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ANALYTIC MULTIFUNCTIONS, THE 3-EQUATION,
AND A PROOF OF THE CORONA THEOREM

B. BERNDTSSON AND T. J. RANSFORD

The purpose of this article is to give some applications of a recent
theorem by Alexander-Wermer and Slodkowski on the structure of
certain polynomial hulls. We want to show that this theorem gives a
useful method of constructing analytic functions with prescribed proper-
ties in the disc. In particular it yields a rather easy proof of the Corona
Theorem for two generators, and also implies Wolff’s Theorem on the
0-equation.

1. Background on hulls and analytic multifunctions. We begin by
formulating the theorem on polynomial hulls proved by Alexander and
Wermer ([1]), and independently by Slodkowski [16]. In what follows, A
denotes the open unit disc { A € C: |A| < 1}, and T denotes the unit circle

{§ € C: |8 =1).
THEOREM 1.1. Let X be a compact subset of T X C, and assume that
for each ¢ € T the fibre
X, ={zeC:(}z2)e X}
is convex. Suppose moreover that X, the polynomial hull of X, contains the

point (0, z,) for some z, € C. Then there exists h € H*(A) such that for
almostall { € T

h*($) € X;,

where h* denotes the radial boundary values of h.

Sketch proof (see [1] for further details). Let p be a probability
measure on X which represents (0, z,), in the sense that for any poly-
nomial p,

(1) p(0,20) = [ p(§.2) du(s, 2).
X
Then for A € A define

(2) h()\)=£}ﬂ

— -z -du($, z).
|1 —Ag|
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The proof consists of a verification that /4 has the required properties.
First we observe thatif A € A and ¢ € T then
1A =1{1+A§+ 1+ A¢
n-Aff 2l1-A0 1-X
and the second term gives a constant contribution in (2), because of (1). It
follows that 4 is analytic on A. Now for { € T let
a($) = sup{Rez: z € X, }.

From (2) we have
2
1—|A
Ren(A) = [ LA ae) - au(c. 2,

X1 - ¢
and it follows easily from (1), plus the fact that a is upper semicontinuous
on T, that foreach{ € T

limsup Rek(A) < a({).
Aeh

Repeating the argument with & replaced by e’’h, and using the fact that
each X, is convex, we deduce that forall { € T

dist(h(N), X;) >0 asA—>§ A €A,
Consequently 4 is bounded on A, and 7*({) € X, a.e.onT. O

In general it is not easy to decide when the hypothesis that X should
contain some (0, z,) is satisfied (in fact is is equivalent to the assumption
X # X). However, one way of ensuring that it is fulfilled comes from the
theory of analytic multifunctions, to which we now turn our attention.

We shall consider a mapping K which associates to each A € A a
non-empty compact subset K(A) of C, and shall also assume that its
graph, defined by

I'(K)={(Az)eAXC: z€ K(N)},
is a compact set. The multifunction K is said to be analytic on A if
U= (AXC)\T(K)

is a pseudoconvex set. We shall need the following important property of
K which was first proved in [13] (see also [4]).

PrROPOSITION 1.2. If K is analytic on A, then I'(K) is contained in the
polynomial hull of T'(K) N (T X C).
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Sketch proof. We shall assume that (A X C)\ I'(X) is strictly pseudo-
convex (which it always will be in our applications); the general case may
be deduced via a standard approximation argument.

Take any point g, = (A, zy) in I'(K) N (A X C) and let p(A, z) be
any polynomial. We are done if we can show that for ¢ > 0 the function

u=[p(\,z)|+ e(IM2 +l2|2)

cannot have a maximum on I'(K) at g,. But the assumption of strict
pseudoconvexity means that we can find a piece of an analytic manifold
M passing through ¢, and lying entirely inside I'(K), so the desired
conclusion follows from the maximum principle applied to the restriction
of u to M, which is a strictly subharmonic function on M. O

We have now collected all the facts we need, and refer to [2-5, 9-15]
for further information on analytic multifunctions, including the justifica-
tion for their nomenclature.

