that (i) is equivalent
to the autonomous system

gtf G,°f(t), VteG,i=1,...,n.
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Proof. (1) From (7.6) there exists a formal representation S of G such
that S| = I. Since S and A4 are multipliers over G X X which both extend
I, they are equivalent (2.2).

(2) Apply (3.3) and (1). O

7.8. PROPOSITION. (1) Let A be a multiplier over G X X, I the associ-
ated formal representation of T, s the semi-simple part of I*. We continue to
denote by I' (resp. s) any extension of I' to G (resp. its semi-simple part).
There exists a formal representation S of G such that:

5,08, =S8,0o5,Vte G, keT;

A is equivalent to the multiplier A'(t, x) = 5, °S8,°5,_,),Vt,x € G.

(2) Given an integrable system of type (i), let A be the associated
multiplier (3.3), and keep the notation of (1). There exists G,,...,G, in
C(E) with nilpotent linear part such that:

5,°G, =G,°os5,,VkeT,i=1,...,n[G,G]=0, Vij

(i) is equivalent to the system

g——' d9i°f(t) +(st°Gi°s_t)°t(t),

where ds is the differential of the linear representation s.

Before proving (7.8), let us make a few remarks: first, if there are no
resonance relations for the eigenfunctions of s (see (7.5) for the definition),
(7.8) is nothing but a very complicated way of proving (7.5)! On the other
hand, when there exist resonance relations, (7.8) gives some minimal
canonical reduction of systems of type (i) much more precise than (7.4).

Proof. (1) Up to equivalence ((7.3)), we can assume thats, o I, = I, 5,,
Vk,l € T'. Therefore, setting J, = I, °s_,, k € I', we obtain a formal
representation of I" with unipotent linear part. Applying (7.6), there exists
a formal representation S of G such that S|, = J. Moreover, s, ° S, =
S,os,, Vk €T, t € G. Let us now define b'(¢t) = S_,°s_,; we have
b(t + k) =1_,°b'(t), Vk €T, t € G. Consequently, A(¢, x) =
b(x)"teb'(x —t), t, x € G, defines a multiplier over G X ¥, and it is
obvious that A" extends I. Therefore A and A’ are equivalent (2.2).

Computing 4’, one obtains 4'(¢, x) = 5,°8,°5,_,), Vt,x € G.

(2) Computing dA’, one obtains (2). O

8. Examples of non linear induced representations of G = SU(1, 1).
In this section G = SU(1,1), X = {x € C||x| = 1}. Following [20] we



NON LINEAR MULTIPLIERS 397

introduce an action of G on X by

&x—E g=(a

a— Bx’ B

gox=

B 2 2
, - =1.
7 |l 18
We introduce the linear scalar multiplier m(g, x) = a + x and define the
continuous series of (linear) representations of G on C*(X) by

T(f)(x) =|m(g, x)|" (g7 ),
geCG,feC®(X),xe%x,leC.

UL f)(x) =m(g, x)[" 'm(g, x)f(g7x),

We define m: G —» X by 7(g) = g - 1. Using = we can identify X and G/T,
where I' is the following closed subgroup of G:

a B
I‘={g=[_ _]EG|a—B€R}.
B «
We denote by I, the connected component of 1 (1 =[] in T, i.e.
l‘0={g=[¢}. lj]eGla—,BeR*}.
B «

I' /T, can be identified with the subgroup {1, —1} of I'.

It is easily seen that the multiplier defining 7’ (resp. U') extends the
linear character I,(y) = |& + B|* (resp. J,(v) = |a +B|*'"'(a +B)) of .
Therefore, both T' and U’ are linear C*-induced representations of G
((4.7)). We are now going to solve the following problem: find and classify
all non linear induced representations of G having T’ or U’, [ # 0, as
linear part. This problem will be solved in two steps: first, we find and
classify all the formal representations of I' in C having I, or J, as linear
part, then we construct the corresponding multipliers over G X X. Given
such a multiplier 4, the corresponding representation V4 is induced
((6.8)), and we finally obtain all the formal representations of G induced
by formal representations of I' in C with non trivial linear part.

