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ON INCLUSION RELATIONS
FOR ABSOLUTE NORLUND SUMMABILITY

IKxuxo MiryaMoro

Recently Das gives sufficient conditions for (N, r,) € (N, p,)(N, q,)
or (N, p,XN,q,) € (N,r,), and for |N, P,| ~ (N, p,)(C,1)|. The pur-
pose of this paper is to give sufficient conditions for |N,r,|C
(N, p, XN, g,)| or (N, p,)XN,q,)| S |N,r,| The results obtained here
are also absolute summability analogues of Das’ theorems.

1. Let {p,} and {gq,} be real or complex sequences such that
P, =Y op#*0and Q, =X} _,q, # 0. A sequence {s,} is said to be
summable (N, p,) to s, if t2 =X}_op,_5./P, > s(n > o), and sum-
mable (N, p,)N,q,) to s, if t29=Y; _op,_iti/P, = s(n > o0). It
is said to be absolutely summable (N, p,), or summable |N, p,|, if
Ljh = 1h,4] < oo.

Given two summability methods A and B, we write 4 C B if each
sequence summable 4 is summable B. If each includes the other, we write
A ~ B.

We define the sequence {r,} by r, = X};_op,_:q9x and define the
sequence { ¢, } formally by 1/X%_, p,x" = £2_,c,x". We write { p,} € M
if p,>0, p,i1/Pn=<D,+2/Pns1 <1, and also write, for any sequence
(£} fO=Xofir fO=21_,f®. And K denotes an absolute con-
stant, not necessarily the same at each occurrence.

On inclusion relations between two summability methods Das gives
the following theorems.

THEOREM A [1, Theorem 2). If { p,} € M and {q,} is positive, then
(N, r,) < (N, p,)XN,q,).

THEOREM B [1, Theorem S). If { p,} € M and {q,} is positive and
(n + l)qn = O(Qn)’ then (N’ pn)(N3 qn) g (N’ rn)‘

THEOREM C [2, Theorem 5). If {p,} € M, then |N, P, ~
(N, p)(C, D]

The purpose of this paper is to prove the following theorems.
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THEOREM 1. If {p,} € M and if {q,} is positive and nonincreasing,
then |N, r,| € (N, p,)(N, q,)!

This is an absolute summability analogue of Theorem A.

THEOREM 2. If { p,} € M and if {q,} is positive and nonincreasing
and if R, = Xi_or, = oo(n — 00), then (N, p,)X(N,q,)| € N, 1,

This is an absolute summability analogue of Theorem B. Combining
Theorem 1 and Theorem 2, we have the following

THEOREM 3. Under the assumptions of Theorem 2, the relation
(N, p.)(N,q,)| ~ |N,r,| holds.

In this Theorem, if we put g, = 1, then we obtain Theorem C.

The author takes this opportunity of expressing her heartfelt thanks
to Professor H. Hirokawa for his kind encouragement and valuable
suggestions in the preparation of this paper. I must also express my
heartfelt thanks to the referee who gave valuable comments.

2. We require the following lemmas.
LEMMA 1. Lety, = X! _oa,,x,. If
o0 0
Z Z (anv - an—l,v)
n=p

v=p

<c<oo forallp,

then ¥3_|Ay,| < co whenever ¥°_,|Ax,| < .
This is due to F. M. Mears ([3, p. 595]).

LEMMA 2. Let { p,} € M. Then

r o0
(1) Y P Y e, ,lsr+1,
p=0 n=r+1
(2) {c} is nonnegative and nonincreasing and
(3) cPp, < 1.

This is Lemmas 3 and 4 in [2].
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LemMA 3. If { p,} and {q,} are nonnegative, then

(4) PO <K(n+1)P, and
(5) R,<PQ,.
Further, if { p,} and {q,} are nonincreasing, then
(6) (n+1)P, < KP® and
(7) R, > KP,Q,.

Proof. The inequalities (4) and (6) are Lemma 5 in [2]. The inequality
(5) is easily established. So we shall prove the inequality (7). Since the
sequence { P,/(n + 1)} is nonincreasing, and KQ’ > (n + 1)Q,,

Rn=P0qn+P1qn—1+ e +an0

P,
=I)0qn+2 lqn—l+ +(n+1) +1q0

2

+29,.,+ - +(” + l)qo)

=P07/(n+1)2PQ,/K.