Combining Theorem 1.1 and Proposition 1.2, we obtain the result
which is the key to all that follows.

THEOREM 1.3. Let K be a nowhere-empty multifunction on A such that
T'(K) is compact and K is analytic on A. Assume moreover that K({) is
convex for each { € T. Then there exists h € H*(A) such that

h*(¢) € K(¢) a.e.onT. a

Let us call such a function h on analytic selector. It is a natural
question to ask whether one can always find an analytic # such that
h(A) € K(A) for all X in the disc A: we shall see in §3 that this may not
be possible. Nevertheless, Theorem 1.3 gives a powerful way of construct-
ing analytic functions on the disc with control over their boundary values:
all one has to do is set up an appropriate multifunction. We now proceed
to illustrate this idea by using it to prove the Corona Theorem.

2. The Corona Theorem. Let f,,...,fy € H°(A). The Corona
Theorem says that if

N
2 2
1>17F =21 >8>0
1
everywhere on A, then there exist g,,..., gy € H®(A) such that

(3) ;f,g, =1.
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For background material on the Corona Theorem, we refer to Garnett’s
book [7, §VIII].

For simplicity we treat only the case N = 2. In the proof we shall
assume that the functions f;, f, extend analytically to a neighbourhood of
A, and shall end up by obtaining solutions g,, g, whose sup-norms
depend only on 8. A passage to the limit via normal families then gives the
theorem.

To start with, take any two functions A4,, 4, analytic on a neighbour-
hood of A, such that

fiky + fLhy, =1,

without a priori control on the sup-norms. Then it is easy to see that the
general solution to (3) is

(4) & = hy = hfy

g, = h, + hf},
where 4 is analytic on A. Thus our problem is to choose 4 so that g, and
g, satisfy an a priori estimate depending only on 8. This function A will

be obtained from Theorem 1.3 as a selector to the following analytic
multifunction whose definition almost suggests itself. For A € A set

(5) K(\) = {z € C: M) =26 [ +[h(A) + 260" < r(V)}.

Here r(A) is a smooth positive function which has yet to be determined:
indeed the crux of the proof lies in making a suitable choice. If we can
choose r(A) to make K analytic on A and moreover so that r(A) satisfies
an L*-estimate on T depending only on §, then we are done, because any
analytic selector 4 will give a solution (4) to (3).

The simplest choice would be to take r(A) equal to a large constant;
however, this does not work. We shall explain where the difficulty lies. As
mentioned in the proof of Proposition 1.2, to demand that K be analytic
means essentially that for any point g, = (A, zy) in I'(K) N (A X C)
there should be a local analytic manifold lying inside I'(K) that passes
through g,. In our setting, any point ¢ = (A, z) in I'(K') corresponds to a
pointwise solution of the corona problem, i.e. to numbers 8,, 8, such that

f1(}\)181 +f2(>\),82 = 1.

In the same way, a local analytic manifold in I'( K') corresponds to a local
analytic solution to the corona problem. Thus we want to have a situation
where any pointwise solution with norm

1B+, < r(A)
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at A = A\, can be extended to a local analytic solution whilst maintaining
this inequality. Clearly this would violate the maximum principle if r(\)
were constant. The problem is therefore to choose r(A) “subharmonic
enough”, while at the same time keeping it bounded.

To determine which functions » make K analytic, we use the follow-
ing lemma whose proof is deferred until the end of the section.

LEMMA 2.1. Assume that the multifunction K defined in (5) is nowhere
empty on A. Then it is analytic if and only if u = logr satisfies the
differential inequality

(6) \/(“;\X) - \/(U)J\) >3

where v = log|f|* = log(|£iI* + | /»|%).

luy + v,
(eu+v _ 1)

2

In particular one should observe that the condition (6) does not
depend on the choice of the “arbitrary” functions 4, and #,, but only on
f1 and f,. This condition also makes it plain that the “second simplest
candidate” for r(\), namely r = A|f|* for some constant A, also fails,
because it corresponds to taking u = v + constant. So instead we try u of
the form ’

(7) u=v+ F(v) (-y<v<0)

where v = log|f|?, y = log(1/8?%), and F is a function defined on [—7, 0]
satisfying

(8) F'(v)>0, F"(v)>0 (-y<v<0),

9) F(=v) > 2y.