8.1. PROPOSITION. Assume | # 0. There exists a formal representation 1
of T with linear part I, (resp. J)) if and only if I = 1, %, },... (resp. | = 3,
1....). Up to equivalence this representation is unique and given by the

( formal development of ) formula:

& +B|212
[1+ 7 'Im(aB)z"]’

1 z
n—1’

neN, n>2,l= €C, I(z)=
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(resp.

1 2/-1
— * == =

n—1¢€2N* | 1 I(z)

a+B” (a+B)z
[1+ 7' Im(aB)z""]’

Proof. Let y be the Lie algebra of I'. We introduce the generators

=i o -l -]

of y, with commutation rule [4, N]= —2N. Let us denote by 7 the
representation dI, (or dJ;) of y. One has m,(z) = 2Iz, my(z) = 0, Vz € C.
Assume next that there exists a formal representation S of y with linear
part w. Then, up to equivalence, we can suppose that S, = 7,. Now the
problem of finding such an S is equivalent to the following problem:
given the vector field 4 = —2/z(d/dz), it is possible to find a vector field
N with vanishing linear part such that [4, N] = —2N. Since
[4, z"(d/dz)] = —2I(n — 1)z"(d/dz), we find that, necessarily, /=
1/(n — 1), n = 2,3,... For such values of I, N = A\z"(d/dz) satisfies our
condition. Up to equivalence we can assume that N = z"(d/dz). Now
defining S,(z) = 2z/(n — 1), Sy(2) = —z", z € C, we get S. Using the
Iwasawa decomposition and some computation, we get S = dI, where [ is
the formal representation of I, defined by the (formal development of)
formula
-

i)

)el‘o, ze C,

=™ R
R

(a-+B) "z

I(z)= —.
§ (1+(n- 1)Im(a,8)z"_1)1/(" b
We can extend I to I' by
— 2An—1)
& + B z
I,(z) =

(1+(n- 1)Im(a,8)z"_1)1/("—1) ’
and obviously the linear part of I'is 1, ,(,_1,. It remains now to extend I to
I' in such a way that its linear part is J; ,(,,_,, if possible. Noticing that
I(—1) must commute with the flow of 7, = dI,, we obtain I(—1) =
Ji/n-1)(—1) = —Id. But since I(—1) must commute with 1., Vy € T,
we obtain that n — 1 must be even. Assuming that it is, we define

_ 2/(n=1=1, _

la + B (@ +B)z
(1 +(n — 1)Im(aB)z"1)" 7P
The linear part of I'is J, ,(,_y,- O

Iy(z)= vyeTl, zeC.
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8.2. COROLLARY. Non linear scalar multipliers over G X X with non
trivial linear part are given, up to equivalence, by the ( formal) development
of the formulae:

I=1,4,3,..., g€ G, x€%, zeC,
|&+Bx]212

[1 + 77 Im(aBx) /"]’

I=3%,..., 8€G, xex, z€C,

_ 1@+ B (@ )
B[(g, x)(Z) - [1 + l_llm(aBX) Zl/lll.

4,(g x)(z) =

The formal representations V4 and VP (see (1.1)) describe all formal
representations of G induced (in the sense of 6) by formal representations of
T' in C with non trivial linear part. The linear part of V*'is T,, and the linear
part of VB is U,

Proof. We have to extend the formal representations of I' given by
(8.1) to multipliers on G X X. Since the proof is rather combinatorial, we
omit details: the formulae of (8.2) can be obtained using the formula given
in the proof of (2.4), with an adapted section s of the projection 7 and use
of the Iwasawa decomposition. O

8.3. REMARK. It can be seen that formulae (8.2) are particular cases of
formula (4.8).
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