LemMmaA 4. If {p,} € M and if {q,} is positive and nonincreasing,
then

(8) 0< Y PupCoop<Pryc?, (p<wv<n),
p=p
n—1
(9) 0 = Z (Qn - Qy)Pn—vcv—p =< qp,’
V=R
(10) = Z Q. 2. gt

& <Y
Qn,, =pu v Tk " ’L,,=,L Qva+l

and uniformly in v < p,

(11) $ (2= Q) pi =) _ 0( 1 )

p+1]/

n=p+1 Qn n—1

Proof. The inequality (8) is Lemma 6(11) in [2].
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The inequality (9); Using Abel’s transformation, from (3) and (8), we
have

n—1 n—1 v
Z (Qn - Qv)Pn—ucv—p, = Z 9,41 Z pn—pcp—p.

v=p r=p p=p
n—1 n—1
@
Z qu+1pn ,u. v p, == qypn - Z cv-—p
v=p v=p

- 2
= 4, Pn- uc( )n =4y

The inequality (10); Using Abel’s transformation, from (8), we get

Qn Z Q. — 0 g =D

v=p 4

173(0,-0, 2= Qi
Q,,,‘Z a, 0, Z”"”

Qn 1Q an rrp,

nop=p
1 (1)
" QV+ 1c

qv+1
Z Q Q Z Pn-rC,—,,SPn uygﬂ QI,Q‘H»1

v+1l p= M
The inequality (11); Since { g,,} is nonincreasing, we have

Q. 0,- 0, (n—v)g, _n
—Q—;—1+—“—Q—V—Sl+T—v.

Hence, (Q, — Q,)/Q, < (n — v)/n. Therefore using Das’ Lemma 7 in
[2], we obtain the inequality (11).

LemMA 6. If {p,} is positive and nonincreasing, then uniformly in
O<p<v,

had PnPn- b 1
(12) ) PP 0(v+1)'

n=p " n-n-1

This is Lemma 8 in [2].

3. Proof of Theorem 1. Let us write
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Then, following Das’ [1, pp. 32-33], we have

th - Z An” >
where
R n p _C._
S LS
Anu = Pn v=p QV
0 (p>n).
By Lemma 1, it is sufficient to show that
o n
L=2X XA -7 ,)=00)  (p=012,.).
n=p{p=p
Noting that
. 1 (n=up)
]‘3 n—Cr—p =
(13 E,LP g <0 (n>p),

for n > p, we get

nw= p pn—vcu- ’
# Pn V=I1- IIQV #
and for n > p + 1,
0,- 9,
A c
n— n 1,,2“ Q Q pn v—1%v—pu-
Also it is easily seen that Z#=O .. = 1. Hence, for n > p,
n p—1
Z (>\np, - An—l,[t) = Z (}\n—l,p - Anu)
p=p p=0
Qn pn—v-—l _ Pn—u
g VZ}L Q Q ( Pn~1 Pn )CV—.“.
Thus
Jpzl}\pp|+ Z Z( n— ly nu)
n=p+1|p=0
- 9,9, )
S A + R n— V v
' ppl n §+1 Qn n n 1 ,LZO ,,Z P( Qv
s % P Z 9 L
Q Prn—v-1 pn*v)cv—p.
n=p+1 n-n—1 pn= v=

=JV+JP+ IO say.
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From (5),
J =|>‘ ‘= R, poco
) PP PO, ~
pxp
By Lemma 4(10),
J® i Z R, p Z qv+1c,(,1),,
= n
! n=p+1 P"P" 1 =0 * * Qva+1
— pnpn I - - qv+lcv )y.
= R
Z n§+1 PnPn 1(Z=: g)QQv+1
=JP+J9P, say.
Using the identity

Z Pc®, =v+1,

(5), (12) and the monotomcuy of {p.},{9g,} and {Q,}, we have
p—1

PnPn—p di1 ¥
L4 R ¢
PnPn—l ,,g() Qva+1 ﬂgo pm

J(2) Z
n=p+1

S PuPn-p s 4,10,

Z P Z v+1 Z Pc(l)
n=p+1 PP = QQ

z
n=p+1

v V+1I"0

PnPn—p E (” + 1)qv+1
PP_1,20 Qa1

Using (2), (5), (12) and (13) since { g, } and {Q,} are monotone, we get

o0

qv+1 v e pnpn
(2) — R I‘- P
Z ,,Z Q Qv+1 n §+1 PnPn 1

i P, Z 90162,
p=0 Q Q,.(r+1)
p—l & quc(I)