Here (8) has been assumed for convenience in subsequent calculations,
and (9) then guarantees that r(A) > 1/8% on A, which implies in particu-
lar that the multifunction K takes non-empty values there. Adding \/(v,x)

to both sides of (6), squaring up, and substituting for u, and u,5 in terms
of v, and v,5 (computed via (7)), we obtain

(10) F'(0)vx + F7(0)|0y]” 2 y + 2(030) /()

where

(2 + F'(0)) o, "
eZUeF(v) _ 1

Now

2y(vxn) \/m < F'(v)oxx + y/F'(v),
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so for (10) to hold, it suffices that

Lo (24 F(0) 1
F(0) 2 {1 * F’(v)}’

e’ 1

or equivalently,

2+ F'(v))(1 + F'(v))

F'(v)F"(v)
Note that (8) and (11) together automatically imply (9). To sum up: in
order to find u satisfying (6), it is enough to take u = v + F(v), where F:
[—v,0] — R obeys (8) and (11).
There are many examples of such functions F; a convenient one is
F(v)= (1 +v/vy)”? + 2y + 3logy + B,

where B is numerical constant independent of y. Working backwards, we
deduce the existence of a solution ( g, g,) to (3) such that

(log(1/8))’
84

+1 (-y<v<0).

(11) e%%ef® >

C
&’ +lel < sup{r(¢): ¢ e T} <

b

where C is a constant independent of §. The proof of the Corona
Theorem (for N = 2) is complete.

REMARK. The particular function F above was selected because it had
the convenient property that F’(v) - F”(v) = constant. However, bearing
(11) in mind, a more efficient choice of F can be made by solving the
differential equation F’(v) - F”(v) = e~ 2. This leads to the function

F(v) = (1/y)j:+v J(1 — e %) ds + 2y + 2logy + B,

which indeed satisfies (8) and (11), and yields a solution ( g, g,) with the
improved estimate

C(log(1/8))*

84 '

Computation of a Levi form and the proof of Lemma 2.1. We are
considering a domain of the form

U={(\2)€AxC:[mA) = 2N [ +[h(N) + 2£(A)]" > r(V)

2 2
lgl” +lgal <

and want to know whether it is pseudoconvex. Now a domain in C” of the
kind '

D= {{:p($) <0},
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where p € C}(D) and dp # 0 on 3D, is pseudoconvex iff the hessian of
the defining function p satisfies
2

0p  _
—a.a, >0
f:kagjagk Ik

on dD, for all a € C” satisfying
Zaj a§

It is easy to see, and of course well known, that this condition is invariant
under biholomorphic transformations. To facilitate computations we shall
first apply such a transformation. Define the manifold

M= {()\awuwz) e C’: A< T, wifi(A) + wy fo(A) = 1},
and consider the subdomain of M given by
V={(Xwiw,) € M: r(A) =|wy " = |w,|" < 0}.
The transformation
(A, 2) = (N, By () = 2,(A), hy(X) + 2£,(N))

is biholomorphic from U onto V, so it is enough to determine when V is
pseudoconvex in M. Now our function p is

(A, wiw,) = r(A) = |wi [ = [w, ",
so the hessian of p is
nx O 0
( 0 -1 0 )

0 0o -1
We want to apply the hessian to vectors (a,, a,, a;) tangent both to M
and to dV. This is a complex one-dimensional space generated by the
vector product of the normals to M and 9V respectively, so we can take

€ €, €,
(01,42’03)= w-f’ f 5
r) —w, =W,

=(W1fz W2f1’w2( f)+f2">o W1( f) f1r>\)

(here w - f" = w,f/ + w,f,). Thus the condition for pseudoconvexity
becomes

(12) "AX}Wﬁfz - W f, |2 lez(w f’) +f2")\]2 +'W1(W f’) +f1")\I2
atall (A, w;,w,) € V.
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To simplify the left hand side, write
(13) (W, w,) = é(f_pfz) +a(f, —f1)-
Then on aV
r(A) =lwl” = (1€ +In[)(IA 1 +1417) = (1€ + 1)1,
and 1 = w, f, + w,f, = £|f|>. Hence
(14) E=10/0 Il =r/1fF =101

Moreover

— _ 2

wif, — Wofi =alfl,
so the left hand side of (12) becomes

2
’AX("IH - 1)-
For the right hand side, we expand and obtain
L2 2 2 2 —
w £ [Iwl” + 111l + 2Re(w - £,

where once again we have used w, f; + w, f, = 1. Now substitute r = e*,

and note that |w|?> =r = e* on 0V; the right hand side of (12) then
becomes

, 2 2 5 2 2,
e“|w-f + u)\| +f1 e uy | —luy|"e
, 2 2 2,
=e'w-f" + u,| +(|f| e ——1)lu>\| ev.
Observing that
2 u
r,\;\=(u,\7\+lu)\|)e ,
we see that (12) reduces to
2
(15) u“(|f|2e“—1)2|w-f’+ux] on dV.

For the final step, we again exploit the decomposition (13): setting
v = log|f|?, we have

wef = ¢(fif+ f5) +nlfif— 1)
=v, + "7(f1/f2 -f 1)’

the value of ¢ having been determined using (14). Now the only restriction
on 7 is also from (14); hence

s;15|w S uy|=luy oyl + (A7 = V) A - AT
=luy + v\ + \/(’|f|2 - 1) V(0xx) -
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So finally the inequality (15) is equivalent to

\[(uxx) \/(e“+v —1) >|u, + Ux} + \/(e“+v - 1) \/(U)J\)

which is the same as (6). This completes the proof of Lemma 2.1. O

3. The 9-equation. The standard proofs of the Corona Theorem go
via the d-equation. In particular, not long ago, Wolff found a condition
for the existence of bounded solutions of the d-equation which greatly
simplified the proof of the Corona Theorem. In this section we shall see
how the selection theorem (1.3) applied to disc-valued multifunctions is
equivalent to an existence theorem for the Z_)-equation, and that this
theorem is essentially the same as Wollf’s.

Consider a disc-valued multifunction on A which is analytic on A,
with variable centre ¢(A) € C and radius r(A) > 0; thus

(16) KA)={zeC:|z-c(N)|<r(N)}.
Set

o=

oA

and let 4 be an analytic selector to K in the sense of Theorem 1.3. Then

b=c—nh
solves
(17) % _ .0 (red),

oA

and satisfies the boundary estimate
(18) |b*(§)| < r(¢) ae.onT.

Conversely, say we want to solve (17) with (18) satisfied on T: then we can
define an analytic multifunction K by (16), where ¢ is an arbitrary
solution to the 0-equation, and our problem becomes equivalent to
finding an analytic selector to K. To see what this means concretely, we
need to know when a disc-valued multifunction is analytic. The answer is
given by the following analogue of Lemma 2.1, whose proof is likewise
deferred to the end of the section.

LEMMA 3.1.! Let ¢: A > C and r: A — (0, o) be C>-functions. Then
the disc-valued multifunction K defined by (16) is analytic on A if and only if

(19) Uy > e “la, — 2au, |+ e‘z"]afz,

where again a = ¢y and u = logr.

!This lemma was obtained by Z. Slodkowski (unpublished). See [9, p. 58].
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From our previous remarks and Theorem 1.3 we immediately deduce
the following consequence.