#=o ,,g Q0,n(r+1)

p-1

<KY P, Y —1 0.
p=0 v=p (V+1)
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Next,
0
9,.-9, Q
Jp(3) = Z Q Z R E Q pn—v—l - pn—v)cp—p,
n=p+1 ntn—1 p=0 v=p v
TR L | 2 )
+ R $——V pn—v— - Pn_l' CV—
p=0 “n=p+1 Q"P"“l v=p o, ! "
=JP+JY, say.
By Lemma 4(11), we obtain
00 1 v
‘Ip(13) = 2 Q P Z l’(Pn—v—l - Pn—v) Z Rp.cv—u
nopi1 @bar |50 D u=0
Y o X (0, 0 )
= Qn Q pn v— pn——v
n=p+1 Q"P"_l v=0 '
p_l — (Qn - Ql’)(pn_,’_ —pn_y)
=X X 0P = 0(1).
v=0 n=p+1 ntn—1

1
J(3)< z R Z Q P . Z Q pn——v—l _Pn—v)lcv—p|

R g leal § (@m0
p=0 v=p Q” n=v+1 Q" n—1
st}_:l Rui L€l
im0 e Qv+ 1)

=0(p+1)2 Plec, J=0q),

by Lemma 4(11) and Lemma 2(1).
This completes the proof of Theorem 1.

4. Proof of Theorem 2. First, we have, following Das’ {1, p. 37},

R AP VLD it

"MO v=p




372 IKUKO MIYAMOTO

where

P n
FIL- Z pn—v llcl'—p, ("L ‘<— n)

Xpy = "r=p
0 (p > n).

By Lemma 1, it is sufficient to show that

0 n

Jp = Z z (anu - an—l,p,) = 0(1) (P = 071a27"')'

n=p|p=p

By (13), we get for n > p,

and forn > p+ 1,

a"—1~l" - _ v—p*
Hence, for n > p,
n p—1
Z (anp, - an—-l,p,) = (an—l,p - anp)
p=p p=0
p—1 -
Pn—»—
= Z (.- 0, ) R——l)cv—n-
p=0 v=p n—1
Thus,
00 p—1 n—1
Jp < |app| + Z R Z Pp E (Qn - Qv)(pn—v—l - Pn—v)cv—p
n=p+1 "n=1]u=0 v=p

+ ¥

n=p+1

ZPZQ Q,)PusCrs

p=0 r=p

R Rn 1
=JO+JD+JO, say.
Using (7),

P,
I =la,,|= RPoQC0<K

P
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By Lemma 4(9), we have
g e %
J® < < Pgq
? n=p+1 R"R"—l p=0 g

<PQ, f ( L 1)SP}}QP=O(1).

n=p+1 R”—l Rn P
Next,
o0 1 p—1 p—1
Jp(z) =< Z Z Pp. Z (Qn - Qv)(pn—v——l - pn—v)cv—p
n=p+1 n—1 p=0 v=p
00 1 p—1 n—1
+ Z R Z Pp, Z (Qn - Qv)(pn—u—l - pn—v)cv—p
n=p+1 n=1|u=0 =
[ r v=p

=JP+JD, say.

Since X} _, P,c,_, = 1, using (7) and (11), we get

00 1 p—1 v
Jp(lz) = Z Z (Qn - Qu)(pn—v—l - pn—v) Z Pp,cu—y.
n=p+1 n—=11,=0 p=0
<%} 1 p—1

= ¥ o 2 (2 Q)(pures — P

n=p+1 "n-1 =0

< K”}": 5 (9, — QV)Q(pl,,J_:l —Puy) _ o).

v=0 n=p+1

Lastly, using (1), (7) and (11), we obtain

0 1 p—1 n—1
Jp(22) = Z R Z Pp, Z (Qn - Qv)(pn—v—l - pn—u)|cv—p|
n=p+1 n—1 u=0 v=p
p—l o d (Q - QV)(pn—l’— _pn-l/)
=T B e, ¥ {2m @) P
n=0 v=p n=v+1 n—1

=o( ! )p_lpép|c,_u|=o(1).

This completes the proof of Theorem 2.
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