THEOREM 3.2. Suppose u € C*(A) and a € C*(A) satisfy (19) on A.
Then there is a solution b to
ab
— =a(A AEA),
Z-a(d)  (Aed)
such that
b*($) e *®© <1 ae.onT. O

Incidentally, this theorem has some formal similarities to Hérmander’s
L*theorem for the 0-equation ([8, §4]). In the one-variable case, this
theorem ways that if

2
|a| e——Zu
fA 2unx =h

then there is a solution b to (17) such that

[ 1pfe <1,
A

Thus Theorem 3.2 is an L*-analogue of this result, and the price one has
paid to pass from L2 to L*® is an extra condition on the first derivative of
a.

Let us now recall Wolff’s Theorem.

THEOREM 3.3. ([7]). Suppose that a € CY(A) satisfies the two condi-
tions:
(i) (1 = |A|*)|al|? is a Carleson measure;
(i) (1 — |A\|?)|ay| is a Carleson measure.
Then there is a solution b to
ab
3 a(\) (Ae )
such that b* € L*(T).

(For the definition of Carleson measure, see [7, p. 238]). The link with
Theorem 3.2 is given by the following lemma.

LemMA 3.4. (a) Suppose that u is subharmonic and bounded on A. Then
2
= (1 —|A] )”AX

is a Carleson measure.
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(b) Conversely, suppose that p. is a Carleson measure which is absolutely
continuous with respect to Lebesgue measure m on A,

dp = kdm,
where for some constant C
2
k(M |<c/(L=IA) (Aea).
Then there exists a bounded subharmonic function u on A such that
2
(1 — Al )“AX =p.

Proof. According to a lemma of Garnett ([7, p. 239]), a positive
measure p on A is a Carleson measure if and only if the potential

1—|w|
PO = [T

is bounded on A. On the other hand, a positive measure » is the Laplacian
of a bounded function precisely when the Green potential

-dp(X)

1-—wA
- A

w

‘Zdv(}\)

G(w)= | lo
(w) = [ tog
is bounded on A. Now use the identity

S U V2 ()
11— wA|’

'w—?x
1—wA

and the estimate

log(lix)Zx forx <1,

with approximate equality if x stays away from 1. These give

(1=1w)1 =1A])

(20) G(w) z/A T dr(\)
and
(21) G(w)z.L}oq]wijiwzdv(A)

(1=lwl)(1 -al)
* fA\F - wi|’ {d)
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w—2A | < 1

1-wh| ~10)

Now (20) shows that the Laplacian of a bounded function, multiplied by

(1 — |A}?), is a Carleson measure; and (21) shows that the converse also

holds, provided we can estimate the first term in the decomposition of G.

This requires an extra condition, but it is easy to see that the one we have

assumed is more than enough. O

F={}\EA:

Thus Wolff’s Theorem says that if

(22) la]’ < uy; and |a,| < uys

for some bounded function u on A, then the d-equation with right hand
side a has a bounded solution. It is not difficult to see that this follows
from Theorem 3.2, but actually Theorem 3.2 gives a more precise, point-
wise conclusion. The price we pay for this is to replace Wolff’s clean
hypothesis by the slightly messier one (19).

REMARK. The Carleson measures that are relevant to Wolff’s proof of
the Corona Theorem are

2
p= =)
and are thus a priori of the form

p= (1= 1A )uxs
where u = |f|? is bounded and subharmonic on A. Lemma 3.4 is there-
fore not necessary for the proof, but rather shows that the notion of
Carleson measures can be dispensed with in the context. This has already
been noted by Gamelin [6].

We conclude our remarks on disc-valued multifunctions by fulfilling
the promise made in §1, namely to show that Theorem 1.3 cannot be
extended to guarantee the existence of analytic functions 4 which are
selectors in the whole disc A. To this end we shall prove the following
interpolation lemma.

RarAn!

i

LEMMA 3.5. Let E be a compact polar subset of A and let f be any
function analytic on a neighbourhood of E. Then there exists a disc-valued
multifunction K on A, analytic on A, such that

KA)={f(\)} forAeE.



MULTIFUNCTIONS AND THE CORONA THEOREM 69

Before proving the lemma, let us indicate how to deduce the promised
counterexample. Recall that E is polar means that there exists a sub-
harmonic function w on C such that

(23) Ec{zeC:w(z)= —o0}.
Now take E = E, U E,, where

E,={1/2} U{n/2n + 1): n > 1},

E ={-1/2}u{-n/2n+1): n>1}.

This E is certainly polar: for example, it satisfies (23) with w equal to
w, + w;, where

wy(z) logz——'+ Z2”log‘z—————
n>1

wl(z)=logz+%, Y 2~ "loglz+ .
n>1 n+1

Now if we take disjoint open neighbourhoods N, of E, and N, of E,, and
define f to be 0 on N, and 1 on N, then the hypotheses of the Lemma
are fulfilled, and we deduce there exists a disc-valued analytic multifunc-
tion K on A such that

{0}, A€E,
A) =
k() {{1}, A €EE,.
But then any selector # of K on A has to satisfy

0, A€E,
h(A) = {1, A€ E

which is clearly impossible if /4 is to be analytic, because £, and E; both
possess limit points within A.

Proof of Lemma 3.5. Choose open sets V and W with
EcVvcVcw

such that f is analytic on a neighbourhood of W. Let ¢ € C?(A) be any
function which agrees with f on W. As E is polar, there exists a
subharmonic function w on C satisfying (23); moreover because E is
compact we may take w to be harmonic on C\ E (this follows from
standard potential theory, but is true in any case for the specific w we
used above). Define K on A by

K(\) = {z €C:|lz—c(N)|< exp(w(}\) +|M2 + A)},
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where A is a constant yet to be chosen. That K is analytic on W is
straightforward, since if we express the subharmonic function u = w +
IA|> + 4 as the Jimit of a decreasing sequence of smooth subharmonic
functions u,,, then for each m the multifunction

K,(\)= {z eC:lz-c(N)|= exp(um(h))}

is plainly analytic on W by Lemma 3.1 (because ¢5 = f; = 0 there), and it

follows easily that K itself must also be. On A\ V, we check analyticity
directly using Lemma 3.1: the condition that needs to be satisfied is

Wi +1> e_A{e“W_P"Z ',ij\ - 26‘7\(W)\ + X)l}

_ P 2
+e 2A{e 2w 2W2~|c7\|}.

Now the terms in curly brackets are both uniformly bounded on A\V,
say by B, and also w,3 > 0 because w is subharmonic. Consequently K
will be analytic on A\ V provided A4 is chosen large enough so that

1>e - B+e 2. B.
Finally, note that if A € E then w(A) +|A|? + 4 = — o0, so that, as
desired,

K(A) = {c(N)} = {/(M)}. O

Computation of a second Levi form and the proof of Lemma 3.1 This
time we are considering a domain

u={(A,z) € AXC:|z—=c(N)]>r(N)}
to determine whether it is pseudoconvex. Since U has the form
u={(A,z) € AXC:p(X,z) <0}
with
p(A.2) = 2u(A) ~ log|z — ¢(A) |

(where we have set u = logr), the condition that needs to be checked is

A Pu\(a
(a, az)(m P (_1) 20
a,

sz pzZ
on dU N (A X C), for all a € C? satisfying
a;py + a,p, = 0.

In other words, we need

(- )PU\ P
P, P pﬁ\ pz

UNT)

)( ;fz) >0 ondUN(AXC),

Il
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Now p, = —1/(z — ¢) and p,; = 0, so this condition can be restated as
(24) pyx + 2Re{(z — ¢)ppps} =0 ondUN(A X C).
Computation of the derivatives yields
pr=2uy + ¢,/(z—¢) +m,
P = 2Re{u)\7\ +on/(z—c)+een/(z - 0)2},
px = —c/(z =)

Hence (24) becomes

Cax CACx Cx Ca X
(z-¢)

on dU N(A x C).

This simplifies to

Uxx "ICX/(Z - C)|2 + Re{(c)\;\ = 2¢;uy)/(z = C)} >0
on dU N(A X C).

Now the only restriction on (z — ¢(A)) is that (A, z) € 0U N (A X C), or
in other words, that |z — c| = e*. Thus the last inequality is equivalent to

Uy — e_zulcﬂz — e ¥exy — 2¢3u,| 2 0,

which is the same as (19). This completes the proof. a

We should like to thank UCLA for its hospitality and support while
this paper was written.

Note: After we had derived Wolff’s theorem from the selection
theorem, but before we had completed our proof of the Corona theorem
without the 5—equation, Z. Slodkowski informed one of us that the Corona
theorem for two generators follows directly from merging his version of
the selection theorem, with his Th. 4.3 of [13]. Unfortunately, we failed to
fully realize the impact of his comment, and for this reason developed the
alternate proof in §2. As it turns out the two proofs are quite similar.
Slodkowski’s proof is spelled out in [17], where it is also shown how his
argument can be generalized to an arbitrary number of generators.

Finally, we would also like to express our thanks to T. Wolff, who
was the first to suggest to us that we try to get rid of the d-operator in the
proof.



72

1]
[2]
B3]

(4]
(3]

(6]

(7]
(8]

(9]

(10]
(1]
(12]
(13]
(14]
(15]

(16]
17

B. BERNDTSSON AND T. J. RANSFORD

REFERENCES

H. Alexander and J. Wermer, Polynomial hulls with convex fibers, Math. Ann., 271
(1985), 99-109.
B. Aupetit, Analytic multivalued functions in Banach algebras and uniform algebras,
Adyv. in Math., 44 (1982), 18-60.
, Geometry of pseudoconvex open sets and distributions of values of analytic
multivalued functions, Proceedings of the conference on ‘Banach algebras and several
complex variables’ in honour of Charles Rickart, Yale University, F. Greenleaf and
D. Gulick, Editors, Contemporary Mathematics 32.
, Analytic Multivalued Functions, Springer Lecture Notes, to appear.
B. Aupetit and J. Zemanek, On zeros of analytic multivalued functions, Acta Sci.
Math. Szeged., 46 (1983), 311-316.
T. W. Gamelin, Wolff’s proof of the Corona Theorem, Israel J. Math., 37 (1980),
113-119.
J. Garnett, Bounded Analytic Functions, Academic Press, New York, 1981.
L. Hormander, An Introduction to Complex Analysis in Several Variables, 2nd ed.,
North-Holland, Amsterdam, 1973.
T. J. Ransford, Analytic Multivalued Functions, Doctoral thesis, University of
Cambridge, 1984.
, Open mapping, inversion and implicit function theorems for analytic multival-
ued functions, Proc. London Math. Soc. (3), 49 (1984), 537-562.
, Interpolation and extrapolation of analytic multivalued functions, Proc. London
Math. Soc. (3), 50 (1985), 480-504.
, On the range of an analytic multivalued function, Pacific J. Math., 123 (1986),
421-439.
Z. Slodkowski, Analytic set-valued functions and spectra, Math. Ann., 256 (1981),
363-386.

, A criterion for subharmonicity of a function of the spectrum, Studia Math., 75
(1982), 37-49.
, Local maximum property and q-plurisubharmonic functions in uniform alge-
bras, J. Math. Anal. Appl.,, to appear.

, Polynomial hulls with convex sections and interpolating spaces, to appear.

, Analytic set valued selections and its applications to the Corona theorem
polynomial hulls and joint spectra, to appear.

Received April 11, 1985

CHALMERS UNIVERSITY OF TECHNOLOGY
AND THE UNIVERSITY OF GOTEBORG
S-41296 GOTEBORG, SWEDEN

UNIVERSITY OF LEEDS
LEEDS LS2 9JT, ENGLAND

Current address of both authors: Department of Mathematics

University of California
Los Angeles, CA 90024, U.S.A.





